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ON-LOAD MECHANICAL CLEANING OF HEAT EXCHANGERS 
BY MEANS OF BRUSHES
FODOR, L .1 - GÖSI, P.2 -  KOSTKA, P.3 - TÓTH, J .4
(Received: 3 January 1991)
Described here is  a continuous brush-type heat-exchanger cleaning system developed 
and used fo r the condenser of a 4.5 MW steam turbine of TVM, a chemical p lan t. 
A measurement system has been provided not only fo r the un it equipped with the cleaning 
system but also fo r  another un it of iden tica l construction but operated without on-load 
cleaning of the condenser so tha t, by comparison, the economic e ffic iency o f on-load 
cleaning can be determined.
NOTATIONS
pipe ID 
pipe 0D
equivalent pipé diameter 0^ . = (0Q -  D^  )/ln(D^/0j.) 
pipe wall thickness
coe ffic ien t of thermal conductivity o f pipe 
in terna l heat transfe r coe ffic ien t (water-side) 
external heat transfe r coe ffic ien t (steam-side) 
thermal resistance due to fouling 
overall heat transfe r coeffic ien t 
in le t water temperature 
condensing temperature 
logarithmic mean temperature difference 
condenser end-temperature difference
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V
s
water velocity
steam load, steam mass flow
T time
Subscrip ts:
C clean condition
F fouled condition
M value based on measurement
CA calculated value
о condition in  case o f parameters t  , v , sо о о
X
1 condition in case o f parameters t^ , v^, s^ 
condition in case o f parameters t  , v , s
X X X
Introduction
Damages due to fou ling  of the surfaces exposed to the coolant are 
s ig n ifica n t in case of water-cooled heat exchangers. E.g. in case of steam 
turb ine condensers of th is  type, the overall heat transfer coe ffic ien t de­
creases, a loss of vacuum takes place and as a resu lt, the effective  
turb ine output decreases with the steam consumption remaining unchanged. 
To reduce damages and to avoid breakdowns, i t  is  necessary that the heat- 
exchange surfaces be cleaned during operation.
Use of the conventional cleaning methods necessitates that the heat 
exchanger to be cleaned be put out of service. In th is  case, the loss in 
e le c tr ic ity  generation is  often considerable. Chemical cleaning e.g. by 
continuous feed of chemicals to the coolant results in damages to the en­
vironment and the costs of chemicals are not neglig ib le e ither. Because of 
these disadvantages, equipment for mechanical cleaning of heat exchangers 
during operation are being used increasingly. From among equipment of th is  
type, ball-type and brush-type systems are most widely used.
The advantage of continuous cleaning over periodical cleaning is  i l ­
lus tra ted  in Fig. 1. In case of continuous cleaning, the overa ll heat 
transfe r coeffic ien t remains p ractica lly  constant while in case of period­
ic a l cleaning, the in i t i a l  value of the overa ll heat transfer coe ffic ien t 
can never be restored again (Fig. 1).
Ball-type cleaning systems use ba lls  made of e lastic m aterial, the 
size of which is  adjusted to the inner diameter of the heat-exchange 
pipes. The balls are introduced with the cooling water and pressed through
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Fig, I .  Values of overall heat transfer coe ffic ien t in case 
o f continuous and periodical cleaning
Fig. 2, Schematic diagram of ba ll-type heat-exchanger cleaning
the pipes to be cleaned by the coolant flowing in the system. While 
passing through the pipes, the ba lls  remove sedimentation from the in ­
te rn a l wall of the heat-exchange pipes (Fig. 2). The ba lls  leaving the 
heat exchanger are collected by a f i l t e r  where the ba lls  unsuited for 
fu r th e r use are at the same time removed from the system.
Brush-type cleaning systems use one brush and two catch baskets for 
each heat-exchange pipe. The baskets are designed so as to catch the brush 
brought by the flowing water without hindering the water in  flowing 
through the pipes (Fig. 3). The d irection of water flow shall be changed 
pe riod ica lly , depending on the extent of fouling of the pipes. Quite a 
number of d iffe rent reversing devices have been developed fo r th is  purpose 
by d iffe re n t companies (reversal is  also possible by means of four butter­
f ly  valves of co-ordinated operation).
Both the ball-type and the brush-type systems have advantages and 
disadvantages, but they are not dealt with in de ta il in th is  paper. For 
large-size equipment (e.g. turbine condensers with a capacity of several 
hundred MW), use of the ba ll-type  system is  preferable while in  case of 
smaller heat exchangers, the choice of the appropriate cleaning system 
depends largely on the loca l conditions.
In th is  paper, we describe a brush-type cleaning system used fo r the
4.5 MW steam turbine condenser of TVM (Tiszamenti Chemical Works), the 
te s t methods used, the resu lts  of measurement, the operation experience 
w ith and the economic e ffic iency of the system. In s ta lla tio n  of the 
equipment has been financed by TVM while the tests have been supported by 
OKKFT G/4 Program O ffice. Based on the favourable operational experience 
w ith  the cleaning system further developments are being carried on with 
the support of OMFB (development of flow d iverter, in s ta lla tio n  and 
examination of cleaning systems in the food industry, e tc .) .  This work is 
expected to be finished by the end of 1992.
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1. Description of the system
The brush-type cleaning system has been insta lled  at the power plant 
o f TVM. Two condensing turbine units of a rated capacity of 4.5 MW each, 
denoted by I  and I I ,  are operated at the power plant. The condensers are 
supplied with cooling water from a ring duct with 2 branch pipes for each 
u n it,  f i r s t  for un it I  and then fo r unit I I  when viewed in the direction
MECHANICAL CLEANING OF HEAT EXCHANGERS 7
Detail A 
Pipe wall
Outlet Inlet Outlet Inlet
Fig. 3, Schematic diagram of brush-type heat-exchanger cleaning
of flow. (Water-side parts of the condensers are divided in two parts 
each.) The warmed cooling water is  recooled by cooling towers.
Before brush-type cleaning was introduced, the values of vacuum and 
the specific  production figures fo r un it I I  had been rather in fe r io r to 
the s im ila r values fo r un it I .  Therefore, the cleaning system was b u i lt  
in to un it I I .  The brushes and the p las tic  baskets were purchased from 
MESROC Ltd ., a German partner, while the reversing device with 4 b u tte rfly  
valves was produced by TVM. The b u tte rfly  valves are operated by imported 
pneumatic motors. The arrangement of the baskets and brushes and the lay­
out of the condenser are illu s tra te d  in Figs 4 and 5, respectively.
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Fig. 4, Arrangement of brushes and catch baskets
2. Test method
A measurement system fo r automatic data collection has been provided 
fo r both units, that is ,  fo r un it I I  with continuous cleaning and un it I 
of s im ilar construction, operated without continuous cleaning. The measure­
ment systems were in operation in the year before in s ta lla tio n  of the 
cleaning system. A fter the cleaning equipment had been put in to  service, 
measurements were carried out fo r both units simultaneously during a 
period of three months of continuous operation.
So far the measurements have been designed f i r s t  of a l l  to supply 
re lia b le  data for economic e ffic iency calculations. Therefore, three d i f ­
ferent factors have been taken as a basis fo r evaluation, in  pa rticu la r, 
change of the overall heat transfer co e ffic ie n t, d irect comparison of con­
densing temperatures and values of spec ific  heat consumption. The results 
obtained on the basis of the three factors are approximately iden tica l. 
Discussed below is  only the most generally applicable method based on 
change of the overall heat transfer co e ffic ie n t.
In the ideal case, that is , constant temperature and flow rate of 
cooling water and constant steam load during operation of the condenser, 
determination of the overall heat transfer coeffic ien t as a function of 
time would be a s u ff ic ie n t method fo r evaluation of the e ffec t of fouling 
(or cleaning). However, the conditions of operation are less ideal in  case
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of measurements in  practice. Therefore, the values of the overall heat 
transfer coeffic ien t measured d ire c tly  must be converted in to common 
parameters (water flow rate, water temperature and steam load). Although 
we have been successful in making measurements at approximately constant 
values of water temperature and flow rate in  the range of a higher and a 
lower generator power (steam load), th is  is  seldom possible in practice. 
And in case of minor fouling, the e ffect of changes in water temperature 
and flow rate and steam load may be comparable with the effect of fou ling.
Fig. 5. Cleaning devices arranged in one part of the condenser
The overall heat transfer coeffic ien t of a clean heat exchanger under 
operating conditions 1 (see explanation of the symbols), related to the ex­
ternal surface, is
1
kClCA
( 1)
while that of a fouled heat exchanger:
1
kFlCA W1
1
a51
+ ( 2 )
10 FODOR, L . -G Ö S I,  P . -KOSTKA, P .-T Ű T H , 3 .
In case of constant water temperature and flow rate as well as steam 
load ( t ,  V and s, respective ly), a change of the overall heat transfer co­
e f f ic ie n t  results from fou ling alone:
1 1
= ---------------- к-------- (3)r KF1CA CICA
On the analogy of equation (3), the value of ^Rp can be expressed 
also by overall heat transfer coeffic ients measured d irec tly :
1
kFlM
1
kClM
( 4 )
In case of fouling ^R p  developed by time " ,  the following formula 
can be used to calculate the overall heat transfer coe ffic ien t under 
operating conditions X (tha t is , for parameters t^ , vx , sx):
1
kFXCA
1
Csx
(5)
In equations (5) and (2 ), the re lationship between and
and a_p respectively, shall be determined by calculation. The value 
of overa ll heat transfer coe ffic ien t, i f  determined by means of the ca l­
cu la tion  method used in general for a clean heat exchanger, w il l  ce rta in ly  
d if fe r  from the value measured d ire c tly , f i r s t  of a l l  as a resu lt of the 
d ifference between the two measured and two calculated values of the heat 
trans fe r coeffic ien t. However, as a good approximation, i t  can be assumed 
tha t
a WCA = C1 a WM (6)
and
“ SCA = C2 a SM (7)
over the entire range studied.
Since the measurements under operating conditions make no d is tin c tion  
between factors and С£, a suitably selected correction factor shall be 
used between the calculated and measured values. The following correction 
fac to r w il l  result in only a neglig ib le error over the entire range a f­
fected :
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Relationship (8) is  obtained by calculating the appropriate C from 
the terms containing the heat transfer coeffic ien ts  like  in case of the 
overall heat transfer coe ffic ien t. The functional connection between C, 
and Cy can be w ritten by writing the expressions on the rig h t side of 
equations (6) and (7) in  place of аудд ar|d aSCA e0ua^ i° n (8)- 
Hence, coe ffic ien t C according to formula (8) can be considered 
constant under operating conditions 1 and X. With the numerator of equa­
tion (8) expressed from the basic re la tionship  fo r the overall heat 
transfer coe ffic ien t, the following equation is  obtained:
By means of the overall heat transfer coeffic ien t measured under 
operating condition 1, the overall heat transfer coeffic ien t for a rb itra ry  
operating conditions X can be expressed from equation (9) by use of (4) 
and (10):
where the value of C is  obtained s im ila rly  from (9 ), using (4) and (10):
On the analogy of equation (9), the follow ing equation can be w ritten
e.g. fo r operating conditions 1 (clean condition) and 0 (fo r parameters t^ ,
V,, s, and t  , V . s , respectively):1 1  o o o
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1 1
c = 1 k, ( 12)COM
aSO
Hence, to convert overa ll heat transfer coeffic ien t kp ^  determined on 
the basis of d ire c tly  measured data at time т from parameters 1 to 
(common) parameters X, i t  is  necessary that
-  overall heat transfer coeffic ien t k g ^  for parameters t Q, vQ, sQ at 
time T = 0 that is  in clean condition and
- overall heat transfer coeffic ien t kp,^ for parameters t^ , v^ , s  ^ at 
time be known and
- internal (water-side) and external (steam-side) heat transfer co­
e ff ic ie n ts  a and ctg, respectively, be calculated for parameters t Q, 
vo> so ’ 4’ vl> S1 anc^ 't x ’ V sx on basis of the appropriate re­
la tionships.
Attention shall be paid to leakage proofness and a ir vent during con­
denser measurements, since a change of the conditions prevailing in the 
condenser may affect the overa ll heat transfer coeffic ien t.
Knowing the change of the overall heat transfer coe ffic ien t with 
time, the usual calculations fo r steam cycles can be carried out.
The brush-type heat-exchanger cleaning system was put in to service in 
May 1989. In the course of tests by means of the reversing device, the 
value of vacuum was found to change only s lig h tly , by about 2 to 3%, 
during reversal, provided, the righ t and le f t  side of the condenser of a 
common plenum for steam but divided in  two parts in respect of water 
supply was cleaned independently, that is , not simultaneously. (This value 
is  in  agreement with the resu lts of calculations for analysis of the e f­
fe c t of reversal made before in s ta lla tio n . Figure 6 shows the typ ica l 
change of temperature, flow rate and vacuum as a result of reversal, 
illu s tra te d  diagrammatically on the basis of the model developed fo r the 
purposes of ca lcu lation.)
From the set of data available, data measured in low-load operation 
(a t a generator power of 2620-2716 kW) and high-load operation (4240-
3. Results of measurements, operating experience
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Fig. 6. Values of water ve loc ity , temperature and vacuum as a function of time 
upon reversal (resu lts  obtained by means of a computer model)
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t k l k W /m ^ K )
О 10 20 30 40 50 60 70 80 90 (day)
Fin. 7- Values of o vera ll heat transfer coeffic ien t and end-temperature 
difference as a function of time in the generator power range of 2620-2716 kW
4332 kW) have been evaluated independently fo r each mode of operation. The 
most important resu lts  of measurements are presented in Figs 6 to 9.
Figure 7 shows the change of the most important characteristics 
measured in a generator power range of 2620-2716 kW for units I I  and I 
(operated with and without continuous brush-type cleaning equipment, 
respective ly), the abscissa being the time axis, while the values along 
the ve rtica l axes being the overall heat transfer coeffic ien t measured but 
converted into iden tica l (average) water flow rate, steam load and water 
temperature (par 1 .3), as well as the condenser end-temperature d if fe r ­
ence. In compliance w ith what has been described in par 2, the diagram 
suggests that the condenser of unit I  worked better than that of unit I I  
at the beginning of the tes ts . However, in  case of unit I I  operated in ap­
p lica tio n  with the cleaning equipment, the overall heat transfer coef-
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Fig, 8. Values of overall heat transfer c o e ffic ie n t and end-temperature 
difference as a function of time in  the generator power range of 4268-4320 kW
f ic ie n t increased asymptotically as a function of time whereas in  case of 
un it I ,  the overall heat transfer decreased considerably as a re su lt of 
fou ling .
Figure 8 illu s tra te s  the change of the overall heat transfer coef­
f ic ie n t and end-temperature difference with time for the condenser of 
un it I I  operated with continuous cleaning s im ila r ly  to Fig. 7, but now at 
a generator power of 4268-4320 kW. For the sake of comparison, the average 
value of overall heat transfer coeffic ien t (measured for the same u n it in 
the same period of the previous year as before insta lla tion  of the clean­
ing equipment) has also been indicated along the vertica l axis.
In Fig. 9, the changes of water pressure losses in the condensers of 
units I  and I I  are illu s tra te d  as a function of time. As seen, the loss of 
pressure increased considerably in case of u n it I as a result of fou ling .
During the test . period of about three months, the machine equipped 
with the cleaning equipment was operated continuously and the operation of 
the cleaning system was most e ffic ie n t. A fte r operation for three months, 
the condenser covers were removed to find tha t the heat-exchange surfaces
l é FODOR, L . -G Ö S I,  P . -KOSTKA, P .-T Ú T H , 3 .
were perfectly clean, except for a few pipes. A few brushes got stuck in 
the in te r io r  of the fouled pipes because of the higher than permissible 
va ria tion  of the pipe diameter (the s lig h t increase in pressure loss ac­
cording to Fig. 9 can most lik e ly  be a ttr ibu ted  to. the same reason). To 
elim inate th is  trouble, the diameter of the conic guide f it t in g s  at the 
end of these brushes had to be reduced s lig h t ly .
4. Economic efficiency, rate of return
On the basis of e a r lie r  operating experience, the annual schedule of 
the u n it investigated can be approximated as follows:
In winter (from October to A p ril) , the turbine is operated at a 
generator power of 2620 kW for 2253 hours only. In summer (from May to 
September), the un it is  operated continuously, fo r 2116 hours in  the low- 
load mode (2620 kW), while fo r 1556 hours in  the high-load mode (4332 kW).
Fig. 9, Change of water pressure losses as a function of time
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As a resu lt of continuous on-load cleaning instead of the e a rlie r 
periodical (monthly) cleaning, an additional 423270 kWh has been generated 
annually with invariable heat input. Another e le c tr ic ity  gain of 231040 
kWh/year results from the fact that no s ta n d s till for cleaning is  required 
in the summer. On the basis of the so-called 'mixed e le c tr ic ity  p rice ' of 
Ft 2/kWh used in  TVM, the to ta l additional e le c tr ic ity  generation of 
654310 kWh/year resu lts  in a p ro fit  of MFt 1.31 annually. With th is  
p ro f it ,  compared with the investment costs of MFt 2.435, a rate of return 
of 1.06 years is  obtained, a rather favourable rate as compared with 
s im ila r investments in the energy sector. Hence, an increasing use of 
systems of th is  type fo r sim ilar or smaller heat exchangers seems to be 
most reasonable, while in case of favourable operating experience, use of 
the cleaning system fo r smaller power plant un its  is worth considering.
//
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COMPUTER AIDEO DESIGN OF OPTIMIZED STRANDED CONDUCTORS
U vv
GUNTNER, 0. - OANYEK, GY.
(Received: 3 January 1991)
As a resu lt of jo in t  research and development work of MKM (Hungarian Cable Works) 
and VEIKI (Research In s titu te  of E le c tr ic ity  In d u s try ), Hungary has been the f i r s t  to 
use aluminium-steel stranded conductors of optimized stranding geometry and reduced 
loss. Since 1982, about 10 000 tons of low-loss conductors have been b u ilt  in to  over­
head transmission line  oy MVMT (Hungarian E le c tr ic ity  Works Trust), expected to  save 
about DM 25 m illio n  for the Hungarian economy in a service period of 35 years. In 1987- 
1988, the Austrian M in is try  of Science and Research as well as the Technical University 
of Vienna contributed to continue theoretica l research by granting a scholarship fo r 
one of the Hungarian research workers to work abroad.
This work describes the resu lts achieved in the period afte r 1987.
According to a report /1 / presented at the 1986 summer session of 
IEEE, "the d e f ic it  resulting from the increased energy losses due to a.c. 
load in  aluminium-steel stranded conductors used for power lines may be 
comparable with the investment costs of the conductor in a service period 
of 50 years.
Because of the high value of a.c. resistance, some e le c tr ic ity  sup­
p lie rs  avoid using aluminium-steel stranded wires with three or five  
aluminium layers in  the network".
Research is  going on a l l  over the world to reduce the energy losses 
of ACSR conductors /1 , 3, 4, 9, 10/.
Although the most important princip les of the design of optimized 
structures like  e.g. reduction of the axia l f ie ld  strength developing in 
the in te r io r of the conductor had been recognized in ternationally /1 / ,  so 
far the theory has found practical application on a large scale only in 
Hungary /4 , 11/.
Research has been run in co-operation with the Hungarian Cable Works
*Güntner, Ottó, H—1182 Budapest, Batthyány u. 190/b, Hungary 
Danyek, Gyula, H-1022 Budapest, Törökvész út 16/c, Hungary
Akadémiai Kiadó, Budapest
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in  our In s titu te  to reduce the energy losses and to develop energy-saving 
stranded conductors. As a resu lt, the source of increasing losses has been 
iden tified  and a method to reduce the losses has been found. As a resu lt 
of theoretical research, structural modifications have been introduced, 
resu lting in a reduction of 3-6% of the energy losses of stranded con­
ductors.
VEIKI was the f i r s t  to detect in 1977 the uneven current d is trib u tio n  
in  the aluminium layers of aluminium-steel stranded conductors in case of 
a.c. load /2 /.
th is  new resu lt permitted the e a rlie r calculation processes /3 / to 
be supervised, the conventional stranded structures to be improved and new 
low-loss stranded conductors to be patented / 4 / .
Ihe test resu lts  obtained from the f i r s t  new conductor structures 
manufactured were published as early as in  1980 /5 /. I t  was proved that 
even minimum changes in  the stranding parameters affected the a.c. 
resistance of the stranded conductor considerably /6, 11, 12/. Because of 
the nonlinear magnetic characteristic of the iron core, the expectable 
operating parameters of new structures can be determined by time consuming 
calculation processes only, including sometimes ite ra tion . Iherefore, 
research work in the period after 1987 was designed to develop a computer 
program permitting the technical and economic effects of any construc­
tiona l modification to be followed mathematically.
Ihe computer program available as a resu lt of research
-  permits techn ica lly  and economically optimum stranded structure to 
be developed,
- helps traders to determine the economic e ffic iency of stranded wire 
parameters and new energy saving conductors in tender specifications,
-  permits optimum u tiliz a t io n  of the conductors in the network by 
e le c tr ic ity  suppliers,
- permits the products to be improved by the manufacturers in  ac­
cordance with the recent requirements on the world market.
Ihe methods of calculation used in the program have been tested by 
means of laboratory experiments.
Ihe theoretical research work is  described in  deta il in the doctor's 
thesis submitted to the lechnical University of Vienna /7 /.
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1. Recent requirements on the world market
The investment costs of phase conductors of a 400 kV overhead line  
amount to 20% of to ta l construction costs of the overhead lin e  /8 / .  The 
value of additional a.c. energy losses of aluminium-steel stranded wires 
during the service l i f e  of the conductor may l ie  even above th is  value 
/1 , V, 9, 10/. Because of the high investment costs and considerable 
energy losses, demand fo r conductors of improved economic e ffic iency and 
increased service l i f e  has been increasing on the world market.
The increasing requirements imposed upon the qua lity  of stranded 
conductors are reflected f i r s t  of a l l  in the recent tenders. Tensile 
strength and d.c. resistance alone, used ea rlie r as a basis fo r evaluation 
of stranded conductors, are by far not enough today. Recent tenders in ­
clude more than 13 technical parameters. To compete successfully, the 
manufacturers have to specify parameters of a large number fo r conven­
tiona l conductors on the one hand and to develop new, more favourable con­
structions on the other hand.
According to experience, the time available for supply of tender param­
eters is  too short to permitthe conductor to be manufactured and tested 
in laboratory. Therefore, the manufacturers often miss the tender. As a 
resu lt of the computer aided process, the tender parameters, fo r any 
stranded structure are available within minutes.
For determination of the e le c tr ic , mechanical and economical char­
ac te ris tics , we had to supervise the conventional methods of calculation 
on the one hand and to develop new processes on the other hand. Develop­
ment of a new method fo r calculation of the a.c. resistance, taking the 
uneven current d is trib u tio n  within the aluminium layers in to  consider­
ation, has been indispensable fo r both the tender parameters and design of 
energy saving stranded wires.
2. Investigation of the method used earlier for calculation of current 
distribution and a.c. resistance of ACSR conductors
In calculation fo r energy losses, aluminium-steel conductors can be 
treated as an iron-core c o il.  In ea rlie r calculations, the increase of 
resistance in case of a.c. load has been attribu ted almost en tire ly  to 
iron losses resu lting  from axial magnetic f ie ld  strength /3 / .
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For calculation of the axia l magnetic f ie ld  strength taking place in 
the in te r io r of a stranded conductor with more aluminium layers, the 
aluminium layers were replaced by one single c o il with a number of turns 
per meter according to the following formula:
N
j
V
i= l
( - 1 ) 1
(turns/m) ( 1)
n
where
N number of turns per meter in the c o il (turns/m) 
n^ number of aluminium strands in layer i  
hr pitch of aluminium strands in layer i  (m) 
n number of aluminium wires
j  number of conductor layers
Using relationship (1 ), increase of the resistance was calculated as 
fo llow s /3 /
AR = —-------- — - — -— 2 --------------------------- • tg Ф (íí/m ) (2)
n
where
yU permeability of the steel core in case of a f ie ld  strength de­
termined by loading current (Vs/Am)
ф phase angle between loading current and voltage induced in  the 
aluminium layer ( °)
w angular frequency (rad/s)
2
Av steel core cross section (m )
Increase of the resistance is  described by re la tionship  (2) erroneously 
because
- i t  assumes a uniform current d is tribu tion  among the aluminium layers 
and
- i t  uses ФдФ instead o f the correct m u ltip lie r of sin Ф cosФ .
a) Detection of uneven current d is tribu tion  by laboratory measurements
Uneven current d is tr ib u tio n  among the aluminium layers was detected 
by measuring the temperature rise  of the aluminium layers and steel core
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under sh o rt-c ircu it conditions /2 / by means of thermocouples b u ilt  in be­
tween the wires (Fig. 1) in 1977.
Highest current in tens ity  could be detected in the middle layer.
The difference between the layers in current density increases in the 
range of the normal service currents where the permeability of the steel 
core lie s  by an order of magnitude above the value in case of short 
c irc u it .
b) Using the phase angle between induced voltage and loading current 
correctly
For testing the relationship (2) the substitu tiona l connection diagram 
(Fig. 2) and the vector diagram (Fig. 3) for a stranded conductor with one 
aluminium layer have been plotted. The follow ing symbols have been used 
in the diagrams:
UT Voltage measurable at the terminals of the test c irc u it  consist­
ing of stranded conductor and connecting cables.
Voltage drop at internal impedance of the stranded conductor. 
Voltage induced in the aluminium layer by resultant axia l mag­
netic strength.
1^  Loading current flowing in the aluminium layer.
I Current flowing in the secondary c irc u it  mapping the iron losses.
Fig. 1. Temperature rise  in  ACSR conductor upon sho rt-c ircu it
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F ig . 2, Substitutional connection diagram of ACSR conductor with one aluminium layer
Fig. 3. Vector diagram of ACSR conductor with one aluminium layer
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<t>h Tangential flux  in the domain surrounded by the stranded wire
surface and the connecting cables, brought about by loading 
current flowing in the conductor.
Ф^  Axial flu x  in  the steel core brought about by loading current
flowing in the aluminium layer.
ф3 Axial flux  in  the steel core brought about by secondary current 
mapping iron losses.
фе Resultant axia l flux  in the steel core, brought about by loading 
current flowing in the aluminium layer and secondary current 
mapping the iron losses.
Reactance of c irc u it  surrounded with the conductor surface and 
connecting cables.
X  ^ Leakage reactance.
X^  Reactance of the iron-core c o il,  substitu ting  the aluminium layer.
Xs Reactance of the secondary c irc u it  mapping the iron losses.
X^s Mutual reactance of aluminium layer and secondary c irc u it  mapping 
the iron losses.
R-^  Resistance of aluminium layer.
Rg Resistance of secondary c irc u it mapping the iron losses.
AR Increment of resistance of the stranded conductor as a re su lt of 
a.c. load.
ф Phase angle between loading current and fundamental harmonic 
voltage induced in the aluminium layer.
Value of the increment in resistance on the basis of the vector 
diagram:
AR = X^  sin Ф . cos ç (fi/m ) (3)
Substituting X^  = 
AR =
и . /U.Av.N2 :
?ш . yU . Av . N sin Ф cos о Oi/m) ( 4)
The values of yu  ^ 31пф cos Ф as a function of fie ld  strength have been 
calculated fo r the steel core on the basis of yu and c curves determined 
by measurements (Fig. 4). The increment of resistance measured fo r the 
entire  stranded conductor is  in good conjunction with the calculated 
values.
Relationship (4) applies only to stranded wires with one conducting 
layer. To calculate the resistance of m ultilayer stranded wires, the con­
nection diagram according to Fig. 2 had to be further developed.
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Fig- 4, Results of . s in ф . соэф measurements as a function of f ie ld  strength
3. New method for calculation of current distribution and 
a.c. resistance of ACSR conductors
In the course of research, substitu tion of one single co il fo r the 
conducting layers was found to be the wrong practice because of the un­
even current d is trib u tio n  among the layers.
Theoretically, we have proved that the aluminium layers are connected 
in p a ra lle l /17/. Therefore, the substitu tiona l connection of the stranded 
wire with three aluminium layers is  modified according to Fig. 5.
The Figure permitted
- the current d is tr ib u tio n  to be determined and
- the losses occurring in the d iffe re n t aluminium layers and steel 
core mapped by the secondary c irc u it to be calculated.
The process developed is  advantageous, among others, in tha t the 
equations can be solved without ite ra tion  in  sp ite  of nonlinear curves yU 
and Ф1 111. Thus the program is  considerably s im plified  and the time re ­
quired fo r running becomes shorter.
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Fin- 5, Substitutional connection diagram of ACSR conductors with three aluminium layers
3.1. Current d is tribu tion  in an ACSR conductor with three aluminium layers
2
On the basis of Fig. 5, the current d is tribu tion  in a 500/65 mm ACSR 
conductor with three aluminium layers could be determined as a function of 
loading current (Fig. 6). I t  was found that in the normal service current 
range of 1000 A, the current conducted by the aluminium layer in the 
middle /2 / was 27% higher at a.c. load than in case of d irect current. In 
the outer layer /3 / ,  the current in tensity decreased by 10% while in 
the inner layer /1 / by 24%. According to temperature rise  test on short- 
c irc u it  conditions made in 1977, the current in tens itie s  show an iden tica l 
d is tribu tion  (Fig. 1). A change of the stranding geometry results in  a 
reduction of the resultant axial magnetic f ie ld  strength brought about in 
the steel core by the aluminium layers to approx. 1/3. In th is  case, the 
current d is tribu tion  becomes more homogeneous and thus the additional 
losses in the aluminium layers decrease. Also iron losses are reduced as a 
resu lt of the reduced f ie ld  strength. Hence, reduction of f ie ld  strength 
is  the best method to optimize stranded structures in  respect of losses.
The vector diagram of ACSR conductors with three conducting layers 
has been plotted to give a simple physical explanation of uneven current 
d is tribu tion . In a qua lita tive  form, the vector diagram is  given in  Fig. 7.
The currents flowing in the aluminium layer and the eddy currents 
occurring in  the s tee l core bring about a resultant axia l flux  <t>e in  the
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Fin. 6, Current d is tr ib u tio n  in ACSR conductor with three aluminium layers
Fig. 7, Vector diagram of ACSR conductor with three aluminium layers
in te r io r  of the stranded wire, inducing voltage in the d iffe re n t layers, 
the ra tio  of which corresponds to the number of turns (Lh^/U ^/U jj =
= n1/ n2/ n3).
Since the d irection  of the turns in the middle layer is  inverse, 
is  of opposite sense. Component IR depending on the layer current and 
layer resistance is  added to the induced voltage. The resultant of the IR 
and the induced voltage gives the voltage drop (U) at in te rna l impedance 
per un it section of the stranded conductor.
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Fig. 8. E ffect of ax ia l magnetic f ie ld  strength on additiona l a.c. resistance o f the
conductor
The ra tio  of layer currents at a.c. and d.c. load is  given by re­
lationship
I.l —
I.i  =
URi
U (5)
The vector diagram explains the inhomogeneous fa u lt current d is t r i ­
bution according to Fig. 1 i l lu s tra t iv e ly .  One of the most important con­
clusions is  that maximum current in tens ity  w i l l  be caused rather in  the 
middle layer by the compensating currents resu lting  from the ax ia l flux  
and the stranding than in  the outer layer a ttr ibu ted  to the skin e ffec t 
resulting from tangential flux  within the conductor.
3.2 Dependence of a.c. resistance of ACSR conductors with three conducting 
layers on f ie ld  strength
In the knowledge of currents flowing in the aluminium layers and in 
the secondary c irc u it  mapping the iron losses, the increment in  res is ­
tance of the stranded conductor can be determined.
As shown in Fig. 7, by decreasing the resultant flux  and/or f ie ld  
strength the current d is tr ib u tio n  becomes more homogeneous and thus the 
increment in resistance is  less.
This method to reduce losses had been recommended also abroad but 
has not found p ractica l application in networks so fa r /10/.
The result of our research work devised on the basis of a s im pli­
fie d  diagram, d ire c tly  applicable in practice, is  illu s tra te d  in  Fig. 8.
Reduction of the f ie ld  strength as a re su lt of constructional modifi­
cation in case of given loading current is  considerable at the beginning 
while i t  results then in  a decreasing rate of reduction of the resistance.
According to e a r lie r  results of research /4 /,  the construction of 
stranded conductors w ith reduced losses should be such as to compensate 
fo r almost 100% of ax ia l magnetic f ie ld  strength. However, as proved by 
Fig. 8, a reduction of 30% of the f ie ld  strength results in  a reduction of 
50% of additional a.c. resistance.
Hence, fu l l  compensation for axial magnetic f ie ld  strength w ith in the 
conductor is  not necessary. In practice, a reduction of 50-65% being a l­
lowed of a mechanically permissible constructional modification is  suf­
f ic ie n t .  The standards permit the stranding parameters to be selected
optiona lly  within ce rta in  lim its . Accordingly, the deviation of the
2
values of a.c. resistance of d iffe ren t versions of 500/65 m ACSR con­
ductors from each other may be as high as 3.4%. The optimum structure can 
be chosen only in  the knowledge of the accurate calculation method by 
means of a computer.
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4. Use of the results of research for design of low-loss 
stranded conductors
The extent of possible reduction of resistance by reduction of the 
f ie ld  strength is  i l lu s tra te d  in Fig. Э. Curve 1 shows the dependence of 
the a.c. resistance o f the conventional stranded conductor upon the 
current while curve 2 describes a structure where a reduction of 1.8% 
of d.c. resistance and 3.4% of a.c. resistance was achieved by increase of 
the stranding factor in  every conducting layer.
The optimum structure  developed by us is  illu s tra te d  by curve 3. 
D issim ilarly to version 2, the purpose of the constructional modification 
has been to minimize rather axial magnetic f ie ld  strength than d.c. 
resistance.
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Fig. 9, Conductor optimized by means of a computer aided method 
(1 -  conventional stranded conductor, 2 -  conductor of improved properties of fore ign make,
3 -  optimized conductor)
Although the d.c. resistance of version 3 is  higher than that o f version 
2, the resultant a.c. resistance lie s  3.5% below the value of standard 
loading current. As compared with the o rig ina l construction, the res is­
tance could be reduced by 6.9%.
The results of research warn against taking the catalogue values 
of d.c. resistance as a basis for evaluation of the economic e ffic iency  of 
stranded conductors.
The value of a.c. resistance alone cannot be a basis fo r comparison 
of the d iffe ren t structures in respect of economic e ffic iency. Namely, as 
the stranding parameters are modified, also the weight of the aluminium 
conductor b u ilt  into the cable changes. Using these two values, the im­
provement of the conductor has been determined fo r d iffe ren t structures of 
reduced axia l f ie ld  strength on the basis of German and Austrian economic 
parameters (Fig. 10). The capita l value method has been used fo r ca l­
culation /9 /.
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R easonab le  limit of reduction of a x ia l  
magnetic  f ie ld  strength
F ig . 10. Improvement of the conductor as a function of ax ia l magnetic f ie ld  strength in 
case o f energy saving stranded conductors
By means of the Figure, a reasonable l im it  can be determined fo r re­
duction of f ie ld  strength. Reduction of ax ia l f ie ld  strength by 30-40% was
2
found to increase the value of the 500/65 mm ACSR conductor studied by 
more than 3 DM/kg, tak ing  in to consideration the actual current loads in 
the network. A s ig n if ic a n t improvement is  not expectable from additional 
reduction of the f ie ld  strength and at the same time, in case of reduction 
o f the fie ld  strength below a reasonable value, the mechanical properties 
would be affected unfavourably.
The computer program developed is  described below.
5. Description of the computer program
The program developed on IBM compatible computers serves to determine 
the tender characte ris tics , including standard and special e le c tr ic a l, 
mechanical, constructional and, in case of double-metallic structures, 
comparative economic parameters for stranded conductors with max. three 
layers, made of single or double metal(s).
The program is  su ited  fo r prompt ca lcu lation of the values lis te d  
below for optional input values, in 5 varia tions, on the basis of the
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relevant IEC 207-210 specifications, taking in to account the material con­
stants of 6 d iffe ren t national standards, and to display them diagram- 
matically or in tabulated form.
The program permits hard copies both with words and graphics to be 
printed by means of an EPSON FX p rin te r (in  EPSON mode) for EGA (350x540) 
and Hercules (348x720) monitor drivers.
Values supplied
E lec trica l values:
-  Resultant a.c. resistance
- A.c. resistance as a function of current ( in  case of double-metal­
l i c  structures), magnetic characteristics of steel-core and geometry, in 
the range of 0 to min. 12 kA
- Internal reactance of stranded conductor, s im ila rly  as a function 
of current, magnetic characteristics of steel-core and geometry
- Permissible value of loading current according to DIN in case of an 
ambient temperature of 35 °C and a conductor temperature of max. 80 °C, 
under no wind conditions or in case of a wind speed of 0.6 m/s 
Geometrical and mechanical values:
- Cross section of aluminium conductor
- Cross section of steel core
- Resultant weight of aluminium layers
- Weight of steel core
- Resultant weight of stranded conductor
- Resultant tensile  strength
- Torsional moment
- In i t ia l  and f in a l modulus of e la s tic ity
- Resultant coe ffic ien t of thermal expansion
- Geometrical mean radius (GMR) of the conductor 
Constructional parameters:
- Wire diameter
- Angle of stranding (calculated on the basis of the stranding factor 
to be specified)
- Mean diameter of layers 
Comparative economic effic iency:
Data of max. 5 variations are processed by the program. Taking v a ri­
ation 1 as a basis (West German data), the improvement of the conductor 
per kg is  given in DM for stranded conductors according to varia tions 2
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thru  5, using the method of calculation of capita l return in case of 
double-metallic structures.
This means essen tia lly  savings in investment and energy costs per kg 
of stranded conductors according to variations 2 thru 5 over the service 
l i f e  of the stranded conductor (35 years in  the present case).
Hence, any price increase by the manufacturer which lie s  below the 
calculated improvement is  re a lis t ic  on the market. The program takes a.c. 
resistance and the change in mass as a basis for evaluation of the eco­
nomic efficiency of the d iffe ren t stranded conductors.
Special tender characte ris tics :
-  A.c. resistance as a function of frequency (max. 5000 Hz)
-  Internal reactance of the conductor as a function of frequency (max. 
5000 Hz)
-  Positive-sequence reactance of one-system overhead lin e  with single 
or bundle conductor as a function of geometry of the overhead line
-  Approximate te n s ile  strength curve fo r the entire stranded con­
ductor
Input data:
-  Geometrical parameters:
Wire diameter per layer 
Number of wires per layer 
Stranding facto r per layer
-  Temperature:
Ambient temperature
Operating temperature of stranded conductor
Temperature gradient between the layers within the stranded con­
ductor, in per cents
- Material characteris tics (fo r 6 d iffe ren t standards):
Specific resistance of conductive material 
Mechanical strength of steel (fo r 14 elongation)
Tensile strength of aluminium
Modulus of e la s t ic ity  of steel and aluminium
Density of stee l and aluminium
Coefficient of thermal expansion of stee l and aluminium
An example is  presented below fo r p ractica l application of the
program.
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6. Example for practical application of the computer aided method
To illu s tra te  the effect of change of the angle of stranding on the
e le c tr ica l, mechanical and economic parameters of the stranded conductor,
2
two variations of the 500/65 mm ACSR stranded conductor of minimum and 
maximum stranding factor according to standard DIN 48204 are presented. 
Figure 11 shows the input data identica l fo r both variations except for 
the angles of stranding.
Geometrical properties
Layers
Inner Middle Outer Steel
Variation 1
Nominal diameter o f wire (mm) 3.45 3.45 3.45 3.45
Number of wires 12 18 24 7
Angle of stranding (deg) 76 75 74 84
Variation 2
Nominal diameter o f wire (mm) 3.45 3.45 3.45 3.45
Number of wires 12 18 24 7
Angle of stranding (deg) 82 80 79 84
Fig. 11. Input data of the computer program
Illu s tra ted  in  Fig. 12 are, as a function of loading current,
- the current d is tribu tion  in  the aluminium layers
- the increment of resistance as a resu lt of alternating current and
- the a.c. resistance.
Figure 13 shows the increment of resistance and the improvement of the 
conductor for f ive  variations. In the economic efficiency ca lculations, 
the permissible value of the normal loading current has been estimated at 
1000 A. (The parameters of variations 1 and 2 are given in Fig. 11.)
The increment of resistance of the improved construction (va ria tion  
2) at a loading current of 1000 A is by 3% lower than that of the con­
ventional construction (varia tion  1). Further improvement of the stranding 
geometry may resu lt in a reduction as much as in resistance (curves No.
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Calculated resu lts
S eria l No. of workpoint
1 2 3 4 5
V aria tion 1
Loading Current (A) 171 358 526 656 784
DC cu rr.d is tr . Layer 1 (%) 22.2 22.2 22.2 22.2 22.2
AC cu rr.d is tr . Layer 1 (%) 21.0 20.4 19.9 19.4 19.0
DC c u rr.d is tr. Layer 2 (%) 33.3 33.3 33.3 33.3 33.3
AC c u rr.d is tr. Layer 2 (%) 37.0 38.3 39.3 40.2 41.0
DC c u rr.d is tr. Layer 3 (%) 44.4 44.4 44.4 44.4 44.4
AC c u rr.d is tr. Layer 3 (%) 43.0 42.4 41.9 41.5 41.1
Alu.conduct. "R" increment (%) 2.52 3.14 3.69 4.21 4.63
Steel core "R" increment (%) 0.44 0.75 1.00 1.15 1.30
Residual AC "R" increment (%) 2.96 3.89 4.69 5.36 5.93
Resid. AC resistance (ohm/km) 
Conductor temperature: 60 C
0.0690 0.0697 0.0702 0.0706 0.0710
Varia tion 2
Loading Current (A) 229 455 638 763 878
DC cu rr.d is tr . Layer 1 (%) 22.2 22.2 22.2 22.2 22.2
AC cu rr.d is tr . Layer 1 (%) 22.0 21.8 21.6 21.4 21.2
DC cu rr.d is tr . Layer 2 (%) 33.3 33.3 33.3 33.3 33.3
AC cu rr.d is tr . Layer 2 (%) 34.3 34.8 35.4 36.0 36.5
DC cu rr.d is tr . Layer 3 (%) 44.4 44.4 44.4 44.4 44.4
AC cu rr.d is tr . Layer 3 (%) 44.2 43.9 43.6 43.3 43.0
Alu.conduct. "R" increment (%) 0.96 1.14 1.34 1.56 1.77
Steel core "R" increment (%) 0.25 0.47 0.69 0.87 1.06
Residual AC "R" increment (%) 1.21 1.62 20.3 2.43 2.83
Resid. AC resistance (ohm/km) 
Conductor temperature: 60 C
0.0665 0.0668 0.0671 0.0673 0.0676
Fig. 12, Current d is tr ib u tio n  of a.c. resistance as a function of loading current
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Fig, 13, Additional a.c. resistance of stranded conductors of d iffe ren t structure 
as a function of loading current
Fig. 14. A.c. resistance of stranded conductors of d iffe ren t structure 
as a function of loading current
3, 4, 5). However, due to the increased mass of the conductor material in 
the stranded cable, the improvement of the conductor does not increase ac­
cordingly. At any additional price ly ing below the calculated improvement, 
use of the new stranded conductor results in  increased economic e ffic iency
Figure 14 il lu s tra te s  the a.c. resistance of five  d iffe ren t stranded 
structures as a function of loading current. The value of 3.1 DM/kg, 
calculated fo r structure No. 2, can be achieved even with standard struc­
tures /15/.
Considering tha t the price of ACSR stranded conductors is  3.7 DM/kg 
at present, the constructional modification presented here resulted in an 
increase of 84% of the value.
Figure 15 shows the most important mechanical and geometrical char­
ac te ris tics  of the two variations selected. As seen, the mechanical prop­
e rtie s  have not been affected unfavourably by the constructional modifi­
cation. A reduction of the torsional moment of the new structure by more 
than 30% is favourable in  respect of in s ta lla tio n . 7
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7. Possibilities of development of the program
Our computer program meets the recent, most up-to-date, international 
requirements /10/ and i t  is  suited to
- determine every tender parameter of stranded conductors of any 
a rb itra ry  stranding facto r and
- calculate technical-economical characteris tics required fo r choos­
ing optimum structures.
The program includes no manufacturability tes t and i t  assumes there­
fore that only stranding parameters of techn ica lly  feasible structures are 
included among the input data.
The tender and design program can be optionally  extended to include 
the recent results achieved in this special f ie ld .
The following calculations are intended to add to the program:
- determination of maximum permissible loading current for ACSR 
stranded conductors with the temperature gradient between the aluminium 
layers and the uneven current d is tribu tion  taken into consideration,
-  manufacturability tes t in case of optional stranding parameters.
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Mechanical features
Layers
Inner Middle Outer Steel
Variation 1
Nominal diameter of wire (mm) 3.45 3.45 3.45 3.45
Number of wires 12 18 24 7
Angle of stranding (deg) 76.0 75.0 74.0 84.0
Stranding factor 10.08 10.05 9.74 19.93
Medium diameter of layer (mm) 13.80 20.70 27.60 6.90
(Active) turn number 5.75 4.12 3.31 1.00
Outer diameter of layer (mm) 17.25 24.15 31.05 10.35
Residual DC resistan. (ohm/km) 0.06705 (a t cond. temp.: 60 °C)
2 2Cond ./Steel area (mm /mm ) 504.8/65.4
C o nd ./S tl. weight (kg/km/kg/km) 1412.7/519.8
Total weight (kg/km) 1932.5
Nominal breaking load (N) 164135.7
Torsion torque (Nm/kN) ^ 0.74
Resid. modul of e ia s t i.  (N/mm ) 66434.4
Res.coe.of Tin.exp. (le-6/deg) 19.6
Loading current (DIN 48402) (A) 913
Variation 2
Nominal diameter of wire (mm) 3.45 3.45 3.45 3.45
Number of wires 12 18 24 7
Angle of stranding (deg) 81.6 B0.4 78.7 84.0
Stranding factor 17.02 15.92 13.98 19.93
Medium diameter of layer (mm) 13.80 20.70 27.60 6.90
(Active) turn number 3.41 2.60 2.30 1.00
Outer diameter of layer (mm) 17.25 24.15 31.05 10.35
Residual DC resistan. (ohm/km)
2 2Cond'./Steel area (mm /mm ) 
Cond./Stl. weight (kg/km/kg/km) 
Total weight (kg/km)
Nominal breaking load (N) 
Torsion torque (Nm/kN)  ^
Resid. modul of e ia s t i.  (N/mm ) 
Res.coe.of lin .exp . (le.6/deg) 
Loading current (DIN 48204) (A)
0.06572 (a t cond. temp.:
504.8/65.4
1384.7/519.8
1904.5
164135.7
0.51
69288.6
19.6 
913
O
N
О
о
о
Fig. 15, Mechanical and geometrical characteristics of the 
two variations investigated
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CORRECTIVE MEASURES FOR DECREASING THE DETRIMENTAL 
ENVIRONMENTAL IMPACTS OF HIGH VOLTAGE LINES
HADRIAN, w.1 - HOFBAUER, F.2 -  LUGSCHITZ, H.3 -  KROPIK, W.4 - JERMENOY, L .5
(Received: 3 January 1991)
O ily and fa tty  sediments on the surface of conductors as a resu lt of improper manu­
facturing in combination w ith partic les from the a ir  lik e  pollen, grain and products of 
combustion can produce po llu tion  in shape of small drops. Too big quantities o f lubra- 
cants in the core of stee l-rein forced aluminium conductors can especially re su lt in  out- 
coming grease in case of high temperature, and can produce corona effects in  audible and 
v is ib le  range, as well as radio noise. In th is  paper, the princip le of a newly developed 
method of cleaning the conductors is  described. Extensive measurements were carried  out 
to show the e ffic iency o f th is  cleaning method.
1. Introduction
The ever increasing demands on energy transfer systems have resulted, 
among others, in a constant increase in the voltage of overhead power 
lines. In the high voltage range, a s lig h t reduction of the insu la tion  
distance in the design of overhead lines resu lts  in considerable savings. 
However, th is  can lead to undesirable environmental effects, such as radio 
interference and audible noise. These problems can be especially c r i t ic a l  
in densely populated areas.
On bundled conductors, pa rtia l discharge can occur for long periods 
during the normal operation of the high voltage lin e . The damage caused on 
the surface of aluminium conductors may re su lt in further intensely per­
turbing e ffects. Though pa rtia l discharges occur at d iffe ren t points,
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the nature of lines favours the spreading of interference over consider­
able distances.
Some damage to an aluminium conductor is  inevitable. Damage can normal­
ly  resu lt in a decrease of about 20% in the test voltage for p a r tia l d is­
charge when the overhead transmission lin e  is  put into service. During 
service, the notches burn away, th is , in  turn, resulting in a s lig h t 
improvement of p a rtia l discharge values .
I t  is  confirmed that the audible noise and radio interference are 
generated by the same phenomenon, mainly positive po la rity  streamers.
The losses are rapidly increased by the corona caused by surface i r ­
re g u la ritie s . In one case very large corona losses were reported on a 
220 kV lin e . 57.4 kW/km losses were measured on three phases because of 
the severe deterioration of conductor surface as a result of applying a 
kind of fa t not corresponding to specifications .
2. The specific situation of the Austrian network
Since 1981, the Austrian E le c tr ic ity  Supply Board has been in s ta llin g  
a supra-regional 380 kV high voltage grid  having a length of 1025 km at 
the moment.In 1977, a power line  fo r two systems with a length of 72 km 
was constructed in  the south of Austria. This line  was designed fo r a 
maximum operation voltage of 420 kV.
The bundle of two conductors of the type ACSR (2x680/85; bundle: 36 mm; 
v e rtic a l distance: 400 mm) is  dimensioned fo r a permanent current of 
2300 A. The most part of th is  power lin e  runs in a rura l and populated 
area.
Since the 380 kV high voltage grid had not yet been developed in  th is  
part of Austria, th is  power line  was integrated into the 220 kV g rid  and 
was operated with a maximum voltage of 245 kV during the f i r s t  few years. 
The integration in to the 380 kV grid took place in 1987. At th is  voltage 
and at the maximum operation voltage of 420 kV, the corona discharge of 
the conductors caused a considerable audible noise within the neighbour­
hood of the power lin e . The corona discharges on a section of the power 
lin e  (voltage: 420 kV) can be seen in Fig. 1. The f i r s t  analysis showed 
that the contamination has outcome in form of drops on the surface of the 
conductors. The reason for th is  po llu tion  was a too large quantity of 
grease in  the core of the ACSR-conductor, coming out at increased tempera­
tures of the conductor.
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Fig. 1. Corona discharges on a section of the power line  (voltage: 420 kV)
The level of audible noise caused by th is  corona discharge was about 
50 dB(A) at an operation voltage of 420 kV at a distance of 20 m from the 
outer phase of the lin e . This value exceeds the maximum c r it ic a l value of 
audible noise both in ru ra l and in populated areas.
Therefore, corrective measures were indispensable to reduce the audible 
noise along the power lin e . Consequently, a method for cleaning the con­
ductors had to be developed, by which, on the one hand, the contamination 
on the surface of the conductor and, on the other hand, the surplus grease 
in the core had to be removed so that in the future an undisturbed oper­
ation of the 380 kV power line  could be achieved. In addition, the ground 
should not be contaminated by any greasy water.
In the following, the princip le  of th is  newly developed method of 
cleaning the conductors is  described. Extensive measurements were carried 
out to show the e ffic iency of th is  cleaning method. Additional tests with 
contaminated and cleaned conductors were carried out in the laboratory of 
the Ins titu te  for E lec trica l Power Research (VEIKI) in Budapest.
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3. Cleaning of conductors
A method of cleaning the conductor surface and washing out the surplus 
o f grease from the s tee l core at the same time was elaborated at the 
In s t itu te  mentioned above. Accordingly, a fixed quantity of the protective 
m ateria l had to be retained in the core. In cooperation with several com­
panies, a cleaning system was developed, presented b r ie fly  here.
3.1 Principle of cleaning
The conductors are heated and cleaned by steam without solvent at a 
temperature of 110 degrees Centigrade and a steam pressure of 130 bar. In 
case of very severe po llu tio n  certain chemical additives can be used. The 
system is  b u ilt  as a self-contained u n it, so there is  no impairment to 
the environment and no need fo r any additional protective measures. Merely 
leakages at the gaskets le t  l i t t l e  steam escape. The cleaning work can be 
done both in a g ricu ltu ra l and in populated areas, and these are the 
regions where annoyances by defect conductors are most disturbing.
The line must be put out of service during the cleaning work. The 
cleaning system consists o f two main parts (see Figs 2, 3, 4):
-  cleaning unit at the conductor
-  supply unit on the ground.
3.2 Cleaning unit
The cleaning un it enclosing the conductor is  a tightened steel ce ll, 
hanging with rubber ree ls on the line , covering the je ts  and heating up 
the conductor. This c e ll also collects the emulsion washed out. Flexible 
high-pressure tubes bring the waste water down and deliver steam up.
As a result of heating, most part of the surplus grease comes out on 
the conductor surface, and the jets mounted on i t  in circumferential 
d ire c tion  clean the surface and wash out the po llu tion . Several washing 
u n its  can be moved by one line  car, so i t  is  possible to clean bundle 
conductors simultaneously, after the spacers have been dismounted.
The car is moved by an e lec tric  winch to guarantee a constant speed. 
P ilo t  tests resulted in  an optimal speed of 1.5 meter/min. This makes 
sure tha t, on the one hand, a necessary remainder of the lubricant w il l 
be le f t  behind in the core, and on the other hand, no grease w il l  come out 
and produce corona e ffec ts  in  the future, so that only the detrimental 
surplus may be washed out.
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Fin. 2. Line car w ith the cleaning u n it, connected by high-pressure tubes to the
supply un it on a t r a i le r
The speed also depends on the ra tio  of steel and aluminium and th e ir 
d iffe re n t heat absorption. The cleaning of jumpers and f i t t in g s  i f  
necessary is  done by hand with the same method applied.
3.3 Supply unit
Every cleaning un it needs an own steam generator. In our te s t, 
standard high-pressure generators are used which allow continuous oper­
ation over several hours. The aggregates can supply the cleaning un its  to 
a distance of 200 m through coupled high-pressure tubes. The un its  need 
3x380 V which is  produced by diesel aggregates.
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Fin. 3, Cleaning system
1) tank and f i l t e r ,  2) f i l t e r ,  3) steam generator, 4) diesel aggregate of 3x380 V
Fig. 4. Line car with a cleaning un it
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Water for the steam generator is  provided from a tank, so the plant is 
independent from the water mains. The f i l t e r s  in the tank clean and cool 
the emulsion coming from the units at the lin e , so water can be rec ircu­
lated through the system several times, and operation for days is  possible 
without changing the c ircu la ting  water and without depositing the waste 
too often.
4. Measurement of radio noise and audible noise
The detrimental environmental impact of the polluted conductors should 
be controlled in the v ic in ity  of the transmission line . For the sake of a 
better comparison between the measures developed for cleaning the bundle, 
also laboratory radio interference and audible noise measurements were 
carried out.
Radio interference is  caused mainly by p a rtia l discharge taking place 
during the positive half-cycle. The measurements are carried out under 
normal working conditions a fte r the determination of the interference 
f ie ld  strength. A special amplitude-modulated receiver was used fo r th is  
purpose. The in tens ity  of the electromagnetic f ie ld  is determined by means 
of corresponding coupling and antenna.
The actual procedure fo r determining radio interference is  well 
established.
Fig. 5, Frequency characteris tics o f radio interference of a 400 kV transmission lin e  at a 
d irec t distance o f 50 m from the conductor with fa t drops on the conductor surface
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F in . 6 ■ Frequency cha ra c te ris tics  of radio interference o f a 400 kV transmission lin e  at a 
d irec t distance of 20 m from the conductor with fa t  drops on the conductor surface
F ig , 7, Frequency c h a ra c te ris tics  of radio interference o f a 400 kV transmission lin e  at a 
d irec t distance o f 20 m from the conductor without fa t  drops on the bundle conductor
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The measurements show the results gained at d iffe ren t voltage levels 
of the transmission lin e  fo r the conductor before cleaning as in  Figs 5 
and 6, and on the same lin e  over a section where no fa ttin g  problem 
occurred as seen in Fig. 7.
The radio interference is  the function of the frequency decrease. The 
increase of the RI with higher voltages and shorter distance to the con­
ductor follows with re la tive ly  good agreement the values computed by 
formula :
Y = 29.3 + 3.8 E - 34 log D max
where
Y - interference f ie ld  strength in dB
E - maximum gradient of the conductor in kV/cm max a
D - distance between the outer phase and the antenna.
According to th is  formula, the maximum gradient of the bundle with 
fa t drops on i t s  surface can be determined. In th is  way, i t  is  evident 
that the irre g u la rit ie s  on 220 kV do not cause any problems to the en­
vironment because corona appears only at 420 kV system voltage. In th is  
la t te r  case, the maximum gradient is estimated to be higher than the 
gradient belonging to the in i t ia l  voltage of the corona. The influence of 
fa t drops on RI at 0.5 MHz was about 3 dB.
Table 1
Audible noise at a distance of 20 m from the outer phase 
of the power line
Voltage 345 kV 380 kV 420 kV
Audible noise
polluted conductors 40 dB(A) 44 dB(A) 50 dB(A)
cleaned conductors non-measurable 35 dB(A)
The level of audible noise caused by the corona discharges was about 
50 dB(A) at an operation voltage of 420 kV at a distance of 20 m from the 
outer phase of the lin e . A fter cleaning the conductors, th is  level could 
be reduced to 35 dB(A) (see Table 1).
For comparison, a 12 m long bundle conductor was tested 3 m above the 
ground in the high voltage laboratory. At the same voltage levels, 
the radio interference (see Figs 8a and 8b) and the acoustic noise 
were determined in both cases, i.e .  for the polluted and for the cleaned
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F ig . 8a. Radio interference of a 12 m long bundle conductor measured in the laboratory
(polluted conductor)
105 106 107 10®
(Hz)
F ig . Bb. Radio interference of a 12 m long bundle conductor measured in the laboratory
(cleaned conductor)
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Fig. 9. Audible noise of a 12 m long bundle conductor measured in the laboratory
a) polluted (curve 1) and cleaned (curve 2) conductors at 350 kV,
b) po llu ted conductors at 350 kV , c) cleaned conductors at 350 kV
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Fig. 10. Corona discharges shown by a night vision system 
(po llu ted conductors at 300 kV)
conductor. During the audible measurements the Fourier analyzer recorded 
the spectrum at four hundred d iffe ren t frequencies. The difference can be 
evaluated at each frequency for the d iffe re n t voltages as shown in Fig. 
9a, b, c.
The same influence made on radio interference and audible noise can be 
determined as on the actual lin e . Especially, a drastic increase can be 
measured for these characteristics at the voltage where the intensive 
corona appeared over the drops of the polluted conductor. This phenomenon 
is  shown in the picture transmitted by a night vision system (see Fig. 
10).
The laboratory resu lts  were in good agreement with the f ie ld  test 
re su lts  and proved that the corrective measures were suitable fo r de­
creasing the environmental influence of the high voltage lin e  below the 
l im i t .
5. Conclusion
About 130 km single conductor length in  the Austrian 380 kV network 
have been cleaned with the system described above in the mountainous and 
a g r icu ltu ra l area. The resu lts of the measurements performed on the 
380 kV power line and in a high voltage laboratory show the a p p lica b ility  
o f th is  method.
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A STUDY OF TRANSMISSION LINE INTERFERENCE CAUSED BY SPACERS
JERMEDNDY, L .* -  KRYLOV, S.V.** -  TIMASHOVA, L.V.*** 
(Received: 7 March 1991)
With increasing the number of subconductors in phase bundles of EHV and UHV trans­
mission lines, the number of spacers in spans also increases. Unstable contacts in hinge 
jo in ts  under conductor osc illa tion s  give rise  to gap discharges and an increase o f over­
a l l  transmission lin e  interference leve l. In the development of new spacer designs 
measures should be taken in order to rule out gap discharges.
Interference on transmission lines can occur both as a resu lt of corona 
on conductors and due to pa rtia l discharges and corona on insu la tors, 
breakdown and spark-over of defective insu lators, corona on line  f i t t in g s ,  
as well as due to sparking in bad contacts of lin e  f it t in g s  and insulators 
in  s trings.
Measurements on transmission lines have shown that in a number of 
cases lin e  f it t in g s  and insulator strings are interference sources in the 
presence of gaps and sharpened elements.
Discharges occur between metal parts with bad contacts. These bad con­
tacts may be caused by corrosion, d ir t  and dry pollution.
Dry weather improves insulation of contacting metal parts and favours 
the appearance of sparks. Rain and snow short out a gap, creating a con­
ducting chain between charged parts.
Measurements of interference caused by gap discharges at d iffe re n t 
re la tive  humidity have shown /1 / that with a 10% increase of humidity in 
the range of 70-95% interference decrease was about 20 dB, and at humidity
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Fig. 1. Voltage change and current impulses in  the process of gap discharge
higher than 95% interference was comparable w ith inherent meter noise. 
Thus, interference, caused by gap discharges takes place in dry weather.
Interference generated by corona on conductors is  maximal at pre­
c ip ita tio n . With gap discharges the highest interference occurs in  fa ir  
weather which amounts to about 75% of the year fo r the central part of the 
USSR.
With increasing and decreasing voltage U (Fig. 1) /2 / during each 
ha lf-cyc le  capacitive discharges occur in  gaps of f i t t in g  jo in t ,  having 
bad e le c tr ic  contact. Such break-down happens at voltage and resu lts  in 
decreasing the potentia l difference of two parts jo in t up to zero. Elec­
t r ic  strength of the non-conducting film  in  the jo in t (or the a ir  gap in 
i t )  is  restored and voltage applied to the capacitor electrodes rises 
again up to the break-down voltage and then the capacitive discharge 
occurs again. At the voltage amplitude value during a half-cycle a small 
arc may be in it ia te d  fo r a short time. The arc goes out at voltage drop 
during the half-cycle in  which capacitor break-down occurs again with a 
high pulse repetition  ra te  at voltage U^. Such capacitive discharges take 
place both at the positive  polarity and at the negative p o la r ity  of 
voltage having an estimated value of 100-300 V /2 /.  The capacitive d is­
charges resu lt in  the appearance of current impulses, as shown in  a 
current oscillogram (F ig. 1). Each current impulse is  accompanied by the 
change of electromagnetic f ie ld  and is  a source of high frequency in te r­
ference.
Gap discharges generate interference in  a wide frequency range /2 , 3, 
4 /. Investigations carried out have shown tha t gap discharge frequency
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F ig■ 2, Frequency spectra of interference from e le c tr ic  discharges and corona 
(1 -  gap discharge, 2 -  negative streamer, 3 -  negative glow, 4 -  positive streamer)
spectrum was sloping and in th is  case interference in tensity decreases 
with increasing frequency more slowly (see Fig. 2, curve 1) than with 
corona on conductors (see Fig. 2, curves 2, 3, 4).
Most of hinge jo in ts  of insulators and f it t in g s  in strings carry con­
siderable s ta tic  load and have stable e le c tr ic  contact.
Unstable e le c tr ic  contact occurs in s lig h tly  loaded jo in ts  or hinge 
jo in ts , subjected to alternating loads.
On transmission lines with bundle conductors most commonly used 
f it t in g s  are spacers, having movable hinge jo in ts , subjected to loads 
varying th e ir  value and d irection. I t  promotes the appearance of addi­
tiona l interference sources on transmission lines with bundle conductors. 
Tests on 400 kV lines with defective spacers /1 / have shown tha t in te r ­
ference was generated in a wide frequency range and slowly attenuated 
with a distance from the transmission lin e  (Fig. 3). Figure 4 shows, fo r 
comparison, frequency spectra of interference caused by double c irc u it  
400 kV lines  with delta phase arrangement. Curve 1 (Fig. 4a) is  related
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Fig. 3. Frequency spectra of TVI generated by gap discharges on the 400 kV transmission line
F ig. 4a. Frequency spectra of interference caused by 400 kV lines in the frequency range
of 0.1 -  30 MHz
(1 -  fo r lines with discharge in gaps of defective spacers, 2 -  fo r lines with corona
on conductors)
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Fig. Ab. Frequency spectra of interference caused by 400 kV lines in the frequency range
of 20 -  30 MHz
(1 -  for line^ with discharge in gaps of defective spacers)
to a transmission lin e  with defective spacers. For the same lin e  a 
spectrum in  the 20-30 MHz frequency range was obtained (Fig. 4b). I t  
shows that interference in tensity is  not influenced by the frequency 
p ra c tica lly .
Measurements on 1150 kV lines have shown that in fa ir  weather in te r ­
ference in tensity  is  determined to a considerable extent by discharges 
in gaps of line  f i t t in g s  because of f i t t in g  complication in comparison 
with 400 - 750 kV transmission lines. Gap discharges in a strongly non- 
uniform f ie ld  are generated at low lin e  voltages. So, on a 1150 kV lin e  
considerable interference (48 - 58 dB) under the nearest phase was de­
tected at 500 kV, when e le c tr ic  f ie ld  strength on the conductor surface 
was smaller by a factor of 2.5 than the corona onset voltage (12.3 kV/cm). 
In th is  case interference sources were discharges in spacer gaps. To 
estimate interference from spacers, having hinge jo in ts  with gaps, special 
experimental investigations were carried out in  a HV room on a model of a 
bundle conductor together with a spacer design, having movable hinge jo in t  
of increased resistance. The model of the bundle conductor of 6 m length 
had end screens to eliminate corona sources.
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Fig. 5, Frequency spectra for the bundle conductor model 
(1 -  with a spacer, having an a r t i f ic ia l  gap at voltages of 150, 200 and 250 kV, 
2 -  without spacer at U = 250 kV, 3 -  tes tin g  room background)
02 03 OA 0.506 0.8 1.0 2 3 A 5 6 7 в 910 20 30 AO
f (MHz)
Fig. 6. Frequency spectra for the bundle conductor model in the frequency range
of 0.3 - 30 = MHz
(1 -  with a spacer in gap discharge at voltage of 250 kV, 2 -  without spacer, U = 250 kV,
3 -  testing room background)
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H n . / ■ l-requency specxra oi spacers on the bundle conductor model 
(1, 2, 3 -  in  hinge jo in t  gaps of 0.3 mm, 0.09 mm and 1 mm, respectively,
4 -  testing room background)
Measurements of frequency spectra from spacers mounted on the bundle 
conductor model (curve 1, Fig. 5) were made without streamer corona. 
Measurements of the model frequency spectrum at 250 kV without spacer 
(curve 2, Fig. 5) were also carried out and the testing room background 
noise was measured (curve 3, Fig. 5). When a spacer with an a r t i f ic ia l ly  
made gap was installed on the bundle conductor model, measurements of fre ­
quency spectra were carried out at voltages of 150, 200 and 250 kV (curve 
1). The measurements showed that interference levels were independent of 
voltage applied to the bundle conductor model. Figure 6 (curve 1) shows a 
frequency spectrum of the model with a spacer at 250 kV in the 0.3-30 MHz 
frequency range. Also investigations of frequency spectra were carried 
out in the HV testing room in the range of 90-600 MHz with in s ta lla tio n  of 
spacers, having a r t i f ic ia l  gaps of 0.09, 0.3 and 1 mm, on the bundle con­
ductor model. Results of these investigations are presented in Fig. 7. The
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Fin. O- Lateral p ro file s  o f interference from 400 kV transmission lines at. 0.5 MHz 
(1 -  for lines w ith defective spacers, 2 - fo r lines  with corona on conductors,
3 -  calculated characteris tics taking account o f corona on conductors; 
see formula (1 ))
resu lts  presented in  Figs 5 to 7 show capacitive discharge in a gap of a 
spacer hinge jo in t  to be an interference source in a wide frequency range.
The gap discharge generates interference which holds a considerable 
leve l at a great distance from the line . Values obtained from measurements 
on operating lines are a sum of interference from various sources. Figure 
8 shows la te ra l p ro file s  of interference from double-circuit 400 kV lines 
with delta-phase arrangement at 0.5 MHz. Curve 1 (Fig. 8) was obtained fo r 
a lin e  with defective spacers. Curve 3 was plotted on the basis of ca l­
culations according to the well-known formula:
E" = n En 20
. . R' 
к log ртг ( 1)
where
E1, E" - interference level,
R1, R" - distances from the nearest phase of the line , 
к - the la te ra l attenuation factor.
Based on the measurement results obtained on 400 kV transmission lines 
with delta-phase configuration the la te ra l attenuation factor к  is  equal 
to 1.7. When an interference source on the lin e  is  only corona on con-
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Fig. 9, Lateral p ro file s  of radio interference on the Ekibustuz-Kokchetav 1150 kV line
in  the spans between towers
(1 -  No 1314 -  1315, No 1229 -  1230, 3 -  No 1254 -  1255, 4 -  No 1314 -  1315,
5 -  No 126-3 -  1264)
t
ductor (curve 2, Fig. 8), an attenuation character coincides with the 
wide spread dependence (curve 3).
Figure 9 presents la te ra l p ro files of radio interference at 0.5 MHz 
from the Ekibustuz-Kokchetav line  on a semi-log arithmetic scale that well 
represents the physical law of interference varia tion  with a distance. 
The s tra ight lines in the figure were obtained by the method of least 
squares /5 /. As seen from the figure, an attenuation character fo r most 
of the spans follows equation (1). However, on a number of spans in te r­
ference at distances of 60-80 m from the line  is  almost unchanged. I t  is  
caused by interference due to discharges in spacer gaps that was deter­
mined by d irect measurements with a d irectiona l antenna. Spacers fo r sub-
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F ig . 10. Scheme of spacer in s ta lla t io n  on the bundle conductor of the Kustanay -  Chelyabinsk 
1150 kV l in e .  Oistance 1 is  no longer than 40 m
conductor fix ing  on a given contour contain clamps locked on the sub- 
conductors. The clamps are usually demountable threading die ones, movably 
jo in ted  to the spacer (arm) body.
Spacers may be made as twin-spacers (fo r jo in ting  two subconductors) 
or "fixed" ones with clamps attached to the common body-arm configuration 
or in  the form of a frame.
Subconductor fix ing  in  spans is  effected by spacers of various designs. 
The simplest designs are the spacers intended for two conductors fix in g  
at a given distance.
On in i t ia l  sections o f a 1150 kV lin e  fo r subconductor f ix in g  8RGSh - 
4-400 type spacers with RGSh threading clamps are used. D iffe rent spacer 
configurations (twin or arm) were tested on d iffe ren t sections of the 
1150 kV line , proceeding from subconductor osc illa tio n  control and fo r the 
future  i t  is  recommended to use spacers with RGN type threading die clamps 
(instead of RGSh clamps) on new line  sections.
Figure 10 shows a scheme of in s ta lla tio n  of twin-spacers and fixed 
(arm) ones on the Kustanay-Chelyabinsk 1150 kV transmission lin e  con­
ductors. In th is  scheme, side with fixed spacers (s im ila r to arm spacers 
fo r functions), f ix in g  un its , made on the basis of RGN twin-spacers, 
are used.
Spacer threading die clamps, locked on lin e  conductors and being at 
high conductor potentia l in  the strong e le c tr ic  f ie ld  may be a source of 
corona interference.
The appearance of streamer corona sources on spacer threading dies may 
be related to a design defect of spacer parts (protrusicns, sharp edges) 
or technical defects on surfaces of spacer parts (burns, protruding sur-
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face defects, marks,etc.). Spacer damages in  mounting (traces of strokes, 
scratches and hang-nails from mounting too ls ) are possible. Protruding 
parts of bolted jo in ts  (the protruding b o lt end and the nut head) may be 
streamer corona sources as a result of incorrect clamp assembly or an in ­
correct choice of the spacer bo lt.
E lec trica l potentia l values of bundle subconductors are somewhat d i f ­
ferent from one another, and a change of voltage fo r two subconductors 
varies from 0 to 1000 V. In such conditions a spacer is  an e le c tr ic  c i r ­
cu it, characterized by contact resistances in  successive contact jo in ts  
and by conductance of spacer parts which carry currents.
Spacer parts are made massive and th e ir  resistance does not vary 
p rac tica lly  a ll through transmission line  operation. The contact re s is t­
ance of "conductor-threading die clamp" contacts is  re la tive ly  stable. 
The ring jo in t of the threading die clamp to the spacer arm is  movable 
and e le c tr ic  contact break in such jo in ts  gives rise to gap discharges.
RGN spacers have been used on 330 kV lines  in d iffe rent c lim atic  con­
d itions of Russia fo r a long time. The RNG spacer consists of two threading 
die clamps and a steel arm, jointed by hinges at i t s  ends to the above 
mentioned threading die clamps. Each clamp (Fig. 11a) consists of two alu­
minium threading dies and a coupling bo lt, ensuring re liab le  f ix in g  of the 
threading dies on bundle subconductors. With normal fix ing  of the spacer 
clamps on the conductors su ffic ien tly  stable e lec tric  contact is  
secured.
Figure 12 shows equivalent c ircu its  of spacers with clamps of RGN and 
RGS types. The contact resistances of the "threading die-conductor" con­
tacts are denoted -  R^ n as unchanged values. The threading die clamp 
jo in ts  to the arm of the RGN type spacer is  made movable by means of the 
"finger-lug" hinges. The e lec tr ica l contacts of "finger-lug" parts, shown 
as resistances R2  ^ -  R2 n (Fig. 12a), are unstable. In conductor o s c il­
la tions these contacts may be interrupted completely, in which case these 
connections can be represented by capacitors C2 J - Ü2 n with a ir d ie le c tr ic  
between the parts (see Fig. 12c).
An a ir gap value of hinge conjugated parts of RGN spacers is  a random 
variable and even under the greatest difference of subconductor potentia ls  
Uj and U2  a ir gap break down occurs in the "2 -finger-lug" hinge gap with 
high p robab ility . E lec tric  discharges aris ing  in  hinge gaps, as experi­
mental investigations have shown /1, 4 /, are interference sources both in 
the radio frequency range and the te lev is ion  frequency range. The RGS
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Fig. 11. Design of spacer clamps 
(a - RGN type, b -  RGS type)
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Fig. 12, Equivalent c irc u its  of arm spacers of RGN type (a, b) and RGS type (c , d) fo r a 
phase bundle conductor of n subconductors 
(a, c -  under stable contacts in jo in ts ,  b -  under unstable e le c tr ic  
contacts in  hinge jo in ts )
spacer is  equipped with additional hinge jo in ts  between the arm and the 
threading die clamps fixed on bundle subconductors.
Equivalent c irc u its  of such spacer are presented in Fig. 12c, d. The 
contact resistances of e le c tr ica l contacts of the threading die clamps, 
mounted on bundle subconductors, are denoted - R^ n in accordance with 
subconductor ordinal number, the resistances of the movable "threading die 
clamp enclosing threading dies" hinges are denoted R£^  - R2 n, respectively 
and the resistances in the movable jo in ts  of the enclosing threading dies 
to the arms on the spacer body are denoted - R^ n, respective ly.
As shown in Fig. 12a, c, the hinge connection resistances ( R2  ^ ~ ^n ^  
and R^ - R-jn) as a ir  gaps in the hinges are formed, can be converted (see 
Fig. 12b, d) into capacitors with a ir  d ie le c tr ic  denoted as Ü2  ^ -  C^n and 
C31 - C3n> interference occurring in the ir breakdown. As i t  fo llows from 
the spacer equivalent c irc u its , the number of hinge jo in ts  in  the 8RGN 
spacer design decrease twice as compared to the 8RGS spacer and according-
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ly  a probability of e le c tr ic  discharge occurrence in gaps of spacer 
hinge jo in ts  decreases.
Calculations have shown that in the use o f the spacer in s ta lla tio n  
scheme, shown in Fig. 10, on transmission lines  the number of hinge jo in ts  
w ith unstable e le c tr ic  contact reaches 1140 per 1 km of a line . As com­
pared to 330 kV transmission lines with twin bundle, where there are 150 
contact jo in ts  with unstable e lectric contact per 1 km, the number of such 
contacts on 1150 kV lin e s  increases 7.6 times in  4 times increasing the 
number of subconductors in  a l l .  Such estimations point out a p robab ility  
of interference occurrence due to discharges in  spacer gaps on UHV trans­
mission lines to be nearly by an order of magnitude greater than fo r 330 
kV lines and twice as much as for 750 kV lines .
Designs of movable spacer part jo in ts  without gaps, realized at the 
cost of application of e la s tic  damping elements /6 , 7/ are used. In th is  
case, e lastic polymer materials (rubber), having d ie lec tric  properties 
along with properties o f e la s tic ity , are used as damping elements in 
hinges. Such hinge jo in ts  become capacitors in  a spacer equivalent c i r ­
c u it .  In addition, a ir  gaps in hinge jo in ts  of spacer parts are made 
large enough in order fo r  break-down of a ir  gaps in jo in ts  of insulated 
spacer parts not to take under voltages less than 1.5 kV.
Conclusions
Many psacers mounted on EHV transmission line  bundle conductor can 
be sources of interference at the transmission lines in a wide frequency 
range caused by both gap discharges and the presence of streamer corona.
Spacers are subjected to alternating loads under which the p robab ility  
o f gap occurrence is  high.
Gap discharges are loca l interference sources, which do not attenuate 
at considerable distances from the lines and propagate along the con­
ductors far away. Taking account of that, e ithe r re liab le  e lec tric  contact 
of conjugated parts under a ll spacer operating conditions or re liab le  in ­
sulation at voltage of 1.5-2.0 kV should be secured in hinge jo in ts .
A design of spacers with elastic hinge jo in ts ,  providing re lia b le  in ­
so lu tion, meets also high service requirements to re lia b il i ty  under phase 
conductor dynamic o sc illa tio n s .
New spacer designs should be subjected to thorough tests fo r in te r­
ference absence.
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EXPECTED CREEP DF THE STEEL-ALUMINIUM TRANSMISSION 
CONDUCTORS IN OPERATION
NÄDOR, L .*  -  KRÚMER, I . * *  -  VÖÖ, L .* **
(Received: 14 A pril 1992)
Due to the e ffec t of lasting  mechanical loading the transmission line  conductors of 
aluminium show permanent elongation, that is  why the expected load and sag conditions for 
th e ir  life tim e can only be determined with consideration to creep developing in oper­
a tio n . The purpose of our examinations referred in the a r t ic le  is  to determine the 
re la tions describing permanent elongation of the conductors in the function o f the con­
d itio n  parameters by means o f measurements, and to calculate the expected creep fo r the 
to ta l life tim e .
For th is  purpose we have elaborated a measuring and evaluation method that would 
ensure rep roduc ib ility  o f the experimental resu lts . Having added the measuring resu lts to 
those of foreign studies we have determined the empiric creep equations characterizing 
the steel-aluminium conductors. Having made the generally used condition equation of the 
transmission line  conductors suitable for paying attention to permanent elongation we 
obtained a time-dependent condition equation which can be numerically solved. The lasting 
contro l examinations performed with transmission lines of 400 kV proved that the resu lts 
calculated th is  way show good compliance with the measurement.
Introduction
Overhead lines w i l l  remain the most important means of e le c tr ic  power 
transmission and d is trib u tio n  fo r a long run. In addition to th e ir other 
advantages and re la tive  cheapness, the ir key strength is  that they can be 
envisaged for a long life tim e  with re la tive ly  low demand for maintenance. 
In compliance with the tra d itio n a l method of designing, the height of liv e  
conductors above the ground or another establishment has to be determined 
on the basis of sag resulted from external mechanical load developing in 
the conductor or as a resu lt of the permitted current loading. I f  we fa i l
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to consider creep expected in  course of the life tim e  of the conductor in 
our calculations, or do not provide, in any other way, for compensation of 
growing sag caused by permanent elongation, then we have to take the 
hazard of reducing the free height below the minimum permitted value.
However, on the other hand, i f  we wish to compensate the e ffect of
creep by means of overregulation of the conductors (being in the present
2
domestic practice 5% in case of ACSR wire of 500/65 mm ) and adjustment is 
performed in the winter period, then i t  may happen that we not only 
achieve the greatest standard tower loading resu lting  from pulling  of the 
conductor, but can even exceed i t .
I t  can be seen from the above that knowledge of creep of the conductors 
is  needed already in the phase of designing. The fact that the consumers 
require from the manufacturer announcing of the value of creep determined 
by means of measurements re fers to the same fac t.
As i t  has already been revealed by e a rlie r examination, permanent 
elongation of the aluminium conductors is  developing as a resultant of 
components being dependent on the period of load and of components being 
in  fac t independent of the same. The f i r s t  one is  creep of metallurgical 
o r ig in , while the second group is  made of permanent elongation resulting 
from the geometrical layout of the elementary wires and from the pressure 
developing at the crossing of the elementary wires.
The method of laboratory testing has to be developed, in compliance 
w ith the above, so tha t i t  would provide well assessable measures of 
permanent elongation occurring during long time period in the range of the 
expected mechanical stresses as well as conductor temperatures.
We shall describe in  th is  a rtic le  the method of laboratory procedure 
developed for determination of creep of aluminium conductors as well as 
the method of assessment o f the measured values by means of which repro­
d u c ib il ity  of the empirical results is  granted.
In addition to the tes ts  performed in  the laboratory ERŐTERV (Power 
S tation and Network Engineering Co.) we carried out regular measurements 
of sag and temperature from the moment of adjustment of the conductors in 
a span of the 400 kV transmission line  Toponár-Héviz with the target of 
obtaining direct resu lts as to the permanent elongation of conductors sub­
jected to real mounting and weather conditions.
For the sake of comparing the results of laboratory and f ie ld  tests 
a method has been elaborated, by which the increase in  sag of the con­
ductors operating under d iffe ren t loading conditions can be re lia b ly  
calculated.
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1. Laboratory method for the measurement of creep of conductors
The method of laboratory measurement of permanent elongation of the 
conductors had to be developed so that the external factors that may 
a ffec t the creep following i t s  production, could be kept at a constant 
value in course of the examination.
The measure of creep is  affected by mechanical load and temperature 
of the conductor and accordingly these two parameters have to be maintain­
ed as constant as possible /1 /.  That is  why the measurements were perform­
ed on 6 m long conductor pieces spanned on an 8.5 m long stand located in a 
chamber with heat insulation and conditioning. Pulling force was developed 
by means of a weight hanged in the middle of the test samples. Application 
of the loading was solved by means of quick removal of the supports of the 
weight. The exact value of the required pulling force could be adjusted by 
means of pulling spindles. Elongation measurement was made on each sample 
at two points, on 1 meter long sections, with 2 extensometers each. Ac­
curacy of the readings was 0.002 mm.
Following application of the loading the extensometers were read f i r s t  
every 2 minutes, then a fte r an hour, every two hours, and beginning from 
the next day once a day. The f i r s t  5 points of measurement have been drawn 
in a coordinate system of linear scales and we drew the curve from which 
the s tra in  which occurs during the f i r s t  6 minutes was determined. This 
value is  considered as the one belonging to time 0.
Further on we have plotted the points on logarithmic (log-log) scales 
where the temperature must not d iffe r  from the set value by more than 
_+l °C. Temperature correction of the creep values was carried out on the 
basis of the remained readings. Every measurement resu lt was converted by 
means of a temperature correction factor determined em pirically. Then by 
means of linear regression we have determined the equation of creep curve 
and then neglecting the points where the measured creep values d iffe red 
from the calculated one by more than 24 we have calculated the creep
2
equation again. Creep-time functions measured on CARDINAL 483/63 mm con­
ductor indicated in Fig. 1.
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Fig. 1. Creep functions of ENTAL "CARDINAL" 483/63 nm2 ( t  = 28 °C)
2. General expression for determination of creep
Creep equation considering changes in  both the temperature and the 
p u llin g  stress may be w ritten  according to experience in the following 
form:
/u/o6
с = K' . еФ T. a“  t X (1)
where
o. is  pulling stress (N/mm2) 
t is  temperature (°C)
К ',  ф, a, yU, 6 are constants depending on the conductor.
At constant t the creep equation can be rewritten in the following form:
e K" ( 2 )
where
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Fig. 2. Parameter "K" in the function of mechanical stress ( t = 2 8 °C)
P lo tting  the product of K" . oa -  m u ltip lica tion  factors of the creep­
ing equation - in log-log scales we obtain a stra ight line  (F ig. 2) since:
lgK = lgK" + a . Iga (3)
Parameters K" and a as well as К ' = K "/e^T can be calculated from the 
points of measurements by means of linear regression.
Exponent иi/cr° from equation (1) can be written in the fo llow ing form:
A 'i  = / л^ а& i  ( * )
where
yU^  is  the exponent measured at stress and 
yU, í  are the constants depending on the conductor. 
Deriving logarithm of both sides:
lg /ui  = lg /u - 6 . lg  o.
we can see that in logarithmic scales i t  is  stra ight, too (F ig. 3), thus 
the value of f j  and 6 can be determined by means of linear regression.
Knowing the parameters we can write  the equation of creep, which 
takes in to  account the change in pulling  force and in temperature, too. In 
case of the CARDINAL 483/63 mrn^  wire the following empirical re la tio n  is 
obtained / 4 / :
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Fig. 3. Parameter V 1 in the function of mechanical stress 
e = 9.933 . IQ'6 . e0'01824 Л  .a !-7756 . t0-0132/ a0'26451 (5)
where
t  time (hours),
2
о stress (N/mm ),
T temperature (°C).
In view of that fac t tha t the wire manufacturer often needs creep para­
meters of conductors tha t have never been subjected to measurements and 
has no poss ib ilitie s  fo r long-lasting tes ts , we have tried  to elaborate a 
generally usable em pirical expression.
For th is  purpose we have proceeded from the fact that in addition to 
the loading of the aluminium elementary wires the conditions of tw isting  
exert the greatest e ffe c t, th is e ffect, according to the experience of 
ALCOA, can compensate the effect of steel-aluminium ra tio . Only steel 
wires with cross section below 7.5% are the exceptions /2 /.
As a result of the above the deviation between the creep of ACSR con­
ductors of d iffe ren t sizes, made under the same tw isting  conditions is  of 
s im ila r magnitude as the deviation of creep of conductors of the same size 
but made under d iffe re n t tw isting conditions. Iha t is  why i t  is  most prac­
t ic a l  to give the creep o f steel-aluminium conductors with a re la tion  ex­
pressing an average value. For the purpose of determining th is  general 
re la tio n  we used the measurement results obtained in 20 °C environ-
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Fig. 4, Change in creep calculated fo r 37600 hours in the function o f spe c ific  
tens ile  forces, according to d iffe re n t measurements
ment of other laboratories, which were plotted in the function of the 
re la tive  tensile  strength in Fig. 4 /3 /.
The figure shows the size of creep fo r a period of 10 years. We have 
used the following equation for summing up the measurement resu lts :
£ = K" 100
Gu lt
(6)
where the value of n was taken fo r 0.3 - average of the measurement con­
ducted with the domestic conductors and elementary wires fo r more than a 
decade, and we have determined the equation of the covering curves. The 
value of K" is  0.27 • lO- '5, and the extreme values of a are 1.3 and 1.5.
We have to remark tha t fo r reasons of s im p lic ity  we have omitted 
the exponential member expressing change in  the temperature in equation 
(6) , the exponent of which was in the average of our measurements so fa r
0.018. This member can be introduced as the e ffe c t of change in tempera­
tu re , i f  required. We have to note that although the general creep equa­
t io n  of the steel-aluminium conductors is  su itab le  fo r giving quick in ­
formation, s t i l l  the creep parameters of a given conductor with con­
s ideration  to the large number of the a ffecting  factors and the lack of 
knowledge of the ir quan tita tive  influence can be exactly determined only 
by means of measurements.
3. Calculation method for the determination of creep expected
in operation
The equation used fo r determination of the change in the condition of 
a conductor suspended between two points describes the jo in t e ffect of 
changes in temperature and load starting from an optional in i t ia l  con­
d it io n .
However, permanent elongation is not only the function of load and of 
temperature of the conductor but also that of time. This way the equation 
o f state becomes the function of time, too, w ith consideration to the 
permanent elongation.
The time dependent equation of state can be re la tive ly  simply solved 
numerically, i f  we divide the to ta l time in te rva l to be examined to sub- 
in te rva ls  within which the temperature of the conductor is  constant or can 
be considered constant w ith  good approximation.
Within the in terva ls o f constant temperature we can form such subinter­
va ls in  which load can be considered constant. By means of making the 
d iv is io n  more precise we can obtain creep-time re la tion  that can be ex­
pected under the real conditions. The temperature of the conductors de­
pends, in addition to the ambient temperature, solar radiation and wind 
conditions, on loading current. That is  why the temperature of the con­
ductor in the examined time in terval was calculated with consideration to 
the environmental data on s ta t is t ic a l bases, as well as by means of e s t i­
mation of the expected loading current values of the given period as de­
scribed below.
From the medium-term network development plans we can determine fo r a 
given network the loading of a conductor of a given cross-section.
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Fig. 5. Functions of CARDINAL ACSR conductor, (a) Creep, (b) sag
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Fig. 5c. Load time
Taking i t  as an in i t ia l  basis we can estimate the current with su ffic ien t 
accuracy for this examination from the da ily , monthly and yearly load d is­
t r ib u tio n  curves which can be considered as the expectedly most charac­
te r is t ic  monthly average value.
The rate of increase in  e lec tr ic  energy demands was taken fo r 3% per 
annum fo r the examined period. We have developed a computer program for 
performing the ca lcu lations, which includes the s im plified calculation 
method of temperature change caused by the loading current, the solution 
of the time-dependent equation of state, and numerical determination of 
the time functions of creep, sag and load. In the present study the values 
of sag of the conductor calculated at 60 °C are considered. Characteristic 
loading for the tower, however, is  determined from the pulling strength of 
the conductor loaded with an ice burden of -5 °C.
The functions calculated fo r 500/65 ENTAL conductor (s im ila r in con­
s tru c tion  to the Cardinal conductor) and fo r the domestic meteorological 
conditions can be seen in  Figs 5a, b and c. (Span: 400 m, basic load in 
mounting: 80 N/mm .) Comparing the diagrams with the publications dealing 
w ith th is  subject in the foreign lite ra tu re  we could state that consider­
ing the tendency of the change we achieved s im ila r resu lts . The param­
eters of the creeo equation may show differences, mainly due to the
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d iffe ren t construction of the conductors. S im ilarly the load and sag 
curves may also show deviation, in which the environmental conditions and 
the loading current patterns play some ro le , too.
4. Checking of the measurements performed on the 400 kV transmission line
Toponár-Héviz
In 1984-85 we performed regular measurements of sag on the 400 kV 
overhead line  Toponár-Héviz, based on a preliminary elaboratored measuring 
program made on the basis of charge from OVIT (National Overhead Line Co.), 
In order to get precise picture on permanent elongation of the conductor 
we measured two related value pairs in every case: namely sag and tem­
perature of the conductor. The poss ib ility  fo r temperature measurement was 
ensured by the use of thermocouple b u ilt  in to the conductor. The measure­
ments of sag were performed from instrument positions placed at two pre­
lim inary set points, by geodetic way. With the help of th is  method inac­
curacies in measurement caused by swinging of the wire due to the wind 
could be eliminated.
In order to follow  the changes in the conditions in the function of 
time, we had to recalculate every pair of the measured temperature and 
sag value to the sag occurring at 60 °C, and to load and change in curve 
length belonging to -5 °C + ice load.
The resultant points are seen in Figs 6a and b, where the calculation 
resu lt that was obtained through insertion of the creep equation measured 
in the laboratory in to  the equation of state is  represented by the solid  
lines. The data of the ambient temperature - as monthly average values - 
were taken into account as per Fig. 7, with consideration to the fact that 
adjustment of the conductor was performed at the end of July.
The conclusions drawn from comparison of the measured and calculated 
values are summarized below:
- The performed f ie ld  measurements and the calculation method based on 
the laboratory measurements show the same resu lt with good approximation.
I t  means at the same time that the creep function taken in the labora­
tory in 2000 hours well covers the approx. 6500 hours' duration of the 
f ie ld  measurement. Namely extrapolation fo r th is  period is  permitted.
8 0 NÁDOR, T .  -  KRÚMER, I .  -  VŰÖ, L .
F ig . 6, Function of creep (a) and sag (b) measured and calculated fo r Toponár-Héviz ACSR
transmission line  of 500/65
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- Important differences occur in creep to the re la tive ly  low deviation 
of the measured sag values. I t  results from the same that the creep time 
function i t s e lf  should not be p rac tica lly  determined by means of f ie ld  
measurement. However, th is  method provides appropriate accuracy fo r the 
examination of the development of sag and loading conditions in  time. 
Should we have to know the expected change in  sag in the period of plan­
ning, then we can determine the expected change in time in the sag and 
loading conditions of the conductor means of the calculation method ap­
plying the empirical general creep expression.
1 2 3 4 5 6 7 8 9 10 11 12
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50 Hz magnetic f ie ld s  are developing in the environment of transmission lines .
To get know the values of these fie ld s  measurements have been carried out. The maximum 
values of magnetic induction were 7.47-35.89 uT. These are lower compared w ith the 100yuT 
permissible value of continuous exposure of the populations by IRPA.
There is  l i t t l e  experimental evidence to suggest that 50 Hz magnetic f ie ld s  can a ffect 
human physiology at the in te n s itie s  mentioned.
In the course of transport and u tiliz a tio n  of e lec tric  energy, 50 Hz 
magnetic fie lds  are developing in  the environment of transmission lines 
and e le c tr ica l equipment. Magnetic induction develops in the neighbour­
hood of magnetic fie ld s  or in  the body of persons staying there, the 
magnitude of which being identica l with that brought about outside the 
body, because the re la tive  permeability of b io logical substances is  ap­
proximately 1 ( w s l ) .  Current is  induced in  the human body by the a lte r ­
nating magnetic induction. The normal b io logical functions of the organ­
ism are less affected, i f  at a l l ,  by currents of a density below the 
endogenous current.
The assumed b io log ica l e ffect of magnetic fie lds  is  studied by 
a large number of research in s titu te s  and universities a l l  over the world.
As a result of a retrospective epidemiological analysis including 
children younger than 19, of whom 344 had died of cancer while another 
344 belonged to the control group. Wertheimer and Leeper /1 / found that 
the r is k  of contracting cancer was higher in  case of children l iv in g  in 
the environment of transmission lines of high current. The ris k  increased 
two to threefold according to the authors' 1979 publication.
*Paulusz, Mihály, H-1035 Budapest, Szentendrei út 24, Hungary
Akadémiai Kiadó, Budapest
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A second work of the same authors published in 1982 /2 / reported on 
an epidemiological analysis including adults. As a resu lt, the authors 
found a relationship between cancer of adult population and the magnetic 
f ie ld  of transmission lin e s  of high current near the place where cancer 
patients lived.
According to the epidemiological analysis of Savitz /3 / including 
ch ildren of 0 to 14 years, l i t t l e  re lationship can be found between the 
frequency of cancer and magnetic fie lds developing in the environment of 
transmission lines of low current.
Other authors /4 -9 / found no relationship between cancer and 50 Hz 
magnetic fie lds according to the result of th e ir  epidemiological analysis.
The analyses described are not free from the well-known deficiencies 
inherent in epidemiological analysis in general. F ir ts  of a l l ,  the sample 
number was small in  each case. At the same time, the increase of the risk  
was ins ign ifican t. The contro l group was selected at random and therefore 
the age, occupation, sex and social position of persons in the control 
group differed from those of the group analyzed. The causality between the 
frequency of cancer and magnetic f ie ld s  is  s t i l l  a hypothesis only.
Epidemiological analyses are s t i l l  going on to find a re liab le  answer 
to the problem. A jo in t  Canadian-French investigation includes 6000 
employees of the e le c tr ic ity  industry who have contracted cancer and 
24 000 persons in the contro l group. Another investigation in  the United 
States includes 50 000 persons. Evaluation of the results is  expectable 
in  1992.
Note that Wertheimer and Leeper determined the magnitude of magnetic 
f ie ld s  developed in  the environment investigated by measurement and 
ca lcu la tion .
Maximum values o f 0.4, 0.5, 0.8, 2.0, 3.5 u^T while mean values of 
0.09, 0.17, 0.22, 0.7 ^uT have been obtained fo r magnetic induction at a 
height of 75 cm above earth surface in the environment of transmission 
lin e s  of d iffe ren t current.
Savitz measured magnetic fie lds developed at a height of 1 m at the 
entrance of living-rooms. In th is case, values of 0.065, 0.1, 0.25 yuT 
were obtained fo r magnetic induction.
On the basis of evaluation of these f ie ld  measurements, i t  can be seen 
tha t magnetic f ie ld s  of a re la tive ly  low strength, 0.065 to 3.5 ^uT only, 
have developed in the dwelling units tested.
Due to deficiencies o f quite a number in  epidemiological analyses, a
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conclusion that there is  a relationship between 50 Hz magnetic f ie ld  and 
the frequency of cancer cannot be d e fin ite ly  drawn.
According to the measurements published, the magnetic induction to 
which the population is  exposed is  small and i t  is  therefore d i f f ic u l t  to 
assume a mechanism explaining the contribution of th is  small magnetic in ­
duction to the development of cancer.
U tiliza tio n  of e le c tr ic  energy is  of v ita l importance fo r both in ­
dustry and population. I t  is  very important to detect any r is k  to health 
inherent in the u t i l iz a t io n  of e lec tric  energy. To our present knowledge, 
objections against 50 Hz magnetic fie lds  are unfounded. However, research 
must be continued as long as there exists any doubt in re la tion  to the 
e ffect of magnetic f ie ld s .
50 Hz magnetic induction developing as a resu lt of current of inten­
1. 50 Hz magnetic induction developing in the 
environment of transmission lines
sity b  at point p(yp , x ) above earth surface in the v ic in ity  of trans­
mission lines (Fig. 1.1):
( 1)
where n  = 4 tt . 10/  о
-7 ohm.s 
m , permeability of vacuum.
z
I.
В
/
2
г / '
X
Fig. 1.1. Components of magnetic induction
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2. Measurement of 50 Hz magnetic induction
PAULUSZ, M.
The following re la tionsh ip  can be used to calculate the voltage in ­
duced in  a single-turn c o i l  placed in an a lternating  magnetic f ie ld  of 
homogeneous magnetic induction B:
A fte r integration over a c ircu la r surface of radius г normal to in ­
duction B:
As shown by this equation, measured induced voltage U is  proportional to 
magnetic induction B.
With the principles mentioned taken into consideration, an instrument 
suited for the measurement of 50 Hz magnetic induction in the range of
0.01 to 1000 u^T has been developed by the s ta f f  of the Department of 
E le c tr ic a l Equipment, In s t itu te  for E lectrica l Power Research VEIKI.
3. Measurement of 50 Hz magnetic field of 120-750 kV transmission lines
Magnetic induction developing as a function of distance x measured 
from the axis of the cen tra l current conductor projected to earth has 
been measured at points normal to the axis of the lin e , at a height of
1.5 m above earth surface where the sag of the conductor is  maximum, be­
tween the supports of the transmission line .
Change of the magnetic induction as a function of distance x can be 
seen in  Figs 3.1 thru 3.4.
These functions reach maximum at the axis of the lin e  (x=0) to reduce 
then considerably.
The maximum values o f magnetic inductions developing at a height of
1.5 m above earth surface in  the environment of 120-750 kV transmission 
lin e s  are complied in Table 4.1.
( 2 )
U = w . В . г2 (3)TT
4. Evaluation of the results of measurements
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Table 4,1
Maximum values of magnetic induction in the environment of 120-750 kV transmission lines
Transmission lines Maximum magnetic induction
7я
Angyalföld I ,  I I  -  Zugló 120 kV 11.13
Dunamenti -  Zugló 220 kV 35.89
Zugló -  Göd 220 kV 9.22
Albertirsa - Göd 400 kV 29.53
Sándorfalva -  Szabadka 400 kV 7.47
National boundary -  A lbertirsa  750 kV 31.00
The values of magnetic induction measured at the edge of the safety zone 
around transmission lines are complied in Table 4.2.
Table 4,2
Values of magnetic induction measured at the edge of the safety zone around
transmission lines
Transmission lines Safety
zone
Phase
distance
Edge of safety 
zone
Magnetic 
induction at 
edge of 
safety 
zone
m m m /*
Angyalföld I - I I  -  
Zugló 120 kV 13 5 18 4.35
Dunamenti -  Zugló 220 kV 18 7 25 9.02
Zugló -  Göd 220 kV 18 7 25 2.66
A lbertirsa -  Göd 400 kV 28 14 42 3.07
Sándorfalva -  Szabadka 
400 kV 28 11 39 0.975
National boundary -  
A lbertirsa 750 kV 40 17.5 57.5 3.87
5. Magnetic fields in dwelling houses near transmission lines
The values of magnetic induction developing at a height of 1.5 m 
above floor in dwelling houses in the v ic in ity  of 120-750 kV transmission 
lines are compiled in  Table 5.1.
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F ig . 3 .1 . 50 Hz magnetic induction developing as a function of the distance measured at rig h t 
angles to the route at a height of 1.5 m above earth surface in the environment o f Angyal­
fö ld I —I I  -  Zugló two-system 120 kV transmission line
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Fig. 3.2. 50 Hz magnetic induction developing as a function of the distance measured at r ig h t 
angles to the route at a height of 1.5 m above earth surface in the environment of 
Dunamenti -  Zuglő 220 kV transmission line
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F ig . 3.3 . 50 Hz magnetic induction developing as a function of the distance measured at 
r ig h t  angles to the route a t a height of 1.5 m above earth surface between supports 
No. 35 and 36 of Sándorfalva -  Szabadka 400 kV transmission line
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F ig . 3.4 , 50 Hz magnetic induction developing as a function of the distance measured at 
r ig h t angles to the route at a height of 1.5 m above earth surface in the environment 
of national boundary -  A lbertirsa  750 kV transmission line
There is  p ractica lly  no difference between the values of magnetic in ­
duction measured inside and outside of the buildings. The magnetic in ­
duction was p ractica lly  not reduced by the walls of the build ings.
6. Permissible values of exposure of the population to magnetic induction
E le c tr ic  and magnetic f ie ld s  developing in the environment o f trans­
mission lines result in d iffe re n t environmental impacts due to th e ir  d i f ­
ferent physical characteristics.
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Table 5,1
Magnetic induction in the in te rio r of dwelling houses near transmission lines
Location Maximum magnetic induction 
UT
Bedroom (house No. 187)
/
0.93
Kitchen (house No. 187) 1.30
Bedroom (house No. 186) 3.21
Kitchen (house No. 186) 2.53
Bedroom (house No. 235) 3.15
Kitchen (house No. 235) 2.95
Porter's lodge 0.93
Corridor 0.98
Snack-bar 0.87
Restaurant 1.39
School room 2.29
Corridor I 0.59
School room I 1.63
Corridor I I 0.77
School room I I 1.22
Corridor I I I 0.37
Ballet tra in in g  room I I 0.39
Dining room 1.03
Children's room 0.96
Bedroom 1.26
Hall 1.28
A ttic 1.54
Bedroom 0.59
Living room 0.52
Current develops between the body of persons staying in the .e le c tr ic  
f ie ld  and earth while c ircu la r currents are brought about in the body of 
persons staying in  the magnetic fie ld .
No generally accepted values are available fo r the permissible ex­
posure of persons to magnetic induction in  the present international 
practice.
Opinions are divergent. One group suggests permissible exposure levels 
on the basis of the resu lts  of medical examination of liv in g  tissues, 
animals and volunteer persons.
Another group prefers permissible values o f magnetic induction based 
on the results of epidemiological analysis.
In some epidemiological analyses, the r is k  of cancer was assumed to 
increase as a resu lt of a maximum and a mean magnetic induction of 3.5 uT 
and 0.25 uT, respective ly. On the basis of th is  hypothesis, the values of 
magnetic induction developing in the environment of the transmission lines 
investigated are higher than 3.5 T, the maximum magnetic induction 
being assumed to re su lt in  increasing r is k .
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7. Temporary directives of the International Committee of 
Non-ionizing Radiation (IRPA)
The International Committee of Non-ionizing Radiation worked out 
temporary directives fo r the permissible exposure of population to 
magnetic fie ld s  in 1990 /10 /.
Ihe minimum requirement is  that the value of current density induced
in the head and heart of man as a resu lt of continuously acting 50 Hz
2
magnetic f ie ld  be max. 1 yuA/cm .
Maximum permissible value of continuous exposure of the population 
to magnetic induction for 24 hours is  100 ^ul.
8. Measured values and permissible values of exposure of the 
population to magnetic induction according to IRPA
Ihe values of magnetic induction measured in the environment of the 
transmission lines investigated l ie  below the permissible values of ex­
posure of the population to magnetic induction according to IRPA.
Ihe maximum values of magnetic induction measured in the environment 
of 120-750 kV transmission lines lie s  at 7.47 to 35.89% of the permissible 
values of exposure.
As compared with the permissible values, the value of magnetic in ­
duction at the edge of the safety zone is  only 0.975 to 9.02%, while the 
value of magnetic induction in the in te r io r  of dwelling houses in  the 
v ic in ity  of transmission lines is  0.23 to 3.21%.
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A special type of fu id ized bed combustion technology, the H ybrid -flu id  combustion 
system, was developed in  the In s titu te  for E lec tric  Power Research, Hungary. The tech­
nology is  patented fo r a number of countries. The p o s s ib ility  fo r the development was 
given by the Ajka Power Want, Hungary, where the new flu id ize d  bed combustion technology 
is  introduced and also, where the CaO content of the ash in the local coal is  high.
A thermogravimetric (TG) balance supplied with mass spectrometry (TG-MS) was used 
to study the bed so lids and f ly  ash samples from the H ybrid -flu id  b o ile r. Our main 
in te res t was to study the interconnections between the sulphur, lime and carbon com­
pounds, to study the main possible reaction pathways cha racte ris tic  at d iffe re n t tem­
perature levels in the b o ile r .
I t  is  the main conclusion tha t the decomposition o f sulfa tes in the TG balance can 
s ta r t at 800 C in the presence of carbon, and i f  the atmosphere is  in e r t.  There is  
no decomposition in an oxid iz ing atmosphere.
LABELS ON FIGURES
GO in i t ia l  sample mass, mg
G sample mass as a function of temperature
FS: 254 the number is  the scale of ve rtica l axis in  the percentage of the in i t ia l
sample mass (10 or 25%)
DTG the rate o f mass varia tion , the numeric deriva ties of mass
FS: 0.09%/s the scale fac to r is  generally the maximum o f the actual OTG curve
H O the in te n s ity  of water (m/z 18 ion)
FS: 1.5E-07 А/mg the scale factor is  the maximum of the in te ns ity
CO m/z 44 ion
SO^  m/z 64 ion
CO m/z 28 ion (the in te ns ity  of the 28 ion of C0„ is  suppressed)
N0 m/z 30 ion (the same as the main ion o f the N0^)
*Reményi, Károly, H-1014 Budapest, Úri u. 38, Hungary 
Horváth, Ferenc, H-1074 Budapest, Dohány u. 84, Hungary
Akadémiai Kiadó, Budapest
98 REMÉNYI, К . -  HORVÁTH, F. 
Introduction
A special type of flu id ized  bed combustion technology was developed 
in the Ins titu te  fo r E le c tr ic  Power Research. The technology is  properly 
applicable for the r e t r o f i t  of existing boilers with pulverized coal com­
bustion system. The new flu id ized  bed combustion technology preserves most 
of the key elements of the pc system, that is  the cause why i t  is  named 
H ybrid -flu id  combustion system. The technology is  patented fo r a number of 
countries (fo r example i t  is  protected also by the US Patent 4,993,332). 
Figure 1 shows the scheme of the technology. As i t  is  shown the dried coal 
streams of d iffe ren t size d is tribu tions are introduced in the combustion 
chamber at separate heights. By the special arrangements of the a ir d is­
t r ib u to r  an internal so lids c ircu la tion  is  maintained in the furnace. The
F ig .  1 .  U .S .  P a te n t  4 ,9 9 3 ,3 3 2  ( F e b . 1 9 .1 9 9 1 ,  S h e e t 1 o f  5 )
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Fig* 2. Ajka I I . 100 M Steam generator
main aim of the development was to u t i l iz e  low c a lo r if ic  value coals in 
an environmentally accepted way. I t  was an additional aim to be achieved 
tha t fo r coals with high CaO content the degree of sulphur retention must 
be increased without any limestone additives. The poss ib ility  fo r the 
development was given by the Ajka Power P lant, Hungary, where the new 
flu id ize d  bed combustion technology is  introduced and also, where the 
CaO content of the ash in  the local coal is  high.
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Industrial experimental apparatus
The physical-chemical transformations of the samples of the com­
bustion residues taken were experimented. A thermogravimetric balance 
supplied with mass spectrometry (TG-MS) was used to study these so lid  
samples from the H ybrid -flu id  boiler. The orig ins of the samples are 
labe lled  on Fig. 2. The combustion tests were made at 60 and 100 t /h  load 
of the 100 t/h  capacity b o ile r .
The coal chemical characteristics are the fo llow ing:
Chemical characteristics of the raw coal
Load t /h  ...................... 60 100
Wt
A
wt% ...................... 22.7 22.7
wt5* ...................... 30.5 30.2
Qs MG/kg .................. 11.27 10.79
о T MJ/kg .................. 10.32 9.86
ct
Ht
st
N
wt% ...................... 31.1 30.5
wt% ...................... 1.8 1.7
wt% ....... .............. 3.1 3.0
wt% ...................... 0.6 0.6
°d wt% ...................... 10.2
11.3
[C02] .. wt% ......................M 10.1 11.6
Chemical
CaO
characteristics o f the coal ash 
wt% ...................... 49.6 54.2
MgO wt% ...................... 4.0 4.3
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Mass__ba_lance^ _of_ the_a_sh_ withdrawn _frojj_t he_ boi le£
Legend on Fig. 2 Ash ra tio
1 bed solids 2 wt%
2 ash hopper below the 
economizer 15 wU
3 ash hopper below the a ir  
heater 5 wt%
4 e le c tr ic  p recip ita tor 78 wt%
£her^i^y._char^rt£ri s;tics_o|_the_ jred_s_o Hds_ and _f_ly_ a_s_he_s
The figures below are given in XX/YY form, where XX and YY are the data 
fo r 60 and 100 t/h b o ile r load, respectively.
Ct wt% 1 .3 /0 .6 2.3/2 .5 2 .7/2.3 1.4/0 .6
H-t wt% 0 .4 /0 .5 0.1/0.2 0 .2/0.1 0.2/ < 0.1
St wt% 9.5/11.3 4.5/4.3 4 .1 /3 .6 4.5/4.3
[co2] M wt% 1.9 /2 .4 2.5/1.4 1.8/1.3 0 .6 /0 .4
CaO wt% 41.8/57.1 54.4/62.5 63.0/60.0 64.0/60.2
MgO wt% 2.4 /2 .4 3.6/3.2 3 .2 /3 .6 4.8 /4 .4
Qs MJ/kg -1.9/-2 .3 -0.3/-0.2 0 .1/0.1 -0.3/-0 .3
Qh MJ/kg -1.9/-2 .4 -0.3/-0.3 0 .1/0.1 -0.4/-0 .3
X^ _TjG^ MS_ _techni£s_ used_
The solid  samples of the combustion residues were analyzed in  the 
Anorganic Chemical Laboratory of the Hungarian Academy of Science by a 
Perkin-Elmer TGS-2 thermobalance supplied with a Blazers QMG 511 quadruple 
mass spectrometer (Fig. 3). The sample mass was in the range of 12-15 mg. 
The heating of the samples was carried out at a rate of 20 °C/min in 
the range of 30-1000 °C in inert (argon) and oxidative (oxygen/argon: 
30/70%) atmospheres.
Conclusions from the experiments
The transformations of the mineral compounds of the coal ash are de­
pending on the local physical-chemical circumstances in the combustion 
chamber and in the flue gas stream of the b o ile r . Our main in terest was to 
study the interconnections between the sulphur, lime and carbon compounds,
102 REMÉNYI, К .  -  HORVÁTH, F .
И д. i .
to study the main possible reaction pathways characteristic at d iffe re n t 
temperature levels in the b o ile r.
In the combustion chamber the reaction pathways with lime are
CaC03 = CaO + C02
CaO + S02 + 1/2 02 = CaS04
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and the reaction as the task of the present work is
2 CaS04 + C = 2 CaO + 2 S02 + С0?
as a possible su lfate  decomposition pathway in  the presence of carbon.
At lower temperatures the following reaction pathways are also possible 
as water steam is  always present in the flue  gas:
CaO + H20 = Ca(0H)2 
Ca(0H)2 + S02 = CaSOj + H20 
CaSOj + 1/2 02 = CaSO^
so2 + h2o = h2so3
CaCOj + H2S03 = CaSO^  + C02 + H20 
CaS03 + 1/2 02 = CaS04 
CaS04 + 2 H20 = CaS04-2H2o
absorption
neutralization
oxidation
crys ta lliza tio n
The nitrogen residues in the samples are transforming in the thermo- 
balance to nitrogen oxides in a s im ilar way as the fuel nitrogen does.
The organic nitrogen compounds are transforming to hydrogen-cyanide, fo r 
example by pyro lysis, and la ter i t  disappears depending on the loca l 
circumstances:
CN + H20 = HCN + OH 
2 HCN + 2 02 = 2 NO + H20 + CO
Processes in inert atmosphere
Figures 4-7 present the TG-MS resu lts fo r the combustion residue 
samples taken at 100 t/h  boiler load. Figure 8 is  for the f ly  ash sample 
when dry additive was used in the b o ile r. Figure 9 is  for pure CaS04. 
Figures 10 and 11 show the variations in the sample when CaS04 and carbon 
mixture was tested in ine rt and oxidative atmosphere.
The following characteristic temperature ranges occurred.
- 50-300 °C, libera tion  of the absorbed water,
- 600-700 UC, thermic decomposition of CaCO-,; C0„ production,
(j J
- 800—(1000) C, in the presence of carbon the sulfates decompose;
production of C02 and S02.
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Fig. 4, A.H.V. 12. Boiler. Slag from combustion chamber
Except for the f ly  ash sample of the combustion test with additives 
used, the СаБОд decomposition peak occurred below 1000 °C. The CC^  and 
SG2  peaks do not coincide, they can develop at d iffe rent temperatures. This 
may underline a two step decomposition process of the carbon-sulfate 
mixture.
There is  no CaSO^  decomposition in the absence of carbon below 1000 °C, 
as i t  is  shown in Fig. 9, but the decomposition of the sulphate is  s ig ­
n if ic a n t below 1000 °C when mixed in and the atmosphere is  ine rt (F ig . 10).
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F i g .  5 .  A .H .V .  1 2 . B o i l e r .  ECO f l y  ash
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F i g .  6 .  A .H .V .  1 2 .  B o i l e r .  L ju n g s t r o m  f l y  ash
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F ig .  7 ,  A .H .V .  1 2 .  B o i l e r .  EPS f l y  ash
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F i g .  8 ,  DZO 1/A  EPS f l y  a s h  +  a d d i t i v e
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F ig .  9 .  CaSO^
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F ig .  1 0 .  CaSO^ + 4% c a rb o n
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F ig .  1 1 . CaSO^ + 4% c a rb o n
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Fig. 12, A.H.V. 12. Boiler. Slag from combustion chamber
Processes in oxidative atmosphere
The TG results are presented in Figs 11-16. The liberation of the ad­
sorp tive  and s tructura l water is  in the s im ila r temperature range as in 
in e r t atmosphere.
There is  no sulfate decomposition at a l l .  The carbon content of the 
so lid  samples disappears between 450-600 °C producing C^.
There is  also some N0 production fo r the f ly  ash samples taken from 
below the water and a ir  preheaters.
There is  some increase in mass fo r the samples with higher carbon 
content in  oxidative atmosphere. I t  is  due to the adsorption of the CC^  
produced by the oxidation of the carbon forming carbonates by the re ­
ve rs ib le  reaction pathway: CaCO^  = CaO + C ^.
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The main conclusion from the above resu lts  is  that the decomposition 
of sulfates in  the TG balance can s ta rt at 800 °C in the presence of 
carbon, and i f  the atmosphere is  ine rt.
The main specification of the TG-MS
Thermobalance: modified PE TGS-2/syst. 4
measuring range: (max. load) 5 g, 
se n s itiv ity : 0.5 yug,
noise: 1 yug (in  the measuring range of 1 mg/10 V), 
gas atmosphere: dynamic, neutral or reactive, 50-350 
ml/min
Fig. 13. A.H.V. 12. B o ile r. ECO f ly  ash
11 4 REMÉNYI, К .  -  HORVÁTH, F .
Temperature control: PE syst. 4
temperature range: 20-1000°C,
linear heating ra te : 0.3-200 °C/min in steps of
0.1 °C,
tolerance in heating ra te : max 5 °C fo r the whole 
temperature range,
tolerance in temperature measurement: max 5 °C
fo r the whole temperature range (with ca lib ra tio n ), 
number of linear heating rates in the program: max 3
Fig. 14, A.H.V. 12. B o ile r. Ljungstrom f ly  ash
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Mass spectrometer: Blasers QMG 511
range of mass numbers: 1-511,
se le c tiv ity : max 2000 for M = 500 (FWHM), tunable, 
s e n s itiv ity : lO"5 А/mbar (m u ltip lie r included),
se n s itiv ity  in pa rtia l pressure: 10~^4 mbar,
range of ion current: 10~5 - lO"1'5 A, 
time constant: 40 ,usec - 60 msec depending on the 
measuring range,
Ion source: "cross beam"
se n s itiv ity : 2.5E-04 A/mbar, 
measuring rate: 0.1 ms - 10 s /un it mass
Fig. 15. A.H.V. 12. B oile r. EPS f ly  ash
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F ig . 16. DZO 1/A EPS f ly  ash + additive
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DETERMINATION GF THE CURRENT DISTRIBUTION AND CURRENT LOAD OF 
OVERHEAD LINE CONDUCTORS
VARGA, L .*
(Received: 3 January 1991)
The author describes a new method for calculation of the loading current of a lu ­
minium-steel stranded conductors based on determination of the temperature of each layer 
in the conductor. Presented are a measurement method developed for determination of the 
temperature and current distribution within the stranded conductor and the thermal model 
based on decomposition of the conductor into layers.
On the basis of the results of measurements, i t  can be seen that a change of tem­
perature in rad ia l direction within multilayer conductors and a d ifferent current density 
of each layer of aluminium-steel conductors shall be reckoned with.
As a result of measurement made in a wind tunnel, a difference of 1-4% was found be­
tween the measured and calculated values of loading current in case of the new method 
based on decomposition of the conductor into layers as compared with 10% in case of the 
conventional method vérere the conductor is  considered to be homogeneous.
The new method taking the rad ial temperature changes and current d istribution  into  
consideration results in increased accuracy of loading current calculations and thus in a 
more re liab le  calculating of overload on breakdown.
Limi ts are set to the current load of overhead lines among others by 
the ra ting of the lin e , voltage drop, optimum choice of losses and value 
of thermally permissible loading current. In case of short overhead lines 
with the number of junctions increased, the thermal rating is  often de­
termined by the thermally permissible loading current of the conductor.
The permissible loading current is  determined by the maximum permis­
sib le temperature fo r the material of the conductor, the heat absorption 
depending on the meteorological parameters and by the heat output. Loading 
currents of a value determined on the basis of permissible aluminium and 
alloy aluminium conductor temperatures by metallurgical tests resu lt in  no 
reduction of the mechanical strength a ffecting  the safety of operation un­
favourably during the expected service l i f e  of the conductor. Methods 
widely used for calculation of the current load of stranded conductors ac-
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cording to the lite ra tu re  consider the conductor to be a homogeneous heat 
source from a thermal point of view.
In these methods, the formula of thermal equilibrium applicable to a 
homogeneous heat source is  written for the surface of the conductor /1 , 2, 
3, 4, 5, 6/ and the current density of the conductor is  assumed to be 
constant. In the course of research, we determined the current fo r each 
layer of the conductor. I t  was found that in  case of conductors of a large 
cross section and aluminium-steel conductors, the calculation method de­
scribed in the lite ra tu re  results in an e rror of 10% in the calculated 
value of loading current.
This error can be reduced by use of a calculation model developed fo r 
the temperature rise  of the conductor, taking also the layer currents and 
layer temperatures in to  consideration.
Temperature distribution in the conductor
In the course of investigations to determine the thermal rating of the 
conductor, the currrent d is tribu tion  in the conductor was found to be un­
even and temperature differences were measurable in radial d irection  in 
the conductor.
To measure changes in  the conductor temperature in radial d irec tion , 
thermocouples have been placed into the strands of each aluminium cladding 
(T p  T2, T-j), in to  the steel core (T^) and in between the outer aluminium 
cladding and that under i t  (T^) (Fig. 1).
For measurement of temperatures T^-T^, the thermocouples have been 
placed in  holes prepared in the strands while the thermocouple fo r mea­
surement of temperature T  ^ has been fastened on a small f le x ib le  metal 
p late and placed in  between the claddings to measure the average of the 
temperatures of both aluminium claddings.
2
Figure 1 shows the change of temperature of a. 500/65 mm ACSR con­
ductor as a function of current density, ind icating also the average tem­
peratures.
In calculating fo r average temperature, the weighted average (1) of 
the aluminium strands has been taken in to  consideration, assuming that 
the temperature of the steel core is  independent of the strand tempera­
tures.
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F ig . 1. Change of ACSR 500/65 conductor temperature as a function of current density
К
Taverage
V n.T. l  li-1К
i=l
( 1)
where
n. -  number of strands in  the i- th  aluminium cladding,
T. - average cladding temperature,
К - number of claddings, К = 3 in case of ACSR 500/65.
In the range of wind speed investigated, the value of weighted average 
temperature (Taverage) agrees with the value of average temperature mea­
surable betwen the other and middle cladding w ithin 1-2 °C. The resu lts  of 
Black, W.Z. and Collins, S.S. confirm the results of measurement ob­
tained /7 /.
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Thermal model of the conductor
On the basis of the resu lts  of measurement, the conductor cannot be 
considered to be homogeneous. Therefore, the conductor has been s p lit  in ­
to  layers or claddings fo r  the purposes of ca lcu lation.
The stationary model of the conductor s p l i t  in to  claddings is  i l ­
lustra ted  in Fig. 2.
In the model,
Ф - heat input as a re su lt of solar rad ia tion  (W/m),
- losses in the s tee l core (W/m),
- losses in the d iffe re n t claddings, i  = 1, 2, 3 (W/m),
- half of the heat conduction resistance of the claddings, i  = 1, 2,
3 (K/W),
RK,Rg - thermal resistance characteristic of convective and radiant heat 
output, respective ly (K/W).
On the analogy of Ohm's law, the equation of thermal conduction can be 
w ritte n  /8 / :
Ф Ь= - А А
dl
dx ( 2)
1 dU 
"  R dx
where
ФЬ - heat flux (W/m)
A - coeffic ient of thermal conductivity (W/mK),
A - surface (m2) ,
dT - change of temperature along section dx (K),
I - current (A )s
R - resistance (Q),
dU - change of voltage along section dx (V).
(3)
Fin. 2. Thermal model o f a steel-cored conductor w ith three aluminium claddings
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In case of a cy lin d rica lly  symmetric arrangement, equation
T.l Ti-1 (4)
can be written for the temperature difference between two and another two
surfaces /8 , 9/,
where
TL and are the temperatures of c y lin d ric  surfaces of radius r^ and
r^_p  respectively, (K),
r^ and r^_^ are the ra d ii of the cy lin d ric  surfaces (m),
^ is the coeffic ien t of thermal conductivity of the material
(W/mK),
фг the loss occurring in the in te r io r  of the cylinder of radius
r i _1 (W/m).
With the equations of the thermal model w ritten for each surface, the 
temperatures of the d iffe ren t points of the conductor can be determined. 
For the calculation, i t  is  necessary that the losses occurring in  the d i f ­
ferent layers and the coeffic ien t of thermal conductivity be known.
The coeffic ien t of thermal conductivity is  the resultant of the coef­
fic ie n ts  of thermal conductivity characteris tic  of the contact resistance 
occurring upon contact between aluminium strands /10/.
Loss Фг in cylinders of radius r^ can be calculated on the basis of 
losses of the d iffe ren t layers:
К
Фг = 2 (5)
i=0
where
- loss of the d iffe ren t layers w ith in which ф0 = фу is  the loss of 
the steel core.
Loss ф^  can be calculated on the basis of current and resistance, 
measurable at given temperature, of the cladding:
Ф1 = ll V V  = 4 V 2 • №  (W/m) (6)
where
1  ^ -  current of the cladding (A),
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3. -  current density o f the cladding (A/mm ),
1 2- cross section of the cladding (mm ),
R .(T.) - resistance of the cladding (i2 /m ).
The current density per layer of aluminium-steel conductors depends on 
excitation of the steel core and on the stranding geometry /6 , 11/.
The difference in current density is  smaller in case of an even number 
of claddings while greater in case of an odd number of claddings, depend­
ing on the magnetic balance. The layer currents depend rather on exci­
ta tion  of the steel core than on layer temperature.
For thermal ra ting calculations, the current density of ACSR conductors 
with two and three claddings has been determined by measurement.
2
Methods of layer current measurement
Layer currents have been measured in  the course of thermal ra ting  
measurements in wind tunnel. Pressed f i t t in g s  have been applied to both 
ends of the conductor in order to avoid errors in measurement due to con­
tac t resistance of the f it t in g s .  Tensile stress о of the conductor was
2
30-40 N/mm during the measurement.
The cross section of the wind tunnel w ith the stranded conductor placed 
in  i t  is  illu s tra te d  in Fig. 3.
The direction of wind has been normal to the conductor (v). The place 
of the measuring co ils  is  denoted by A while the place of the thermo­
couples by B.
Coils without iron core, placed in between the claddings of the con­
ductor, have been used fo r layer current measurement. The voltage induced 
in  the co il is  proportional to the current flowing in the c o il.  Thus the 
ra tio  of voltage induced in  the d iffe ren t c o ils  can be used to calculate 
the layer currents (Fig. 4).
4000
Fig. 3. Cross section of the wind tunnel w ith the conductor in i t
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Fig. 4, Measurement setup with measuring c o ils  fo r current d is tribu tion  
measurements in case of an ACSR 500/65 conductor
A current transformer connected in series with the conductor has been 
used fo r ca lib ra tion  of the co ils after measurements in wind tunnel, with 
the layers outside of the co il removed.
In case of given resultant currents, the layer currents can be ca l­
culated by means of diagrams Lh = f ( L ) :
V '  У '
i 3 = f(U2) - f(U3), 
i 2 = f(UL) - f(U2),
T1 = Resultant "  f(U l )
(7)
( 8) 
(9)
( 10)
The effect of the steel core, resu lting  in  d istortion of the current 
density, can be characterized by deviation of the current density of the 
layers from homogeneous current density, described by the slope of func­
tions A = f(J^) of shape y = mX :
\  -  " A  < n )
where
2
- current density of the i- th  layer (A/mm ),
J. - current density calculated fo r homogeneous current d is tr ib u tio n  
(A/mm2 ).
Slopes ire determining the current d is tr ib u tio n  in calculation of the 
loading current can be calculated by p lo ttin g  the current density of the 
d iffe re n t claddings as a function of homogeneous current density.
12 4 VARGA, L .
J ( A / m m2)
F in . 5. Change of the current density of the layers o f a conductor with three claddings 
as a function of average current density
J (A /mm2)
Jh ( A / m m 2)
F ig . 6, Change of the current density of the layers of a conductor with two claddings 
as a function of average current density
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Table 1
Slope of current density functions
Serial nuntier 
of cladding i
Odd cladding nuntier Even cladding 
number
1 0.89 0.9
A1 2 1.135 1.05
3 0.78 -
Steel 0.4 0.125
Illu s tra ted  as a function of homogeneous current density, Figs 5 and 
6 show the current densities of a conductor with 3 and 2 aluminium 
claddings, respectively, the slope of the current density functions being 
given in Table 1. In the diagrams, the domain not investigated is in d i­
cated by broken lin e .
On the basis of the slope of the current density functions, the power 
los t can be calculated for the d iffe ren t claddings in case of given 
homogeneous current density (J^):
♦ j  = (n^ . . Jh)2 . Ri (Ti ) CW/m) (12)
where
m^ - slope of the current density curve of the i- th  cladding 
(Table 1),
2A, - cross section of the i- th  cladding (mmO,
1 2 p  -  current density of homogeneous current d is tribution  (A/mm ),
W  - resistance of the i- th  cladding of the conductor at tem­
perature (Q/m).
Calculation of permissible loading current
The current density of the loading current determined for the con­
ductor considered to be homogeneous in the calculation can be determined 
by means of the follow ing relationship:
J h  = - A A1
VV + VV ' ФМ
R ü p ( А/mm2) (13)
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J ( A)
F ig . 7, Change of the measured and calculated values of loading current as a 
of wind speed at an ambient temperature of = 10 C
J (A)
F ig . 8, Change of the measured and calculated values of loading current as 
of wind speed at an ambient temperature of = 20 C
function
a function
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where
Ф^  and Фд - heat output by convection and radiation of the conductor 
of surface temperature (W/m),
Ф^  -  radiant heat absorption (W/m)',
R(T^) - resistance of the conductor (i2/m),
Tj - surface temperature of the conductor (K).
Losses Ф^  determined by relationship (12) can be used to determine the 
layer temperatures, losses and the permissible loading current by i t e r ­
ation on the basis of the model according to Fig. 2.
The values of loading current determined by calculation, taking also 
the inhomogeneous current density of the conductor into consideration, as 
well as the measured values of loading current fo r an ACSR 500/65 mm con­
ductor are given in Fig. 7 at an ambient temperature of T., = 10 °C while 
in Fig. 8 at an ambient temperature of TK = 20 °C.
With the current d is tribu tion  taken in to  consideration, the difference 
between the calculated and measured values of loading current is  less than 
in case the current d is tribu tion  is  assumed to be homogeneous. In the ca l­
culation assuming homogeneous current d is trib u tio n  at a wind speed of 
1 m/s, the error is  7-10% while in case the change of current density is  
taken in to  consideration, the error of the calculation is  only 1-4%.
Use of the method taking the rad ia l temperature changes and current 
d is tribu tion  of the conductor into consideration results in increased ac­
curacy of loading current calculations and thus in an increasingly r e l i ­
able calculation of overload upon breakdown.
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Our world is  moving towards what we might c a ll the information society. 
In th is  information society everybody should have an up-to-date computing 
environment with an easy-to-achieve communication background. The p r in c i­
pal means of integrating the computer environment and the communication 
tools is  computer communication. Computer communication is responsible 
for the data message exchange between the computerized source s ta tion  and 
the destination sta tion .
The book deals with the communication protocols. F irs t the reference 
model and i t s  layers are discussed, then the seven layers and th e ir  pro­
tocols are described. There are specifications of BSC, HOLC and X. 25 pro­
tocols. The author defines the abstract model of testing.
In the second part, the reader can fin d  the formal description tech­
niques: s ta te -trans ition  based models, graph models, algebras and formal 
languages, specification languages: SOL, ESTELLE, LOTOS.
The th ird  part deals with applications. The protocols introduced in 
the f i r s t  part are specified using the methods of the second part.
For applications the user can read the a lternating-b it protocol 
specification with s ta te -transition  graph, Petri net and with ESTELLE. 
There is  a formal description of HDLC and the LAPB with SDL/GR. For the 
transport protocols there are case studies in SDL-graph, numerical Petri 
nets, data flow graph and LOTOS specification.
In connection with conformance testers and test sequences, we can read 
about the test sequence generation, w-method, Gönenc method, the automatic 
test sequence generation and about case studies for testing the NATHAN 
application protocol, and about Conformance Test Centre in the National 
Bureau of Standards.
The reader w i l l  be fam iliarized in  computer communication, protocol 
specification with formal description techniques and protocol tes ting .
The chapters contain examples and the most important in te rna tiona l 
data communication standards, lite ra tu re  and abbreviations are summarized 
at the end of the book.
The book is  highly recommended for self-study and as a un ivers ity  
course book. This is  one of the f i r s t  books that summarize the protocol 
engineering, protocol specification and protocol testing topics.
In the series of Technical Sciences, Advances in Electronics, th is  
book was the f i f t h  in sequence, but the f i r s t  one published in  English.
Gy. Csopaki
Akadémiai Kiadó, Budapest
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REDUCTION DF ND FMISSIDN
X
FROM NATURAE GAS FIRED INDUSTRIAL FURNACES
BÍRÓ, A.*
(Received: 22 November 1991)
The accuracy of calculation of N0X formation in  industria l furnaces can be 
increased on the basis o f the resu lts o f p ra c tica l measurements.
Research by the Department of Fuel Engineering of the University o f Miskolc 
included investigation o f the e ffec t of f lu e  gas rec ircu la tion , a ir  fa c to r, two-step 
a ir  feed and water in jec tio n  on N0X formation as a function of furnace temperature.
Since the ra te of N0X formation depends also on the construction o f the burner, 
i t  is  necessary tha t the value of N0X emission by the burner, measured at a temperature 
fa l l in g  w ith in  the range of furnace temperature (basic value, B), be known. In the 
knowledge o f the basic value and the temperature associated with i t ,  N0X emission from 
in d u s tr ia l furnaces can be calculated.
EXPLANATION OF THE NOTATION USED
R — gas constant 8.31 J/mol, К
T — absolute temperature К
О — temperature, sw irl parameter °C, 1
E — normal formation potentia l ca l/m o l, 3/mol
A — surface m2
P — density kg/m^
w — flow rate m/s
T — d irection  parameter 1
d — nozzle diameter m
Re — Reynolds number 1
B — working point of the burner ppmv
V — volume, volume ra tio , volume flow rate m^, ppm, nvVh
к — eguilibrium  constant cnvVmol/s
I — pulse power N
*B író , A t t i la ,  H-1016 Budapest, Gellérthegy u. 34, Hungary
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I t — axial component o f pulse power N
Itm — pulse power component normal to the axis o f the burner N
Y — burner working po in t factor 1
В — basic value of N0X production ppm
vco2 — C02 content of a ir %
^s e c .a ir — secondary a ir  in  % o f conti. a ir %
n — a ir  factor 1
mwater — mass of injected water
X
 'о
клEСП
1. Introduction
Much research work has been devoted to investigation of the mechanism 
of NGx formation in the recent fourty years and results of quite a number 
have been published. A ll th is  research permits the processes taking place 
during oxidation of the fu e l, among them the volume ra tio  of N0y expected to 
develop, to be determined fo r the ideal case by approximate calculation.
The reaction constants by means of which the equilibrium constants can 
be calculated for d iffe re n t reaction temperatures and pa rtia l pressures (see 
Section 2) are available in  d iffe rent publications. However, the use of 
these constants results in  values much (three to ten times) lower than the 
actual values. Another problem is  that w ithin the furnace, neither the axia l 
distance of the reaction zone from the burner nor the combustion process as 
a function  of time, nor the reaction temperature can be determined because 
the furnace temperature varies from peint to point and with time, e.g. i t  
may decrease considerably as a resu lt of the cooling effect of cold material 
put in to  the furnace even w ith in  a charge (melting) period.
Empirical methods have also been used to study NGy formation in  hot 
furnaces. Most of these data published in the lite ra tu re , based on p rac tica l 
(experimental) measurements, cannot be used to determine N0^  formation be­
cause more than one factor had been changed during the measurements and the 
re su lts  have been given as simple ra tios. These ra tios (curves) show ten­
dencies on the effect of N0 reduction due to some control action on thex
flame. (E.g. what w il l be the rate cf N0 formation i f  the value of a irx
fac to r is  increased whereas the furnace temperature decreases as a re su lt of 
the cooling effect of the excess of a ir . )
In  case of industria l furnaces, the f in a l furnace temperature must not 
change as otherwise the normal operation of the furnace would be endangered.
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Therefore, the e ffect of any control action can be investigated only i f  the 
furnace temperature remains constant or the resu lts  can be recalculated fo r 
constant furnace temperature.
In calculation of N0^  formation, the furnace temperature shall be 
taken as a s tarting  point in every case because N0^  formation is  also in ­
fluenced by reduction of the maximum flame temperature, depending also on 
the furnace temperature, in case of most contro l actions. E.g. flue  gas re­
c ircu la tion  or increase of the a ir factor or water in jection resu lts  not 
only in  a change of the pa rtia l pressure conditions of oxidation but also 
in a reduction of the furnace temperature to an extent depending on the mass 
flow and heat capacity of the media introduced.
Research by the Department of Fuel Engineering of the University of 
Miskolc has been designed to find relationships permitting the expectable 
N0x formation in natural gas fired  furnaces of a temperature of 900 . . .  1300 
UC to be determined and controlled on the basis of data continuously sup­
plied by the measurement and recording system of the furnaces.
2. Reduction of N0  ^ emission from industria l plants
I f  e ffo rts  to determine N0^  formation by calculation are not given up 
in spite of the d if f ic u lt ie s  mentioned, two methods can be used in case of 
natural gas fire d  furnaces, such as
(a) use of CH^  oxidation equations,
(b) use of a simpler method based on Zeldovits' research, taking only 
the most important reactions (2 . . .  3) determining N0 formation 
in to consideration (th is  method can be improved by use of addi­
tiona l equations).
Reaction constants determined and collected by Bowman et a l.  /6 —13/ 
are tabulated in Table 1. The process of CH^  oxidation, N0^  formation and 
N0x reduction is  rather complicated, the number of reactions involved in 
the processes is  large and the values of reaction constants found in the 
lite ra tu re  are d iffe re n t even for the same reaction. Therefore, the method 
recommended fo r turbulent d iffusion flames by Zeldovits is  used in  general 
to investigate the e ffec t of the d iffe ren t gas components and temperature on 
N0^  formation. According to Zeldovits' chain-reaction mechanism, N0  ^ fo r­
mation (predominantly N0) takes place in  the furnaces, as follows /3 /:
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Table 1
к = А. ТУ.ехр (-E/RT), cm3/mol,s
According to C.T. Bowman (cm3,3,K,mol,s)
H2 + M = 2H + M, i f  M = Ar,02 
H + 02 = OH + 0 
H2 + H02 = H20 + OH 
H2 + 02 = OH + OH 
H + OH = H20 + H 
H + н20 = 20H 
CO + o2 — co2 + 0 
CO + OH = co2 + H 
OH + OH = H,0 + 0
CH4 + OH = ch3 + H.
CH4 + 0 = ch3 + oh'
CH4 + H = ch3 + H2
ch3 + 02 = HCO + Н.
CH3 + 0 = HCO + H2
According to Y. Zeldovits
О + N2 = NO + N 
N + 02 = NO + О 
N + OH = NO + Н
к = 2.33 X 1012T1/2exp(-387.000/RT) 
к = 4.1 X 1013exp(-51.500/RT) 
к = 3.14 X 1011exp(-157.400/RT) 
к = 1.6 X 1014exp(-56.500/RT) 
к = 5.2 X 1013exp(-27.200/RT) 
к = 6 X 1013
к = 3.14 X 10U exp(-157.400/RT) 
к = 4.0 X 1012exp(-33.500/RT) 
к = 5.5 X 1013exp(-29.300/RT) 
к = 2.0 X 1017exp(-10300/T) 
к = 2.0 X 1013exp (-19.400/T) 
к = 6.9 X 1013exp(-25.000/T) 
к = 2.0 X 1010 
к = 1.0 X 1014
к = 1.4 X 1034exp(-158.700/T) 
к = 6.4 X 109exp(-13.150/T) 
к = 4.0 X 1013
According to N.P. Cernansky, R.F.
NO + 02 = N02 + 0 
NO + OH = N02 + H 
NO + C02 - N02 + CO 
NO + Oj = N02 + 02
Sawyer
к = 1012-5exp(-198.500/RT) 
к = 1012-5exp(-125.600/RT) 
к = 1012-3exp(-341.650/RT) 
к = 10u -73exp(-10.000/RT)
According to M. Gehring, K. Hoyermann, H. Sacke and J. Wolfrum
0 + NH2 = HNO + H or NH + OH 
D + N2H4 = N2H2 + H20 
h + n2h4 = n2h3 + h2 
NO + NH = N2 + 0 linear 
inverse
02 + N2 = 20 + N2 linear 
inverse
к = 2.1 X 1012 
к = 1013-8exp(-5025/RT) 
к = 1.6 X 1011
к = 1.5 X 109exp(-161.800/RT) 
к = 6.4 X 109T,exp(-26,170/RT) 
к = 6.3 X 1013exp(-118.000/RT) 
к = 1.0 X 1014
According to M. Koshi, H. Ando, M.
H + NO = OH + H 
H2 + NO = HNO + H
Oya and T. Osaba
к = 1013-5exp(-201.000/RT) 
к = 1013-éexp(-241.600/RT)
According to E.A. Albers, H. Hoyermann
H + N20 = N2 + OH 
CN + H2 = HCN + H 
CN + 0 = CO + N
H. Sacke, K.3. Schamatjko and Wagner
к = 2.2 X 1014exp(-72.500/RT) 
к = 6.0 X 1013exp(-22.200/RT) 
к = 1.2 X 1013exp(-4200/RT)
According to L. Fower, R.K. Hanson and C.H. Kruger
NO + н2 = H + HNO к  = 3.0 X 1011T1/2exp(-10.000/RT)
H + NO = N + ОН к = 1.34 X 1014exp(-206.000/RT)
NO + NO = N20 + 0 к = 5.7 X 1012exp(-267,130/RT)
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N2 + 0 = NO + N (1)
02 + N = NO + 0 (2)
where reaction (1) takes place at a much slower rate than reaction (2) and 
therefore the rate of NO formation depends on (1 ). At the same time, the 
slower reaction is  accompanied with N-atom formation resulting in production 
of a new NO molecule according to (2). Equation (1) is  a mechanism to s ta r t 
while equation (2) a mechanism to stop the chain reaction. I f  the p a rtia l 
pressure of NO is  low in the furnace, the rate of reaction w il l be deter­
mined by s tra igh tline  development of the reactions. Therefore, we can w rite  
that
d(N0)dt = 2 k1-[N2] ‘ [О]0-5 (3)
Reaction constant:
= 7-1033 exp(-75 500/RT), cm'Vmole, s.
P artia l pressure of oxygen:
0 /  02 ° -5 = 4.1 exp(-58 300/RT), (mole/cm3). (4)
With equations (3) and (4) lumped:
D(N0)/dt = 5.74-1014- [n2] ■ [02] ° -5 exp(-133 800/RT). (5)
After calculations and measurements made simultaneously, the follow ing 
conclusions can be drawn from the results:
1. Depending on the pressure (0.3 . . .  1.0 bar), the calculated values 
are 10 . . .  3 times lower than the measured values /5 /.
2. The rate of N0 formation is  highest in the flame front but maximum 
N0 concentration takes place in the section after the flame where 
fuel is  s t i l l  present.
3. The e ffec t of temperature on the mass of N0 developed is  decisive. 
Increase of the combustion temperature by increase or reduction of 
the oxidant temperature or changing of the a ir  factor or specific  
heat a ffects the rate of reactions decisively. With increasing tem­
perature, the mass of NO (N0^) developed and th is  the N0^  content 
of the flue gas increases.
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According to what has been said under par. 3, N0^  formation can be re­
duced by any control action resulting in  a reduction of the maximum flame 
temperature. Included among control actions of th is  type are, e.g.
(a) reduction of the combustion chamber temperature,
(b) reduction of the p a rtia l oxygen pressure in the oxidant,
(c) multistep mixing of fuel and oxidant to increase the combustion 
time,
(d) increase of the a ir  factor,
(e) introduction of some coolant (water or steam) before the combus­
tion zone,
( f )  combinations of control actions (a )--(e ).
In respect of N0x formation, the e ffic iency of the methods used is 
d if fe re n t and also the furnace effic iency is  affected in a d iffe re n t way by 
each method. Therefore, an e ffo rt was made to measure also the e ffe c t of 
con tro l actions made to reduce N0^  formation on the e ffic iency of the 
furnace.
3. Description of the experimental set-up
The ve rtica l section of the experimental furnace constructed fo r in ­
vestiga tion  of N0^  formation is  shown in  Fig. 1. Natural gas of a pressure
Fig. 1
of 1.5 bar is  fed to the burner at a volume flow rate adjustable by means of 
f i t t in g s  5. In compliance with the relevant safety regulations, burner 19 
has been equipped with ign ition  burner, ign ition  transformer and flame 
fa ilu re  alarm. The volume flow rate of gas has been measured by means of 
turbo-flowmeter 2. Around the brick supporting burner 19, probes 30 protrude 
in to  chamber 21 of the experimental furnace, through which secondary gas or 
compressed a ir (secondary a ir) can be introduced into the chamber. The 
nozzle at the outle t of the six probes includes a 45-degree angle with the 
axis of the probe, the axis of the probes being para lle l to the vertica l 
axis of the furnace.
A ir for combustion gets to the burner through rotameter 1, a ir  duct 28 
and regulating f i t t in g  11 from ventila to r 3. The in le t stub of the ventila ­
to r has been connected to flue gas outle t pipe 27 by means of a pipeline. 
Thus flue  gas of a volume flow rate adjustable by means of valve 12 could be 
admixed with a ir fo r combustion to reduce the oxygen content of a ir .  To con­
t ro l the volume of flu e  gas admixed with a ir ,  the carbon dioxide content of 
combustion a ir in a ir  duct 28 has been analyzed continuously. The output of 
ve n tila to r 3 has been adjusted so as to permit the a ir factor to be varied 
in the range of n = 1.0 . . .  2.0.
Lining 20 of furnace chamber 21 has been made of fibrous refractory 
material with a gas-proof refractory layer of a thickness of 3 . . .  5 mm ap­
p lied  to the in terna l surface. This construction of the lin in g  resu lts  in a 
low thermal ine rtia  of the furnace which contributed to s ta b iliza tio n  of the 
measurement temperature w ith in a short time. A gas-proof sheathing has been 
provided fo r the furnace. In the sidewalls, holes are available fo r testing 
and measurement. The furnace (gas) temperature has been measured at three 
points along the length of the furnace /13, 33 and 34 in Fig. 1) by means of 
Pt-PtRh thermocouples.
Combustion produce leave the furnace for calorimeter 25 arranged co­
a x ia lly  with the chamber. Through the end wall of the calorimeter compart­
ment, water calorimeter 23 protrudes in to the calorimeter compartment. The 
mass flow rate as well as the in le t and ou tle t temperature of water flowing 
in the calorimeter can be measured to check the heat absorbed by the ca lo ri­
meter during the d iffe re n t f ir in g  processes. An NiCr-Ni thermocouple has 
been used to measure the temperature of the calorimeter compartment at 
point 26.
Materials used fo r insulation of the furnace have been used also for 
the lin in g  of the calorimeter compartment. The N0x content of the combustion
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products has been recorded a t point 26 at the end of the calorimeter com­
partment, using an instrument operating on the basis of the p rinc ip le  of 
chemoluminiscence. Flue gas leaves the calorimeter compartment through flue 
pipe (stack) 27.
A system of water cooled probes 24 has been b u i lt  around calorimeter 
compartment 25. The probes can be moved along the axis of the calorimeter 
compartment. Six water cooled probes are connected between the annular in le t 
and o u tle t pipes, which can be pushed into the furnace through end wall 21 
of the furnace chamber. By pushing probes 24 in to  the furnace chamber to a 
depth corresponding to 25%, 50%, 75% or 100% of the travel of the probes, 
the temperature of furnace chamber 21 can be varied in  a range corresponding 
to the lower and upper l im it  temperatures (900 . . .  1300 °C) of metallurgical 
heat-treatment and reheating furnaces.
A th in  metal pipe 31 has been introduced through the gas nozzle coin- 
c id e n tly  with the axis of the burner, through which water sprayed by natural 
gas can be fed to the mixture at a rate controlled by means of an infusion 
dosing device designed fo r use in  hospital.
4. Description of the experiments
The experimental furnace permits the e ffec t of any control action de­
scribed under (a)—( f)  of Section 2 or any combination of these control 
actions to be studied.
The effect of one con tro l action has been investigated at once with 
the other parameters kept constant during the measurement.
For example, to investiga te  the effect of chamber temperature, furnace 
chamber 21 has been heated to a temperature of 1300 °C. After s tab iliza tion  
of the temperature, the mass flow rate of gas and a ir  and the a ir  factor 
have been stabilized at a constant value. Water has not been injected and no 
secondary medium (gas, a ir )  has been introduced. The flue  gas recircu la tion  
pipe has been shut o ff.
The value of N0x formation has been recorded at the selected temper­
ature of 1300 C. This value is  called 'basic value'. Then water-cooled 
(co ld) probes 24 have been pushed into furnace chamber 21 over a length cor­
responding to 25% of the tra v e l. The temperature of chamber 21 has been a l­
lowed to  stab ilize  at a lower value as a resu lt of cooling and the mass of 
N0x developed has been recorded. The process has then been repeated with the
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probes introduced to 50%, 75% and 100% of the travel. The values measured 
have been checked by withdrawal of the cold probes over 25% of the tra ve l to 
see whether the N0^  values measured during the cooling process are restored.
The control action according to paragraph (b) of Section 2 is  reduc­
tion  of the pa rtia l oxygen pressure. For th is  measurement, chamber 21 had 
been heated to 1300 °C (basic value), then, with the a ir factor s tab ilized 
at a value of n = 1.05, valve 12 has been opened to admix flue gas w ith com­
bustion a ir  in an amount resulting in CO2  = 0.3% in pipe 28. The system had 
been allowed to s tab ilize  before the values of temperature and N0  ^ e tc. have 
been recorded. Then flue gas admission has been increased by means of valve 
12 to increase the CO2  content in combustion a ir  pipe to 0.6%. A fte r sta­
b iliz a t io n  of the temperature, the values measured have been recorded again. 
Increase of the CO2  content of combustion a ir  has been continued in  0.3% 
steps to 1.5%. This value proved to be the upper lim it  of d ire c t feed of 
flue gas (in to  the a ir  duct) because of flame s ta b il ity  problems.
The control action according to Section 2, paragraph (c) includes 
multistage combustion. To test the e ffec t, the experimental furnace had been 
heated to test temperature and 90% of the gas has been introduced through 
the burner, while 10% through nozzles 30 with 100% of the combustion a ir 
entering the furnace through burner 19.
After the instrument readings had been recorded, the gas admission was 
d is tribu ted  among the burner and the nozzles of the probe system to a ra tio  
of 80 to 20%, 70 to 30%, 60 to 40% and 50 to 50%.
The effect of two-step a ir  feed has been measured by introducing 90% 
of combustion a ir through the burner while 10% (from the compressed a ir  sys­
tem) through probes 30 with 100% of the gas of controlled volume flow rate 
entered the furnace through the burner. A ir admission has been d is tribu ted  
among the burner and probes in the ra tio  used fo r gas admission.
To investigate the e ffec t of control action according to paragraph (d) 
of Section 2, the furnace had been heated to test temperature and then the 
a ir  facto r of n = 1.05 has been increased to 1.2, 1.3, 1.4, 1.5 and 1.6. For 
each adjustment, a l l  the measured data have been recorded.
In testing the control action according to paragraph (e) of Section 2, 
the experimental furnace has been heated to test temperature w ith  a l l  the 
parameters le f t  unchanged except for the mass of water injected through the 
burner which has been varied between gas flow rate lim its  of 0.3 to 1.2 
kg/m"5 (resu lting, of course, in  a d iffe re n t value of temperature and N0^  
for each adjustment).
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The method used to measure the effect of combined control actions ac­
cording to paragraph ( f )  of Section 2 is shown by describing the investiga­
t io n  of the combined e ffe c t of control actions (a) and (b). To measure the 
combined effect of furnace chamber temperature and flue gas rec ircu la tion , 
the furnace was heated to  tes t temperature and the effect of flue  gas re­
c ircu la tio n  was measured a t test temperature fo r a CC^  content of 0.3%,
0.6%, 0.9%, 1.2% and 1.5% of combustion a ir .  Then cold probes 24 were pushed 
in to  chamber 21 to a depth corresponding to 25% of the travel and the mea­
surements were repeated. With the depth of the probes increased to 50%, 75% 
and 100% of the trave l, the measurements were repeated for each probe depth.
A variation of the parameters to be kept constant permits any two 
con tro l actions to be investigated in combination.
5. Effect o f the burner construction on N0  ^ formation
A 'starting pos ition ' has been taken as a basis for every measurement. 
As proved by the experiments, for evaluation of the results, i t  is  necessary 
tha t the starting position  be defined because the results obtained re la te  to 
th is  position.
The parameters of the starting position (furnace temperature, pres­
sure, fue l and a ir volume flow rate, a ir fac to r e tc .) can be selected op­
t io n a lly  provided the f ie ld  of measurement re su lting  from them (furnace tem­
perature, a ir factor) complies with the range of operating parameters of in ­
d u s tr ia l equipment to be investigated. (E.g. in  case of natural gas fire d  
furnaces, an a ir facto r o f n = 1.05 and a furnace temperature of 900 to 
1300 °C.)
The values of gas and a ir  volume flow rate and N0x emission associated 
w ith  the starting position  depend on the type of the burner used because the 
flame temperature is  fundamentally affected by
(a) the quality of mixing and
(b) the mixing method used (internal or external mixing, single-stage 
or multistage mixing, increase of in te rna l recircu la tion e tc.)
depending on the burner type.
The Reynolds number and the burner parameters can be used to describe 
the shape of the flame and the quality of mixing. Characteristic of the 
missing conditions fo r turbulent d iffusion flames are the pulse power,
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I  = A P w2, N (6)
as well as the sw irl and d irection parameter,
& = M p/(It-d/2) and т = It/I tm , (7)
respectively. Also the a ir  factor (n) where CO emission lie s  under the per­
missible value depends on the burner.
Fig.  2
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f
According to experience, every burner has a 'working point' showing 
the ra te  of N0^  emission characteristic of the burner in starting position 
depending on given temperature. For ABC natural gas burners widely used in 
Hungary and well known in  more European countries (see Fig. 2), a working 
point of 70 . . .  73 ppm is  associated with a furnace temperature of 1300 °C. 
This means that in case of a natural gas fire d  furnace of a temperature of 
1300 °C where cold a ir  is  used fo r combustion w ith an a ir  factor of n = 1.05, 
the N0x content of flue  gas leaving the furnace w i l l  be 70 . . .  73 ppm i f  no 
contro l action of any kind is  made to reduce N0x emission:
B1300 = 70 ••• 73 PPm-
Every burner has a working point B. In the knowledge of B, the e ffec t 
of the d iffe ren t control actions on N0x emission can be investigated in case 
of open-flame burners.
In case of other than open-flame burners (e.g. tunnel-type burners), 
admixture of flue gas w ith combustion is  and water in jection through the 
burner is  not possible and operation with the a ir  factor is also d i f f ic u l t .  
Reduction of the furnace temperature has l i t t l e  e ffec t on N0x emission be­
cause the maximum flame temperature of the mixture burnt in majority in the 
tunnel is  less affected by the furnace temperature as i t  is  determined ra th ­
er by the partia l pressure conditions of combustion taking place in  the 
tunne l.
Curves starting from the working point can be plotted to describe the 
N0x emission of a burner o f given working point in  case of control actions.
6. Effect o f d iffe re n t control actions on NO emission
X
The control actions specified earlie r a ffe c t N0x emission to a d i f ­
ferent extent each.
6.1. E ffect of furnace temperature
I f  a burner of a working point of = 73 ppm operated under the
conditions of 's ta rtin g  position ' (furnace temperature 1300 °C, furnace 
chamber pressure 1 bar, n = 1.05, a ir and gas temperature 20 °C) is  con­
nected to a furnace of a temperature below 1300 °C, the N0x emission w i l l
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Fig, 3
decrease. Figure 3 shows N0^  emission as a function of temperature in the 
range of 900 . . .  1300 °C.
A highly accurate curve can be plotted by means of a polynomial. In 
th is  case, formula
VNQ = Y (13.63-10"5 &2 - 0.2209 » + 126.9), ppm (8)
can be used for calculation of expectable N0^  emission in the above temper­
ature range, where Y is  the working point factor of the burner:
Y = B1300/(13.63-10-5 »2 - 0.2209 & + 126.9). (9)
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Fig. 4
6,2. E ffect of forced flue-gas recirculation
Figure 4 shows the e ffe c t of flue-gas rec ircu la tion  on N0x emission. 
As seen, forced flue-gas rec ircu la tion  is  a highly e ffic ie n t method to re­
duce NO emission. Expectable NO emission:
X X
4  = Y ( 7 1 - 29 -  4 8 - 24 v co2 + 7 Л 4 3  v co22) ppm- a o )
6.3. E ffect of two-step mixing
Figure 5 is based on the results of two-step a ir  feed. The curve i l ­
lu s tra te s  the effect of 0 . . .  30% secondary a ir  feed (fo r an overa ll a ir 
fac to r o f n = 1.05). Due to  introduction of 30% of combustion a ir  through 
secondary a ir probes, the furnace temperature decreased (see Fig. 5) and as 
a re s u lt,  the mass of N0x developed decreased by about 30 %. Formula
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Fin- 5
= Y (0.012 V2sec.air + 0.84 V
2
sec.air + 63.06), ppm ( 11)
can be used to calculate the volume of N0^  decreasing as a resu lt of second­
ary a ir  feed.
6.4. Effect of increase of the a ir factor
The e ffect of the a ir  factor is  illu s tra te d  in Fig. 6. In case of an 
a ir  factor varied in  the range of 1.0 to 1.8, N0^  formation can be ca lcu la t­
ed by means of formula
N0V = Y (88.08 n3 - 412.93 n2 + 607.83 n - 232.38), ppm. ( 12)
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Fig. 6
6.5. Effect of water in jec tion
The results of measurement in re la tion  to the effect of water in jec ­
tion  are diagrammatically illus tra ted  in  Fig. 7. The relationship between 
water in jection and N0  ^ emission is  not lin e a r e ither since water in jection  
becomes increasingly in e ff ic ie n t as the mass of water is  increased because 
of the furnace temperature.
Formula
V.ln = (4.92 m2 . - 19.3 m . + 63.4), ppm (13)h0x water water ’
is  recommended fo r calculation of N0x formation in case of water in jec tion .
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6.6. E ffect of combined control actions
The curves according to Fig. 8 w i l l  be obtained i f  the e ffe c t of fu r­
nace temperature and flue-gas rec ircu la tion  is  investigated in combination.
The uppermost curve shows the s itu a tio n  without flue-gas rec ircu la tion  
and thus th is  curve agrees with the curve given in Fig. 4. The following 
parabolas can be used to plot the curves of N0^  formation as a function of 
CO2  content of 0.3 . . .  1.2% in combustion a ir  for furnace temperature in 
range of 900 . . .  1300 °C.
At furnace temperature of 900 °C:
C02 0.7936 V ^ ) ,= Y (39.34 - 17.29 V
+ ppm. (14)
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At furnace temperature of 1000 °C:
VNQ^  = Y (43.17 - 22.47 VCQ + 3.1745 V ^ 2), ppm. (15)
At furnace temperature of 1100 °C:
VN0X = Y (49.06 - 28.38 + 4.76 V ^ 2), ppm. (16)
At furnace temperature of 1200 °C:
VN0X = Y (59.34 - 38.3 Vco + 6.35 V ^ 2), ppm. (17)
At furnace temperature of 1300 °C:
VN0X = Y (71‘29 - 4B-24 VC02 + 7Л43 VC022 )’ ppm' (18)
Reduction of p a rtia l oxygen pressure as a resu lt of reduced furnace 
temperature and flue  gas recircu la tion in combination can be read from the
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figure. The mass o f N0^  w il l change along the straights of a s ign ifican t 
slope presented in  the figure i f ,  simultaneously with flue-gas recircu la­
tion , the furnace temperature is  reduced. Accordingly, the higher the fu r­
nace temperature, the more e ffic ie n t is  the flue-gas rec ircu la tion  in re­
spect of reduction of N0^  emission.
6.7. Effect of contro l actions on furnace temperature
Tests made in  case of constant fue l volume flow rate of given furnace 
permit the e ffect of the d iffe ren t contro l actions on the furnace temper­
ature to be investigated. Figure 9 is  a summary of the e ffec t of reduction 
of N0^  and change of furnace temperature as a result of d iffe re n t control 
actions. The curves starting  typ ica lly  from one point (working point of the 
burner) show the e ffic iency of the d iffe re n t control actions in  respect of 
N0^  formation and the reduction of furnace temperature with reducing N0^  
formation.
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I t  can be seen that the furnace temperature can be best reduced by the 
cold charge put into the furnace. In th is case, the temperature of annealing 
furnaces can be reduced by several hundred К w ith in  a few minutes. As a re ­
s u lt  o f reduction of the furnace temperature from 1300 °C to 900 °C due to 
the cold charge, N0^  formation decreases to ha lf of the earlie r value under 
inva riab le  conditions of f ir in g .
Flue gas recircu la tion  can be most e ff ic ie n t ly  used to reduce N0^  
emission. N0 emission can be reduced to 1/3 even in  case of rec ircu la tion
X
of 10% of the flue gas whereas the furnace temperature decreases by 100 K.
Increase of the a ir  facto r is  a less e ff ic ie n t method in respect to 
reduction of the furnace temperature. In th is  case, not only the temperature 
but also the efficiency of the furnace decrease considerably. N0^  emission 
can be reduced by 30% at the expense of a reduction of more than 100 К of 
the furnace temperature (Fig. 8).
In respect of furnace temperature, water in jec tion  is  a more e ff ic ie n t 
method than increase of the a ir  factor because the water, introduced through 
the burner, results also in  reduction of the p a r tia l oxygen pressure in  the 
flame in  addition to its  physical cooling e ffe c t. N0  ^ emission is  reduced by 
30% as a resu lt of 1.2 kg of water injected, the furnace temperature being 
reduced simultaneously by 100 K.
Ihe temperature of in d u s tr ia l furnaces is  determined by the purpose of 
the technology used. Accordingly, in case of given furnace temperature, only 
tha t component of the mechanism of N0^  reduction can be u tilized  which re ­
sulted ra ther from a change of the pa rtia l gas pressure or increase of the 
number o f oxidation steps than from reduction of the furnace temperature. 
In case o f furnaces of a specified temperature, additional fuel shall be in ­
troduced to  the furnace to compensate for reduction of the temperature as a 
re su lt o f the control action (provided the reduction in temperature takes 
place in  a part of the furnace decisive in respect of the technology), re ­
su ltin g  in  a reduction of the e ffic iency of the furnace.
7. Conclusions, summary
1. In case of reheating and heat-treatment furnaces, the expectable 
e ffe c t o f the d ifferent methods to reduce N0 emission (such as reductionX
of the furnace temperature, forced flue-gas rec ircu la tion , two-step mixing, 
increase of the a ir factor, water in jection or combinations of these meth-
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ods) can be calculated to an accuracy su ffic ien t for practice i f  the basic 
value, ’В’ , of N0  ^ emission of the burner used is  known at least at one 
temperature fa llin g  w ithin the furnace temperature range of 900 . . .  1300 °C.
2. Accurate measurement of maximum flame temperature is  not necessary 
fo r practica l calculations. I t  is  enough to measure maximum furnace temper­
ature before the burner, coincidently with the centreline of the burner, a 
measurement feasible in most cases a fte r some modification of the in s tru ­
mentation of the furnace.
3. Formula
N0V = Вfurnace temp. -ûNO - AN0 *T *b’
ppm (19)
can be used to calculate the expectable N0  ^ formation in the furnace with 
the value corresponding to the e ffec t of possible temperature reduction as 
well as to the e ffect of the control action, resulting in reduction of tem­
perature and p a rtia l pressure, subtracted from basic value В corresponding 
to the furnace temperature measured along the centreline of the burner, 
characteris tic  of the burner and fue l. The factors according to paragraphs 
2) and 3) can be calculated to a good approximation by means of the method 
described.
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POLARIZATION TAKING PLACE CURING ELECTROLYTIC REFINING 
OF COPPER, POSSIBILITIES OF ITS REDUCTION
KÉKESI, T.*
(Received: 21 November 1991)
A s ig n ifica n t but undesirable pn la riza ticn  is  taking place in  the course of 
e le c tro ly tic  re fin in g  o f copper. The properties of the most important overvoltage com­
ponents have been analyzed f i r s t  mathematically, then measured using a method and 
equipment developed fo r th is  special purpose, suitable fo r separation, and measurement 
under quasi-practica l conditions, of the d iffe re n t types of overvoltage. The e ffec t of 
the basic operating characteris tics on anodic and cathodic po la riza tion  as well as the 
nature of the overvoltage and the most important components thereof have been deter­
mined. Furthermore, the po larization process in case of the d iffe re n t technologies in ­
volving current reversal had been investigated and on the basis o f the resu lts , more 
favourable techniques have been recommended.
1. Introduction
As proved also by operating tests /1 / ,  the contribution of the polar­
ization of electrodes to the voltage demand of e lectro lysis is  considerable 
and i t  has also other e ffects which make i t  extremely important from the 
point of view of providing the necessary conditions for an intensive oper­
ation of increased current density. S t i l l ,  from among the components of the 
c e ll voltage, polarization, or in  particu la r, i ts  nature and the possible 
way to control i t  are a question that has not been cleared up in  f u l l  yet. 
According to the theory /2 / ,  polarization (overvoltage) resu lting  from the 
change of the equilibrium electrode potentials when current is  applied to 
the electrodes can also be attributed to the necessity to overcome several 
effects impeding the process.
"Kékesi, Tamás, H-3532 Miskolc, Tátra u. 13, Hungary
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The fundamental "impediment" is  the demand that the activation energy 
of the electrode process o f the desirable d irection  be reduced allowing an 
increase of the resultant current intensity to the required extent. Po­
la r iz a tio n  that can be covered by the supply voltage is  capable of reducing 
the activation  energy in  th is  way, bringing about at the same time the ac­
t iv a t io n  overvoltage. Polarization of th is  type may be required to reduce 
the activation  energy of the charge transfer process or of the process of 
incorporation into (or d isso lu tion  from) the crysta l la tt ic e .
Another important "impediment" of the electrode processes is  the slow 
rate  o f diffusional material transport, resu lting  in  a decrease along the 
cathode, while in an increase along the anode, in  the copper ion concentra­
t io n . The electrode po ten tia l determined by the k ine tic  conditions of the 
electrode reaction is  more or less shifted by the d iffus ion  (concentration) 
overvoltage so developed and thus the deviation from the equilibrium po­
te n t ia l,  i.e .  the polarization  is  further increased.
Polarization not resu lting  from diffusion but s t i l l  of concentration 
type may take place i f  the species involved in the electrode process have to 
be transformed in a slow chemical reaction before or a fte r the step accom­
panied with a change in the charge. This la t te r  (reaction) overvoltage is  
not characteristic of copper electrodes submerged in sulphate solutions 
/ 2 , 3 - 6 / .
A so lid  layer of high resistance on the electrode surface could cause 
an apparent (resistance) overvoltage. However, in the given system, such a 
deposition need to be reckoned with.
At the same time, the voltage drop occurring as a resu lt of current 
passing through the e le c tro ly t ic  resistance between the reference electrode 
and the electrode tested can be practica lly eliminated by a suitable mea­
surement method.
1.1. Activation polarization
The following overall reaction takes place on the copper electrode:
Cu^  + 2e Cu.
As has been generally accepted and proved experimentally, the overall 
reaction consists of the fo llow ing two main steps in  case of higher over­
voltages /2 , 3—11/:
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1 ) p 2 +Cu + e -ç- k 2  ч P  + Cü
(slow)
2 ) Cl c + + CD
1
11 — Cu (fast),
A firs t-o rd e r re lationship can be assumed for the rate of the "slow" 
step (step 1) while equilibrium conditions for the "fast" one (step 2). In 
case of operating current densities, the process of charge transfer can be 
considered determining in  respect of the rate of reaction and activation  po­
la riza tion  /3—11/. Therefore, on the basis of the reaction rate equation of 
the slow step fo r un it electrode surface, i t  is  re la tive ly  easy to express 
the absolute values of the p a rtia l current densities, taking the e ffect of 
Galvani potentia l difference Дф between the electrode and the solution, 
which modifies the activation energy, in to  consideration /2 , 3—11/. To set 
up a theory suited for practical application, the e ffect of the diffuse 
nature of the double layer (Frumkin e ffec t) shall reasonably be neglected 
/ 6 / .  Thus relationship
= 2F к ar a Cu exp
A G *  - a F Л ф а а
RT ( 1)
can be w ritten for the anodic d irection (d issolution) while relationship
/ AG# + a FДф \
I ici = 2F kc aCU2+ exp (- - - - - RT- - - - j  (2)
for the cathodic d irection (deposition). With the constants in  the expres­
sions of the p a rtia l current densities lumped and the absolute value of the 
current density corresponding to the equilibrium potential (exchange current 
density) denoted by i  , the re lationship between the resu ltant (Faraday) 
current density and the activation polarization can be expressed as the sum 
of anodic and cathodic p a rtia l currents with the conventional sign:
Г г act) r act acF ПI I I  IT I j exp aaFn - exp
1 Xa 1 1 1c 1 i o RT RT
where
i  — anodic (Cu2+ ion formation) p a rtia l current density of the copper
3 -2  electrode, A dm ;
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— cathodic (Cu2+ ion deposition) p a r tia l current density of the
_2
copper electrode, A/dm ;
— thermodynamic temperature, K;
— molar gas constant, j/mol ;
— a c tiv ity  (o r approximate concentration) of copper ions, 
mol/ dm ;
— Faraday constant, zF = z96 500 As/mol i f  the numerical value 
'o f the change in  charge is  z;
-- charge change number (z ) of the overall process (the ra te- 
determining step, i f  taking place once, means the trans ition  
of two electrons in  the overall reaction);
— chemical (independent of the e le c tr ic  f ie ld )  free enthalpy of 
activation o f anodic and cathodic p a rtia l processes, respec­
tiv e ly , j/mol
— dimensionless transition  factors of the anodic and cathodic 
pa rtia l processes of the copper electrode, respectively;
— Galvani po ten tia l difference between the copper electrode and 
the so lu tion, V;
-- { e 6  = £g = Ec ! equilibrium electrode potentia l of the copper 
electrode tested, V;
— activation overvoltage, V;
_2
— exchange current density, A/dm ;
— reaction rate constant for the anodic and cathodic p a rtia l 
processes of the electrode reaction, respectively, dmfs- '*'.
2In case of higher resultant current densities ( |i| >  100 A/nri ), the 
partial current density of the anode in the direction of deposition and that 
of the cathode in the direction of dissolution can be neglected to a good 
approximation.
In the range of higher current densities, the typical slope of the 
Tafel lines (polarization curve) is about 110 mV/decade in cathodic direc­
tion while about 45 mV/decade in anodic direction. On the basis of these 
values, the transfer coefficients can also be calculated. Results relatively 
easy to reproduce, approximately identical with the theoretical values of 
a c = 0.5 and a = 1.5, have been obtained in this way by a number of re­
search workers (Table 1). As shown by the values tabulated, the value of the 
exchange current increases as the copper concentration in the electrolyte 
increases while the transfer coefficients do not change significantly. At
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Table 1. Average values of the most important polarization  parameters 
of experimental copper electrodes produced by electro lysis
L ite r­
ature
T Concentration
mol/1 l 0 ,mA/cm2
“ a a k
К CuS04 h2so4 Anodic Cathodic
/3 / 303
0.5 0.5 5.1 8.3 1.64 0.49
0.075 0.5 3.0 3.7 1.3 0.49
0.46 0.5 5.2 0.0 1.51 0.42
/4 / 303 0.30 0.5 5.7 9.7 1.44 0.45
0.096 0.5 3.7 3.3 1.36 0.48
/8 / 303 0.05 1.0 3.8 5.4 1.46 0.49
0.05 1.5 0.8 2.1
0.1 1.5 1.1 2.5
1.35 0.52
0.3 1.5 2.3 5.6
/11 / 303
0.7 1.5 5.0 9.0
0.7 0.5
0.7 1.0
5.2 10.5 1.25 0.58
0.7 1.5
0.7 2.0
the same time, the su lfu r ic  acid concentration leaves the kine tics of the 
electrode processes p rac tica lly  uneffected.
The activation overvoltage develops rap id ly (w ith in a few m illis e c ­
onds, a fter switching on the current). This transient is  described by a re­
lationship containing the capacitive current component expressed as the d i f ­
ference of the to ta l current and the Faraday current as well as the measur­
able parameter of the double-layer capacitance
d
dt
n?c t |
where
C
[ c act" 
“ aF n t
r act' ]
40  I exp - exp “ cF n tRT RT 1
V
C
n actt
2
-- to ta l current density of the electrode, A/dm ;
2
— capacitance of the double layer, F/dm ;
— activation overvoltage developed w ith in time t ,  V.
( 4 )
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1.2, D iffusional polarization
Because of the changes of Cu^+ ion concentration along the surface of 
the electrodes in operation, an overvoltage component a ris ing from d if fu ­
sion, increasing at a slow rate, is  superimposed on the rap id ly  increasing 
ac tiva tion  overvoltage. The d iffus ional polarization can be d ire c tly  a tt r ib ­
uted to the dependence, of the equilibrium electrode potentia l on the ac­
t iv a tio n  of the ion taking part in the process,
„ d i f f  RT aCu2+, s ~  RT n„л : Tir In ----!—  = 7^ In2F an ?+ 2F
3 Cu2+, b
(5)
where 
n d i f  f
aCu2+, s 
aCu2+, b
1ä l
diffusion overvoltage, V;
ac tiv ity  of the copper ion along the electrode surface (on the 
external side of the double layer) and in the bulk of the solu­
tion, respectively, mol/dm ^ ; 2lim iting  current density of d iffu s ion , A/dm .
Theoretically, the voltage term (5) can be described as a function of 
time in  the transient state on the basis of the linear stationary d iffus ion  
model according to re la tionship
where
cо
t
DCu 2+
d if f / .V  _ RT , n \ t ) - 2 p 1  +
JCu2't
( 6)
average copper ion concentration in  the e lectro lyte , considered to 
be constant, mol/dm^;
time after the current has been switched on, s;
2 -1diffusion co e ffic ie n t of copper ions, dm /s
However, the p ra c tica l conditions are described by re la tionship  ( 6 ) 
fo r a rather short time only because the e ffe c t of the gradually developing, 
natura l e lectro lyte convention prevents, the increase of d iffu s iona l po­
la r iz a tio n  beyond a certa in value.
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2. Experimental electrolyzing set-up and auxiliary equipment
In the course of laboratory experiments, one of the primary objectives 
has been to use methods and practices which provide "pure" conditions for 
the investigation of the polarization characteristics, perm itting at the 
same time the practica l requirements to be met. Accordingly, a synthetic 
CuSO -^h^SO  ^ e lectro ly te  of a temperature as well as copper and s u lfu r ic  acid 
content sim ilar to those under operating conditions (but free from in h i­
b ito rs  and impurities and not circulated fo rc ib ly ) has been used.
Cathodes and anodes of a surface of 150 x 78 mm cut out of e le c tro ly tic
copper s tarter plates from the e lectro lys is  plant of the Csepel Metalworks,
have been used fo r the measurements. On the base plates of m eta llic  purity ,
the working surface was formed by means of electrodeposition of a current 
2
density of 200 А/m for 2 hours. To improve reproducib ility , a 15-minute
2
pre-e lectro lys is  of a current density of 100 А/m was carried out a fter 
washing and immediately before the measurements.
An insulating coat was applied to the back side of the electrodes in 
order to expose only one surface to the e le c tro ly tic  process. By means of a 
threaded support bar and clamping jaws, the electrode spacing could be ad­
justed optionally (Fig. 1).
A fresh synthetic su lfu ric  acid — copper sulphate e lec tro ly te  had 
been prepared for each measurement cycle, using reagent grade chemicals. 
Adsorption columns f i l le d  with activated aluminium oxide and active carbon 
were used to remove organic impurities possibly present in the e lec tro ly te .
During the measurements, the e lectro ly te  temperature was controlled 
by means of a thermostatic bath and heating elements. Water was fed in to  the 
bath drop by drop continuously, at a rate determined experimentally, to 
replace the water evaporated. Scavenging by nitrogen before and during the 
measurements to deaerate and/or homogenize the solution was also possible.
Current fo r the e lectro lys is  was supplied by TR 9177 and TR 9178 sta­
b ilize d  d.c. supply units connected to the electrodes through a multicon­
tact relay operated by a logic c irc u it  and/or a computer contro lled tran­
s is to r type twin switch, developed spec ifica lly  for th is  purpose. These 
contro l units permitted the current, adjusted on the current generator type 
supply units, to be switched on and o ff as required. Moreover, also periodic 
current reversal (PCR) operation could be brought about by the co-ordinated 
contro l of two counter connected supply un its .
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Fig. 1. Experimental equipment (layou t)
For the polarization measurements, special small-size copper reference 
electrodes of controlled s ta b il i ty ,  causing minimum disturbance, were used.
Voltage data used fo r evaluation were recorded by a VIDEOTON VT 160 
(IBM compatible) computer equipped with a RHS- 8  4-channel converter in te r ­
face card. The measuring channels of variable se n s itiv ity  as well as the
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d iffe re n tia l measuring inputs have been provided by a pre-amplifier un it 
developed sp ec ifica lly  fo r th is  purpose.
The software in  Turbo Pascal language, required for the operation of 
the data co llection  system, has been developed together with the experi­
mental set-up in compliance with the special purposes.
Using the measurement system described above, three main series of 
experiments have been run, such as
— determination of the mathematical model to describe the steady- 
state overvoltage of the electrodes as a function of the most important four 
operating parameters in  the selected range of factors,
— investigation of the most important components of po larization , 
developing at d iffe re n t rates, based on the transient values recorded a fte r 
switching-on,
— investigation of the polarization components in case of d iffe re n t 
settings of PCR operation by comparative method.
3.1. Effect of the most important operating parameters on the s tab ilized  
value of polarization
The values of the four basic operating parameters included in  the in ­
vestigation have not been changed one by one but simultaneously. The i te r -
4
ation of the complete fa c to ria l plan of type 2  permitted the resu lts  to be 
processed s ta t is t ic a lly .
Associated with the selected lower and upper level of the factors in ­
vestigated by designed experiments are transformed values - 1  and +1 , re­
spectively. The transformation formula applying to the general case is
3. Experimental resu lts
X -  X X -  Xо 0 ( 7 )X
Xupper I
where
X — transformed value of the given factor;
X — value of the factor according to the o rig in a l scale;
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Table 2. Range o f the factors tested in  the f i r s t  series of experiments
F a c to rs  te s te d
Factor
le v e l
Absolute value 
of current 
density
Temperature Cuconcentration
H2S04
concentration
j j * T T* cCu cÜu cH2S04 cfi2S°4
A/m^ - °c - g / i - g / i -
Upper 300 +1 50 +1 40 +1 180 +1
Base 250 0 40 0 35 0 135 0
Lower 200 -1 30 -1 30 -1 90 -1
V aria tion
in te rv a l
50 - 10 - 5 - 45 -
X — base level of the factor according to the orig inal scale
xo = [ xuPPer + xl 0 Wer] / 2 ;
I  — varia tion  in te rva l of the given factor.
Transformation is  required to make the multivariable regression ca l­
cu la tion  p rac tica lly  feasib le.
The lower and upper factor levels adjusted in the course of the ex­
perimentation are tabulated in  the o rig ina l and transformed form in  Table 2.
The s ta t is t ic a lly  adequate in terpo la tion  polynomial, containing a 
minimum number of in s ig n ifican t coe ffic ien ts , describing the e ffe c t of the 
factors on the absolute value of the steady-state polarization is
e = 71.656 + 13.594 j ” cp J 32.406 T* - 12.031 Cp + 11.344 C* cn Cu H2 SO4
-  4.719 j*T* - 3.719 j*C* + 2.656 j*C* cn + 5.906 T*C* -J J Cu J H2 SO4  Cu
- 2.719 T*C* cn + 2.156 Cp C* cn + 1.969 j*T*C* , mV;HoSOa Cu НрБОд J Cu’ ’
fo r the cathode, while
( 8)
e = 18.969 + 2.156 j *  - 6.406 T* + 2.156 Cp - ap J Lu
- 2.031 CX pXCuLH2 S04’ mV
( 9)
fo r the anode.
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As suggested by the polynomials, each of the process parameters in ­
vestigated has a de fin ite  and s ign ifican t d irect effect on the absolute 
value of steady-state cathodic overpotential, especially the e ffe c t of the 
e lectro lyte  temperature, resulting in a reduction of the resu ltan t pola­
riza tion  of the cathode by about 60 mV on the average i f  increased from 
30 °C to 50 °C. In case of low-copper e lectro ly tes, the effect o f temper- 
ature rise  is  by fa r above average as suggested also by term T cpu > the in ­
teraction represented by the- most s ig n ifican t coeffic ien t, which shows that 
in case of a negative value (that is , the value next to the lower leve l) of 
с£и, th is  in teraction  results in an additional decrease in the polarization  
of the cathode beyond that caused by the primary e ffect. A s im ila r ly  strong 
e ffect of the in teraction of temperature and current density, resu lting  in a 
stronger reduction of cathode polarization in  the range of high current den­
s it ie s  than in  case of low current densities, is  alsp detectable.
The e ffec t of a reduction of the copper concentration in the e lectro­
ly te  from 40 g/1 to 30 g/1 and an increase of the current density from 200 
2 2А/m to 300 А/m on cathode polarization is  approximately id en tica l in the 
range investigated.
Even in  the re la tive ly  wide range (90 . . .  180 g/1) investigated, the 
su lfu ric  acid content was found to a ffec t the cathode po larization  only 
s lig h tly . This is  reasonable since the o re tica lly , the electrode processes 
are not affected d ire c tly  by the su lfu r ic  acid concentration, the (d if fu ­
sion) polarization can certa in ly be increased to a minor extent by an in ­
creasing s u lfu r ic  acid concentration in d ire c tly , that is , through impeding 
the migration of the copper ions.
In case of the anode, the effect of each factor is  much less s ig n if­
icant since the absolute value of the overvoltage of the anode is  much lower 
than that of the cathode. As suggested by the interpolation polynomial of 
polarization, the primary e ffect of the su lfu r ic  acid content on anode po­
la riza tion  has not been s ign ifican t e ithe r. This reduced e ffect can be a t­
tributed to the much more intensive anodic natural convection, having a 
strong e ffec t on material transport beside which the counteraction of the 
su lfu ric  acid content through impeding migration shrinks in to  insig ­
nificance.
The re la tive  in tensity of the other primary effects on anode po­
la riza tion  can be explained in a way s im ila r to what has been said in the 
case of cathode polarization. I t  is  worth mentioning that the s lig h t in­
crease of anode polarization with increasing copper concentration in the
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e le c tro ly te  against the expectations based on theoretica l considerations can 
again be attributed to the e ffect of natural convection which is  reduced in 
th is  case as a resu lt of the decreasing d ifference in density along the 
anode.
3.2. Main components of polarization taking place on the copper electrode
A special computer system for e lec tro lys is  control and data co llec tion  
has been developed to co-ordinate the control o f electrolyzing current and 
overvoltage measurements and to separate the activation component build ing 
up very fast (w ithin a few milliseconds), and the diffusion component de­
veloping at a slow rate (w ith in  minutes), of the overvoltage by con tro lling  
the ra te  of data co llec tion  as required.
Using a combination of fast (about 6000 data/s) and slow (1 datum/s) 
phases of measurement started with the fast phase upon switching on of the 
curren t, the transient section of the curve fo r the two main polarization  
components could be c lea rly  distinguished as illu s tra te d  in Fig. 2, showing 
the trans ien t values of the two basic po larization  components upon switching 
on. In the figure, the sections denoted by even and odd numbers are sections 
of the same curve under the given conditions but illus tra ted  along a d i f ­
fe ren t time axis for each component. E.g. curve section 2 is  a resu lt of the 
fas t phase of measurement immediately a fte r switching on, followed by sec­
tio n  4 showing a much slower change.
There is  a considerable difference between anode and cathode in  the 
resu ltan t polarization and also the d is trib u tio n  between the main components 
re su ltin g  from activation and diffusion is  d iffe re n t. Under the above condi­
tio ns , the average values of 37 mV and 15 mV are reached by the activation  
overvoltage of the cathode and anode in '4' 7 ms and ^ 2  ms, respectively. The 
superimposing stab ilized value of 20 mV and 4 mV is  reached by the d iffus ion  
po la riza tion  component w ith in  an approximately identica l time, ~45 s, on 
the cathode and anode, respectively. The difference in activation polariza­
tio n  is  in  agreement with the ra tio  theo re tica lly  expectable on the basis of 
the charge transfer k in e tics . A s tab iliza tion  o f the diffusion overvoltage 
may take place as a re su lt of natural convection. Hence, the rather low 
value on the anode ju s t if ie s  the assumptions w ith regard to the in tens ity  of 
natura l convection along i t s  surface.
Although the above resu lts  comply with the expectations, i t  seemed to 
be s t i l l  reasonable to tes t the separation of the two overvoltage components
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■ 2. Most important components of po la riza tion  on the copper electrode 
(300 A/m2, 50 °C, 40 g/1 Cu, 180 g/1 H2S04)
20 -
10-1
0 -
Anode
Му. 1
-5K-
20 40 60 Time ( curves 1, 2), ms
- 10-
- 20-
-30-
-40-
-50-
Fig. 3. V erifica tion  o f the features of most important po larization components by nitrogen
blowing
(300 A/m2, 50 °C, 40 g/1 Cu, 180 g/1 H2S04)
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by a d iffe re n t method as well. In doing so, nitrogen has been introduced 
in  between the electrodes by means of special submerged pipes to bring about 
an intensive turbulent e lectro ly te  motion.
Figure 3 i l lu s tra t in g  the resu lt c lea rly  shows that the build-up of 
the fas t polarization component has not been retarded by the introduction 
of N2- Furthermore, as can be seen on the basis of the position of the 
curves obtained by fast and slow data co llec tion  as compared with each 
other, th is  rapidly developing overvoltage reaches its  stab ilized value 
during the time of N2  blowing while the d iffus ion  polarization develops in 
the regular way according to expectations a fte r the N2  feed has been stopp­
ed. A ll these results are in  agreement with what has been assumed so far 
with regard to polarization taking place on the copper electrode.
3.3. Dependence of overvoltage, developing on the copper electrode, on 
current density
In the course of an independent series of experiments, the structure 
of the overvoltage was found to change as a function of the current density.
As shown by Fig. 4, the activation polarization term, more s ig n if ­
icant under the given conditions, changes approximately in accordance with 
T a fe l’ s re la tionship . On the basis thereof, the e ffect of the charge trans­
fe r step is  r ig h tly  assumed to be predominant under quasi-operating con­
d itions  and on the other hand, the typ ica l values of the most important 
k ine tic  parameters of the electrode processes can be determined.
the absolute value of the activation polarization can be expressed 
on the basis of theoretical relationship (3) as a function of the absolute 
value of current density in  the following general form applicable both to 
the anode and cathode:
eact = _RT_ ln  _j_ = _RJ_ in —L  + _BI_ in j = A + В ln j (10)
eP “ eF ^ 0  “ eF jo  aeF
where
eep  ^ — activation type part of polarization fo r any of the electrodes 
(anode or cathode), V;
a — transfer coe ffic ien t of the electrode tested (a , a );
e 2  c 3
j  — absolute value of current density, A/m ;
2j  — exchange current density, A/m ;
A, В — constants (determined by regression).
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- + -  Cathode ,activation —x~ Anode , activation
— Cathode, diffusion Anode , d iffusion
Fig. A. Components o f polarization as a function of current density
With the regression calculation performed in accordance with the lo ­
garithmic re la tionsh ip , the results tabulated in  Table 3 are obtained.
In case of the cathode polarization of higher value measurable more 
accurately, there is  an acceptable corre la tion  ( r  ) between the regression 
equation of the form suggested by theory and the experimental resu lts . On 
the basis of a comparison of the theo re tica lly  expectable values of the 
transfer coeffic ien ts  (a ) and/or exchange current densities ( j  ) and those 
determined by regression (Table 3), we can say that deviations from the 
ideal conditions of investigation of electrode kinetics (using pulse cur­
rent and special electrodes) towards the actual conditions of a continuous 
e lectro lys is  may a ffec t the process in two d iffe re n t ways:
— As compared with the growth rate expectable on the basis of the 
pulse technique based electrode k inetic data (Table 1), the actual rate of 
increase of the activation  polarization as a resu lt of an increase of the 
current density was lower, certainly because o f the higher experienced value 
of the transfer coe ffic ien t as compared with the theoretical value. The 
transfer coe ffic ien t depends d irec tly  on the structura l and energetic con-
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Table 3. Theoretically expectable values o f k in e tic  characteristics and the values calculated 
on the basis of the experimental results
C haracte ris tics
Cathodic value Anodic value
actual expectable actual expectable
r^ (co rre la tio n  coe ffic ien t) 0.9762 — 0.8954 -
B, V 0.03762 0.05566 0.01038 0.01855
a , J/V 0.74 0.5 2.68 1.5
A, V -0.1768 -0.2563 -0.0436 -0.0733
j 0 (w ith  theore tica l transfer 
c o e ffic ie n t)
25 100 11 50
j 0 (w ith  actual transfer 
c o e ffic ie n t)
110 100 66 50
d itio n s  of the double layer and the electrochemical metallic surface. Ac­
co rd ing ly , a structure resu lting  in an energetically more favourable incor­
poration and dissolution of the metal ions is  most like ly  developed by the 
electrodes used in a longer-lasting e lec tro lys is . This may be the re s u lt of 
spontaneously active spots and/or of foreign matters (ions) getting in  touch 
with the surface, modifying the energy conditions.
The activation polarization may be increased by certain adsorbed fo r ­
eign matters (im purities) disturbing or even p a rtia lly  blocking the active 
sports o f the electrode surface. This e ffec t manifests its e lf  essen tia lly  in 
tha t the polarization curve is  shifted in accordance with the d ire c tion  of 
lower exchange current densities. However, in  case of the synthetic e lec tro ­
ly te  used, th is  e ffect is  ce rta in ly  less s ig n ifica n t.
4. Effect of periodic current reversal (PCR) technology on polarization
The e ffect of th is  mode of operation, resu lting in a transient state 
almost continuously, on the electrode polarization  is  a complex question. 
Therefore, i t  is  necessary that the problem be investigated experimentally.
To increase the e ffec t of PCR e lec tro lys is  resulting in a reduction of 
the po lariza tion , increase of the time or the current density of reverse 
cycles seems to be an obvious method. However, th is  would considerably re ­
duce the current e ffic iency at the same time. Therefore, a ra tio  o f 20 : 1 
of forward and reverse cycles shall most reasonably be used in accordance 
with the general practice. At the same time, the value of reverse current
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in tensity  is  usually adjusted to ha lf of the value of forward current for 
s im ila r reasons.
However, no de fin ite  basis for determination of the proper length of 
the cycles is  available and therefore no uniform practice has developed.
In the course of investigation of the transient values of the cathodic 
overvoltage, the build-up of both the activation type and d iffu s io n  type 
component was found to take a much longer time under p ractica l conditions 
than th e ir decay. In case of activation polarization, th is  can most lik e ly  
be a ttributed to the change of the electrode surface in o ff- loa d  periods 
when new dislocations reducing the ac tiva tion  energy demand of the metal 
d issolution are taking place. At the same time, a rapid increase of the 
d iffus ion  overvoltage may be hindered by the increasing natural convection. 
However, no s ign ifican t differences between the rates of build-up and decay 
are shown by the curves of anodic activa tion  polarization. Also th is  has a 
bearing on the above explanation since in  case of the d issolution process, 
the chemical e ffect in the off-load period can certainly not re su lt in a 
s ign ifican t change.
On the basis of a l l  what has been said above, the average value of 
the cathodic overvoltage is  assumed to be lower in case of PCR operation 
where the cycles are shorter and the current is  switched on and o ff  more 
frequently.
The measurements to compare the polarization characteristics of d.c. 
operation and the d iffe re n t modes of PCR operation included four consecutive 
stages:
— measurement of off-load base po in t,
— d.c. measurement,
— measurement of off-load transient section,
— PCR measurement.
The assumptions have proved r ig h t as shown by the cathode polarization 
curves of the PCR processes illu s tra te d  in  Fig. 5. The curves c lea rly  show 
the favourable e ffec t of the shorter cycles, resulting in a remarkable re­
duction of polarization in case of the PCR process using forward cycles of 
0 . 1  s and reverse cycles of 0.005 s. This result leads us to believe that 
the technical fe a s ib ility  of the p rac tica l application of th is  pulsed cur­
rent operation as an advanced version of the PCR technology is  worth 
studying.
An undesirable e ffect of current reversal applied in the PCR technol­
ogy is  the re la tive ly  poor u ti l iz a t io n  of the current. However, th is  disad-
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F ig . 5, Polarization in  the forward cycles in case o f d iffe re n t cycle lengths 
(forward: 300 А/níX reverse: 150 A/m^, 50 °C, 40 g/1 Си, 180 g/1 H2SO4 )
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Fig. 6 . a) E ffect o f reverse current density on po larization taking place in  the forward 
cycles, b) E ffect o f reverse cycle lengths on po larization taking place in the forward cycles
vantage can be o ffse t to some extent by the reduced aptitude to short c ir ­
cu iting  resulting from the more favourable conditions of metal deposition. 
The current e ffic iency could also be improved by reducing the reverse cur­
rent in tensity and/or the re la tive  duration of reverse cycles which would, 
however, reduce the advantages offered by the PCR mode of operation. The 
results experiments where the d iffe ren t values of reverse current and re­
verse cycle time are used alternately are illu s tra te d  in Fig. 6 . As clearly 
shown by the curves, an increase of the reverse (or in te rrup tion ) cycle 
times may resu lt in a more s ign ifican t decrease in cathode polarization  than 
an increase of the return current density.
I t  seems therefore reasonable to use current in terruption  instead of 
current reversal in the PCR technology and to increase the duration of the 
interruption cycles to make up fo r the e ffect of return current missing in 
th is  case. Although th is  method results in a somewhat reduced productiv ity, 
i t  o ffers a l l  the advantages of the PCR technology while leaving the current 
e ffic iency unaffected.
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The phase transformations may be very complex when they are connected with 
changing chemical compositions. In these cases the deciding factors are not only the 
c r i t ic a l size o f the new seeds, but the e ffe c tiv e  volumes (Vc r) around the new grains, 
containing the chemical components needed fo r  the changing concentration. The e ffec tive  
volumes are complex functions of the c r i t ic a l  size of the new grains, the chemical com­
positions of the o rig in a l and new phases and the d iffusion rates o f the elements in 
motion. There are examples associated w ith the Fe-FejC and Fe-C(graphite) a llo y  systems 
showing the c r i t ic a l  size of the e ffec tive  volumes both in the metastable and stable 
systems.
In technological practice, the type, number, magnitude and d is tr ib u ­
tio n  of the phases determining the properties of the structura l materials 
can be modified in  many cases in accordance with the technical requirements 
by contro lling  the phase transformations. However, the characteris tic  
features of the phase transformation processes largely depend on the d i f ­
ference between the chemical composition of the new phase and the o rig ina l 
phase or phases. In thermodynamic systems where the phase transformation is 
not accompanied by a change in concentration, e.g. in case of pure metals 
or, in multicomponent systems, alloys in  which there is  only one point of 
contact between liquidus curves and/or surfaces and solidus curves and/or 
surfaces, the phase transformation can be described simply because the 
chemical composition of the orig ina l phase and the new phase is  iden tica l. 
However, such a lloy systems can seldom be found among the s tru c tu ra l ma­
te r ia ls  used in practice.
Much larger is  the number of a lloys where the phase transformation is 
accompanied by a change in concentration. These phase changes are used, in
*Prohászka, János, H-1118 Budapest, Rozmaring u. 9, Hungary
Akadémiai Kiadó, Budapest
174 PROHÁSZKA, 3 .
practice , to improve the properties of the a lloys. I t  is  enough to mention 
here the hardening of steels and the transformation of the cementite s truc­
ture in to  a p a rtia lly  graphite structure. At the same time, there is  no 
change in  concentration in the course of re c rys ta lliza tion  which occurs 
most frequently in malleable alloys.
Some deta ils of phase transformations accompanied by a change in  con­
centration are discussed below. Excellent examples are the phase trans fo r­
mations of steel and cast iron , the most frequently used structura l ma­
te r ia ls .  Let us f i r s t  consider the conditions under which stable graphite
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□г metastable iron carbide may be produced in  a Fe-C alloy in the course of 
cooling.
Let the carbon content of an alloy selected according to phase diagram 
Fe-Cgraph ite  or Fe-Fe^C (Fig. 1) be c  ^ = IB atom %. In the course of the 
cooling of the melt, at 1240 °C where the temperature of the melt is  equal 
to the liquidus temperature the Fe-C^  г system, graphite ought to crys­
ta l l iz e  out of the melt according to the conditions of equilibrium /1 /.  How­
ever, because of the considerable differences in  concentration between the 
melt and the graphite, th is  would be possible only i f  su ffic ien t time were 
available so that in a c r i t ic a l  volume V w h e r e ,  o rig ina lly , every 1 0 0  atoms 
consisted of 82 Fe atoms and 18 C atoms, only C atoms would be present a fte r 
the phase transformation. That means that a l l  Fe atoms must disappear from 
the c r i t ic a l volume with C atoms of a minimum number required to bu ild  up the 
c r i t ic a l  nucleus d iffus ing  at the seed. As shown in  every day practice, crys­
ta lliz a t io n  of the metastable Fe^ C takes place under the usual conditions of 
cooling in  most cases, instead of development of graphite, the equilibrium 
phase. Let the causes of th is  phenomenon be investigated. The c r i t ic a l  size 
of the nucleus, r x , in  the new phase is  / 2 /
2  у T2 Y _ El
a G LAT ( 1)
where Y is  the specific  surface energy associated with the phase boundary of 
the melt and the graphite, AG the free-enthalpy difference, T ^  = 1240 °C 
the equilibrium temperature of melt-*graphite transformation, L the la tent 
heat associated with the phase transformation while T ^  - T = AT is  the ex­
tent of undercooling.
The c r i t ic a l volume of the nucleus is
Vcr
32 it 
3
32 tt 
3
Y3 T3  
1 El
L3 AT3
( 2 )
Similar equations can be written also fo r melt-*-iron carbide phase 
transformation fo r, as a matter of fact, the physical parameters of the melt 
and the iron carbide. Here we know only one quantity with acceptable cer­
ta in ty  and we know tha t, because of the m etastab ility  of the iron  carbide, 
the value of AG for the la tte r phase transformation is  lower. This must 
manifest i t s e lf  in the surface energy of the boundary between the melt and
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the so lid  phase as well as in  the latent heat since Gg <, Gv . = 1160 °C, 
the subscript v indicates iron carbide.
What conclusions can be drawn from what has been written so far? As 
has been demonstrated in  practice, isothermal conditions cannot be idea lly  
maintained. There are always fluctuations. A deviation from the ideal iso­
therm is  useful only in  the direction of lower temperatures, a l l  the more 
because without undercooling, development of the c r it ic a l nucleus is  im­
possible. In melt->-graphite phase transformation, the difference between 
both "equilibrium" temperatures is  00 °C. A lower melt temperature is  re­
quired so that an undercooling resulting in  the development of iron  carbide 
w i l l  take place. I t  is  not d if f ic u l t  to adjust a temperature difference 
lower than 00 °C to provide fo r graphite formation. S t i l l ,  a graphite s truc­
ture  is  seldom produced from the melt in practice ( le t alone in  the case of 
a lloys  consisting not purely of Fe and C which are produced fo r th is  very 
reason, i.e . to contribute to g raph itiza tion ).
Note that the liqu idus curves of the phase diagram (Fig. 1) and the 
values of temperatures estimated on the basis of these curves are rather un­
ce rta in . However, a temperature difference of 40 °C instead of the value of 
80 °C read from the curves would not a lte r the case because undercooling is  
a condition also fo r iron  carbide formations and thus the undercooling of 
the graphite is always much greater than that of the carbide.
For what reason does iron carbide, the phase of the metastable system, 
appear, in most cases, instead of the graphite structure? This occurs in 
sp ite  of the fact tha t, according to equation ( 2 ), the c r it ic a l volume of 
the graphite is  much smaller than that of the iron carbide at the instant 
of formation. The same occurrence is  experienced in practice, tha t is ,  a 
quasi-equilibrium graphite system takes place usually only a fte r a long and 
expensive annealing process.
The development of the metastable phase can be mainly a ttr ibu ted  to 
two substantial reasons: 1 . to the change in  concentration and 2 . to the 
d if fe re n t specific volume of the new phase as compared with the old one. 
Also, the reduction in  free enthalpy suggests that phase transformation is  
taking place. The G free enthalpy of a given equilibrium phase a is
Ga= Ua - TS PV (3)
where Ua is  the in terna l energy, Sa the entropy, P the pressure while Va is  
the spec ific  volume. Unfortunately, for ca lcu lation of the equilibrium con­
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d itions, we do not know the accorate valoe of every thermal characteristic 
in the equations. The reduction in free enthalpy AG in the course of given 
phase transformation a —» ß is
ЛС = Ua -  Ue -  T ( s a -  S3) + P(va -  Vß) (4)
The reduction in free enthalpy in the course of phase transformation is
AGi-g U 1  -  Ug - T ( S 1 V P(Vi - v0)
(4a)
fo r graphite and
üGl-v  = U 1  - Uv - T ( S 1  - V  + P ( V 1  - V (4b)
fo r iron carbide; where subscripts 1 , g and v indicate the liq u id , graphite 
and iron carbide, respectively. I f  we take only the configuration entropy 
in to  account, which is  permissible, then the reduction in free enthalpy can 
be a ttributed to the in terna l energy and to quantity P(V  ^ - V . No accept­
able data have been found for the in terna l energy. However, the product of 
the pressure and specific  volume is  -0.313 P fo r melt—»graphite transforma­
tion  and +0.01 P for melt—»iron carbide transformation. This means tha t, be­
cause of the large specific  volume of the graphite (0.444 cm'Vg) as compared 
with the melt, the volume the graphite atoms taken up is  3.5 times larger 
than the space taken up by the melt e a r lie r. As a resu lt, the graphite ap­
p lies pressure to i ts  environment, that is ,  to the melt of a much smaller 
specific volume (~0.127 cm'Vg), and thus i t  decreases the reduction in free 
enthalphy. At the same time, the melt-iron carbide transformation results in 
reduction in  volume, contributing, thus to the reduction in free enthalpy. 
However, th is  does not a lte r the re lationship AG^  AG^ _v .
The e ffect of the difference in concentration between the old phase 
and the new phase and, in most cases, the development of the metastable 
phase instead of the stable phase can be evaluated on the basis of the vol­
ume of the old phase required fo r the number of atoms. The number of C atoms 
required fo r the c r i t ic a l  volume of graphite is
*n N (5)
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where m* is the mass of the c r it ic a l nucleus, Gj, the atomic weight of car­
bon, and N is Avogadro's number. This number of C atoms requires a volume 
\T r  of the melt, which can be estimated on the basis of the following con­
siderations:
The ratio of Fe and C atoms in the melt is  4.55 and therefore the 
number of C atoms indispensable for the development of the cementite nucleus 
is  d istributed in a volume V' . Total number of atoms in volume V
x) т* } Vkr P 1  = - r -  N = Krn 1  N
bl  G 1
( 6)
where m is the mass o f the melt, the average "atomic weight" of the 
components while P^  is  the density of the melt.
Average atomic weight of the melt
C 1  '  « cc - CFe> * CFe <’ >
where Gpg and represent atomic mass of iron and carbon, respectively. We 
can conclude from what we have written, that the ra tio  of the necessary 
c r i t ic a l  volume V' and the c r i t ic a l  nucleus of the
V cr
V
£DC1(GC - W  * ч
cr
(8)
where P and P. are the density of the graphite and the melt, respectively.C i.
With the quantities given above substituted, fo r equation ( 8 ) the necessary 
c r i t ic a l  volume from which graphite can be b u i lt  up in  the c r it ic a l nucleus 
in  the melt->graphite phase transformation was found to be about 6.3 times 
as large as the volume of the c r it ic a l nucleus.
However, this estimated number would be correct only i f  no C atoms 
were present in the immediate v ic in ity  of the c r i t ic a l  nucleus w ith in the 
estimated c r it ic a l volume. This appears to be impossible. I t  is d i f f ic u l t  to 
estimate the d is tribu tion  o f the concentration of C atoms. Namely, an aver­
age concentration of the C atoms in the v ic in ity  of the graphite nucleus is  
u n lik e ly  to occur as the concentration is  continuously reduced by the con-
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siderable C demand for the formation and increase of the nucleus. Thus the 
concentration of C in the v ic in ity  of the nucleus lie s  certa in ly  below the 
average value and the C atoms flow towards the nucleus from a d istan t en­
vironment with an average carbon concentration. Hence, in th is  case, d i f ­
fusion of the C atoms takes place in the d irection of the concentration 
gradient. This movement of the atoms in a d irection  other than the usual one 
is  enforced by the reduction in free enthalpy.
The same arguments apply to the movement of Fe atoms flowing in op­
posite d irection. The Fe atoms must disappear from the graphite nucleus, 
increasing the Fe concentration while reducing the C concentration in the 
immediate v ic in ity .  Of course, also the d iffus ion  of Fe atoms takes place in 
the d irection of the concentration gradient in the course of formation and 
increase of the nucleus. Because of th is  atomic movement and the deviation 
from average concentration d is tribu tion , the e ffective  volume, , is , by 
a l l  means, larger than the calculated value. Also th is  contributes con­
siderably to much slower phase transformations with changes in concentration 
as compared with transformations where the concentration of the orig inal 
phase and the new phase is  identica l.
A s im ila r resu lt can be obtained in case when the cementite phase 
transformation of the melt is  considered. In th is  case, three Fe atoms in 
the c r i t ic a l nucleus are bound, to every C atom in  the iron carbide nucleus. 
Let n  ^ be the to ta l number of atoms in the c r i t ic a l  nucleus, while
VcrV
X [Лn CV V (9)
the c r i t ic a l volume (subscript v represents iron carbide).
Using the above formula, equation ( 8 ) describing the ra tio  of the 
c r it ic a l volumes can be rewritten as
Vcr Cl [ G1(GC -w + GFe]
Vcr [c»(cc -w + GFe]
( 10)
With the appropriate values substituted, the effective  volume required to 
build up the c r it ic a l nucleus of Fe^ C was found to be only one and a half 
times as large in melt->cementite phase transformation of the same melt as 
the volume of the c r i t ic a l  nucleus. As a matter of fact, a l l  that has been
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said e a rlie r with regard to the diffusion of the atoms constitu ting  the 
nucleus is  also true in  th is  case.
F ina lly , le t us consider the process taking place along lin e  E-S of 
the phase diagram (Fig. 1 ), where secondary cementite appears in  place of 
graphite in solid phase. Assume that the carbon concentration of austenite, 
C , is  7.5 at. 4.
Now equation (10) can be written fo r austenite-graphite transforma­
tio n  as
1 0.075(12.01 - 55.85) + 55.850.075 7.694
1
0.25 0.25(12.01 - 55.05) + 55.85
7.36
The re s u lt obtained with these values shows that C atoms required to build 
up the graphite nucleus are found in a volume of austenite 17 times as large 
as the volume of the c r i t ic a l  nucleus of the graphite. Also the fact that 
the volume of the graphite nuclues is  approximately 3.5 times as large as 
the volume taken up e a r lie r  by the austenite sha ll be taken in to  consider­
a tion . Another factor re tard ing the development of the graphite nucleus is 
the resu ltan t high hydrostatic compression.
From the same austenite, C atoms required fo r graphite formation may 
accumulate from a volume 3.0 times as large as for the formation of ce­
mentite. In this case, the volume of Fe^ C so produced is  smaller than the 
volume o f the austenite, but in  th is  case, the development or increase of 
the nucleus is  not retarded by the resultant hydrostatic tens ile  stress.
Summary
Some metallurgical events and processes to be taken in to consideration 
in investigating the appearance of stable and metastable phases in phase 
transformations with change in  concentration have been discussed. Two Fe-C 
and Fe-Fe^C alloys of d iffe re n t concentrations have been considered and 
examples to illu s tra te  the "e ffec tive " volume (V^ ') of the o rig in a l melt or 
so lid  solution required to  bu ild  up the new phase. In case of both alloys, 
the development of the stable phase was accompanied with high compression 
stresses and also atoms from very distant regions were required fo r the ac­
cumulation of the component at a lower concentration of the a lloy to build 
up the c r i t ic a l nucleus.
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Appearance of the metastable phase in place of the stable phase can be 
attributed to the fact that in both cases the development of the stable 
phase is  retarded, while the development of the metastable phase is  promoted 
by the stresses acting around both the e ffec tive  volume and the nucleus. In 
our opinion, th is  is  the principal reason fo r development of metastable 
phases instead of stable phases in a lloys, a phenomenon often experienced 
in practice.
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Iron and s ilic o n  are the most important im purities in aluminium produced by means 
of the Hall-Héroult process. Laboratory studies o f the equilibrium conditions o f im­
p u rit ie s  developing between the e le c tro ly tic  and m e ta llic  phases as well as the ra te of 
development o f equilibrium  are described. Without e lec tro lys is  the equilibrium  was 
found to be characterized by the constant ra t io  o f concentrations of im purities mea­
sured in  both phases while in case o f e lec tro lys is  by the s tab iliza tion  of concentra­
tions in the c r y o l i t ic  phase. In the la t te r  case equilibrium  develops at a slower ra te , 
the process is  retarded by increasing current in te n s ity .
As a resu lt of the more positive electrode potential of iron and s i l ­
icon than that of aluminium part of the im purities can be removed from the 
e lectro lyte  by aluminium by cementation. The change of concentration of im­
purities  measured in e lectro ly te  and in aluminium has been investigated in a 
high-purity graphite crucible of a diameter of 38 mm and 200 mm and a volume 
of 140 ccm and 800 ccm, respectively, at a temperature of 990-1000 °C. The 
material of the crucib le contained less than 10 g /t Fe and 10 g /t  S i. Two 
parts of c ryo lite  have been added to one part of 4N-purity aluminium in each 
crucible (molar ra tio : 2.8-2.9, CaO: 0.16%, Fe^O- :^ 0.05%, SiO^: 0.08%).
In investigating the change of iron and s ilicon  concentrations with 
time, reactions were found to take place between aluminium and e lectro ly te  
heated together even before melting of the e lec tro ly te . Therefore, aluminium 
shall be poured in to  the crucible only a fte r the e lectro lyte  has molten.
In both crucibles of d iffe ren t sizes identica l rate of change in  con­
centrations has been measured within the permissible lim it  of measurement
*S illin g e r , Nándor, H-1015 Budapest, Szabd Ilonka u. 35-37, Hungary
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e rro rs . The Fe and Si concentrations measurable in aluminium a fte r 1 hour 
have reached more than 95% of the concentrations measured 4 to 5 hours la te r. 
Therefore, the values of d is tr ib u tio n  have been determined on the basis of 
concentrations measured a fte r 2  hours of holding time at a s tab ilized  tem­
perature in each case.
The effect of the change of e lectro lys is  parameters has been inves­
tiga ted  under the follow ing tes t conditions:
— a i 2 o3
— A1F3
— CaF2
— temperature
2-7%
2- 11%
0.5-3% 
960-1000 °C.
The re su lts  obtained fo r d iffe re n t parameters showed that the e ffects of the
d if fe re n t parameters lay w ith in  the dispersion of the results of experiments
repeated under identica l conditions.
The values of d is tr ib u tio n  of iron between aluminium and e lectro ly te
vary in  the range of
5.5 - 11
(where [[Fe] denotes the Fe concentration in aluminium and (Fe) that in 
e le c tro ly te ), the typ ica l value being 7 (Fig. 1).
The values of d is tr ib u tio n  of s ilicon  vary in the range of
[Si]IsTT ' 12.5,
the most probable value being 7 also in th is  case (Fig. 2).
The values of d is tr ib u tio n  obtained fo r both iron and s ilic o n  ap­
proximately correspond to the maximum concentration ra tio  that can seldom be 
measured in the e lectro lys is  c e lls , but l ie  above the typical values.
With a view to study thoroughly the p rec ip ita tion  of iron and s ilico n , 
an e le c tro lys is  ce ll has been designed and constructed (Figs 3 and 4). The 
size o f the ce ll corresponds to a scale of 1  : 1 0 0 0  as compared with the in ­
d us tria l-sca le  ce ll and the current in tens ity  of the test c e ll can be re­
gulated in  the range of 0-100 A. An ID 200 mm high-purity graphite crucib le 
w ith a volume of B00 ccm is  located in the in te r io r of the regulable elec­
t r i c  resistance heated furnace. A 0 60 mm pre-baked anode is  protruding in to 
the crucib le  in coincidence w ith the centreline, made of h igh-purity s e lf­
baking anode paste.
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iron in e l e c t r o l y te  (%)
Fig. 1. D is tribu tion  of iron between aluminium and e lectro ly te
The e lec tro lys is  c e ll is closed, the anode gas generated in  the course 
of e lectro lys is  can be exhausted through the l id  of the crucible and a cool­
ing system. N2  gas can be introduced at more points into the c e ll to d is­
place a ir  and to cool the in te rio r. Aluminium samples can be taken through 
the l id  of the crucib le in the course of e lectro lys is  by means of a vacuum 
sampling pipe. Samples of e lectrolyte o f higher melting temperature have 
been obtained congealing the e lectro lyte on a tungsten stick.
The anode gas exhausted gets f i r s t  in to  a f i l t e r  with dust bag. From 
here i t  can be introduced into a scrubber. 2 .5-3 . 6  kg of 4N p u rity  aluminium 
and 6 .5-7.5 kg c ryo lite  with an Fe content of 0.04-0.07% and an Si content 
of 0.04-0.23% have been used for the experiments.
Higher than liquidus temperature has been selected for the electro­
lys is . Hence, an operating temperature of 980-990 °C has been used in gen­
eral.
As many as 48 experimental e lectrolyses have been carried out with the 
laboratory c e ll with cycle times of 2 - 1 0  hours and a current in tens ity  of 
50 A in general, or less in  some cases.
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Fig. 2. D is tribu tion  o f s ilic o n  between e le c tro ly te  and aluminium
In the course of e le c tro lys is , aluminium and electrolyte samples have 
been taken at intervals of 1 0  minutes to 1  hour without interruption of the 
current supply, the dust f i l t e r  has been emptied a fte r every 2-4 hours of 
e le c tro ly s is  to obtain dust q u a n tit ie s  suitable fo r analysis.
A fte r scrubbing with e ither water or NaOH solution no appreciable 
quan tities  of Fe and Si compounds have been found in  the scrubber connected 
a fte r the dust f i l t e r .  As much as 1-4% of s ilico n  and 6-28% of iron reached 
the scrubber with the anode gas presumably in  the form of very small dust 
p a rtic le s  not retained by the f i l t e r  cloth.
Alumina in an amount of 3-6% has also been mixed to the e lectro ly te  in 
every experiment in order to avoid the anode e ffe c t.
On the basis of the resu lts  of a large number of measurement, i t  was 
found th a t the iron and s ilic o n  concentrations of aluminium and e lec tro ly te
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Compressed air
s ta b ilize  a fte r 2-3 hours. The concentration changes at a slower rate in
case of e lectro lys is  than in cementation (Figs 5, 6).
[Me]The ra tio  of concentration developing at d iffe rent values of cur-
rent in tensity under identica l conditions decreases as the current in tensity  
increases (Table 1).
On the basis of the change of Fe and Si concentrations in  the alumi­
nium melt with time, the reaction order has been determined by means of the 
d iffe re n tia l equations /4 /:
dc
dt к (c Or, ( 1 )
where
c — instantaneous Fe and/or Si concentration in aluminium,
Fig. 3, Block diagram of the laboratory e lectro lys is  c e ll
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Fin. 4. Construction o f the laboratory e le c tro ly s is  c e ll
cq — equilibrium  concentration of Fe and/or Si in  aluminium in the given 
te s t , 
t  — time, 
к — constant,
г — number expressing the reaction order.
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Fe in aluminium
Fig. 5. Change of iron concentration in  e lec tro ly te  and aluminium
Fig. 6 , Change o f s ilico n  concentration in  e lec tro ly te  and aluminium
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Table 1. Ratio of Fe and Si equilibrium 
concentration between aluminium and 
c ry o lite
Current In tens ity
(A)
Æ eÿ
(Fe%)
/S i %7
(Si%)
0 7.9 9.4
5 7.6 7.4
15 6.5 6 .2
50 4.9 4.8
With the data il lu s tra te d  in  a lg  - lg  (cQ - c) co-ordinate system, 
s tra ig h ts  have been obtained, indicating a reaction order of
1.5 for cementation and e lectro lys is  in case of s ilicon  p rec ip ita tion  
while
1 . 2  for cementation and
0.7 for e lectro lys is  in  case of iron precip ita tion.
Experimental e lectrolyses using c ryo lite  and aluminium melts of d i f ­
fe ren t Fe and Si concentrations at a uniform current in tensity of 50 A show­
ed tha t the ra tio  of s tab ilized  concentrations is  not a given value contrary 
to the case of cementation while the Fe and Si concentrations of the elec­
tro ly te  stabilized w ith in re la t iv e ly  narrow lim its  a fter 2-3 hours:
— Fe concentration of e lec tro ly te : 0.008-0.02%,
-- Si concentration of e lec tro ly te : 0.006-0.016.
E.g. e lectrolysis by means of aluminium cathode containing 0.5% of Fe 
and 0.5% of Si at a current in tens ity  of 50 A in a cryo lite  melt containing 
0.11% of Fe and 0.065% of Si resulted a fte r 5 hours in a Fe concentration of 
0.017% and a s ilicon  concentration of 0.012%, corresponding to a d is tr ib u tio n  
of 40 fo r iron and 49 for s ilic o n  between aluminium and e lectro ly te .
In an electrolyte containing 8-10% of AIF- ,^ the stabilized Fe and Si 
concentration is  lower than in  an e lectro ly te  without additive, the typ ica l 
values approaching the lower l im it  of the concentration ranges given above.
A reduction of the e lec tro ly te  temperature by 40 °C resulted in  no 
measurable e ffect upon s tab ilized  concentrations.
In the d iffe rent experiments, the quantities of f ly  dust leaving with 
the anode gas varied between 0.8 and 2.2 g/h. The quantity of f ly  dust in ­
creased s lig h tly  with increasing current in tens ity  while i t  remained unaf­
fected by changes in the e lec tro ly te  composition.
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Typical dust composition:
Fe 0.2-0 .5%
Si 0.8-1 .54
C 2-Ъ\
Al 10-249=
Na 17-22%
F 30-39%.
The results of the experiments have been evaluated by thermodynamic 
calculations.
Although FeF2  and SiF^ compounds are assumed to be present in  c ryo lite  
melt by most authors, the cementation equilibrium  conditions of oxides have 
been calculated to compare with the conditions developing in e lectro lys is  
where not fluorides, but oxides are decomposing.
Cementation reactions:
3 (FeO) + 2 [Al] = 3 [Fe] + ( A l ^ )  (2)
and
3 (Si02) + 4 [Al] = 3 [Si] + 2 (A1203), (3)
where the parentheses () indicate the molten electro lyte phase while the 
brackets [ ]  the molten aluminium phase.
The conditions of equilibrium of the reactions can be calculated on 
the basis of standard free enthalpy:
With the equilibrium  constants w ritten  with the equilibrium a c tiv it ie s  
and taking in to consideration that the a c tiv ity  of aluminium can be con­
sidered to be equal to 1:
к a(A l203) ' 3 [Fe]
2 2. T
[A l] ’ 3 [FeO]
4A1203)
ÜeL
3(FeO)
3 " 4a
■(A1203) ■ 3 [Si] 2 
3 = я '
[ ai]  ' 3 (Si02)
(A1203)
I M L )  .
3(Si02)J
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Numerical values o f equilibrium  constants at 960 °C and 1000 °C (1233 
and 1273 K, respectively):
Decomposition voltage o f the metallic compound in e lectro lys is :
(4)
where
E — decomposition voltage (V),
G°MeO — standard free enthalpy of formation of MeO compound (J/gmol),
Z — valence of Me metal in  MeO compound,
F — Faraday constant (96500 As),
A — instantaneous a c t iv ity .
The reactions of decomposition instead of formation of the compounds 
w i l l  be used for ca lcu lations in  what follows. Accordingly, the negative 
sign w i l l  not be used in  the denominator of formula (4).
Assuming that CO2  gas is  generated on the carbon anode in e le c tro lys is  
of SÍO2  and FeO like  in case of aluminium
(5)
( 6)
( 7 )
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With the a c tiv ity  of aluminium and carbon assumed to be one and the 
formulae for the three decomposition voltages reduced to a common deno­
minator we obtain
E
c
E
A1
Fe
Si
In f r
In f r
ln f r
The expression of C02 is  identica l in  the formulae of a l l  the three 
decomposition voltages (framed with dashed lin e ) . I t  means that C02 reduces 
the decomposition voltage to the same extent in  each case. This reduction 
w i l l  be 1.02 V at 1233 K, the usual temperature of e lec tro lys is , provided 
the p a rtia l pressure (or fugacity) of CG2 generated on the anode is  iden­
t ic a l  with a ir  pressure tha t is  its  value is  one.
At the beginning of the e lec tro lys is , the metal of more positive 
electrode potentia l is  the f i r s t  to deposition the anode. Then, as the pro­
cess advances, also the decomposition voltage increases with an increasing 
A /А(^ед) ra tio  to reach the value of decomposition voltage of the next 
metal, from that time on, both metals are deposited together on the anode. 
E.g. in case of a combined deposition of aluminium and s ilico n :
With the above equation rearranged we obtain:
which is  essentia lly the formula of the equilibrium constant of cementation 
reaction /3 /.  A s im ila r relationship applies also to co-deposition of alu-
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F ig . 7. Decomposition voltage o f iro n  oxide, s ilico n  oxide and aluminium oxide at 1233 К as a
function of a c tiv ity
minium and iron. Hence, according to formal thermodynamic calculations, a 
co-deposition of metals s ta rts  at concentration ra tios where cementation 
w ithout electrolysis has ju s t been completed. Assuming identica l alumina 
concentration, the value o f A /А(^ед) ra tio  therefore had to be higher 
than what would characterize the cementation equilibrium.
I t  has been proved tha t the conditions of co-deposition are not a f­
fected by the carbon anode taking part in the reactions of e lec tro lys is . In 
Fig. 7 the values of decomposition voltage of aluminium oxide, iron oxide 
and s ilic o n  oxide as a function of a c tiv ity  in case of an in d iffe re n t anode 
at a temperature of 1233 К are illu s tra te d  diagrammatically.
The concentration range of 1.5-8% A^O^ typ ica lly  occurring in  elec­
t ro ly s is  ce lls  is indicated by points a_ and b_ along the abscissa. According­
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ly ,  in case of an in e rt anode, the decomposition voltage of aluminium oxide 
varies between points 1-2. Starting e.g. from points 7 and 8, the cement­
ation equilibrium of s ilico n  and iron takes place between points 3-4 and 
5-6, respectively. Characteristic of the typ ica l points is  an order of mag­
nitude of 106-107 for s ilico n  while about 1010 for iron along the abscissa. 
At the same time, a value between 1 and 5 has been measured fo r the d is t r i ­
bution of Fe and Si between aluminium and e lectro lyte  in terms of molar 
fraction  in  cementation experiments. Hence, there is  a difference of 6 to 10 
orders of magnitude between calculated and measured values.
Two reasons have been found to explain th is  enormous difference /5 /:
— iron oxide and s ilico n  oxide enter in to reaction with the consti­
tuents of the e lec tro ly te , resulting in a more stable compound than 
the e lec tro ly te ;
— part of the iron  and s ilicon  compounds is  not in dissolved state in 
the e lectro ly te .
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INVESTIGATION OF THE SPECIFIC ENERGY CONSUMPIION OF PCR 
COPPER REFINING
SZEPESSY, A. 4 - KÉKESI, T.**
(Received: 8 November 1990)
On-site measurements were made on every day o f a complete anode cycle to inves­
tiga te  the most important parameters of PCR (Periodic Current Reversal) e le c tro ly tic  
copper re fin in g , a technology introduced recently, fo r a l l  the c e lls  o f an e lectro lys is  
tank. On the basis o f the resu lts , the changes o f current e ffic iency  and tank voltage 
components as a function o f time and the reasons fo r these changes were determined. 
Bearing in mind the resu lts , p o s s ib ilitie s  of reducing the specific  energy consumption 
were investigated. I t  was found that the advantages offered by PCR operation o f high 
current density could be fu l ly  u t il iz e d  only i f  the electrodes were prepared, and the 
tank operated, more ca re fu lly .
DC e lec tro lys is , the conventional process, is  s t i l l  widely used in 
e le c tro ly tic  copper re fin ing . At the same time, the PCR (Periodic Current 
Reversal) process is  finding increasing use with a view to increase the pro­
d uc tiv ity  of copper re fin ing . Today more than 16% of the world 's cathode 
copper production resu lts  from PCR e lec tro lys is . The production figures of 
PCR copper re fin ing  plants are shown in Table 1.
The PCR technology, essentially a patented Austrian version, was in­
troduced in Csepel Metal Works in 1985. Measurements were made at the copper 
e lectro lys is  plant of Csepel Metal Works to determine the spec ific  energy 
consumption of the PCR process and to evaluate the results comparatively.
The specific  energy consumption of PCR e le c tro ly tic  re fin ing  can be 
calculated on the basis of relationship
N = a —-— , kAh/kg of copper, (1)
ne ff
*Szepessy, Andrásné, H-3524 Miskolc, Adler Károly u. 36, Hungary 
ixKekesi, Tamás, H-3532 Miskolc, Tátra u. 13, Hungary
Akadémiai Kiadö, Budapest
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Table 1. Production figu res of plants using PCR technology /1—7/
Rio T in to  
Patino
James Bridge 
Copper Works
Tamano
Smelter
Ural-
elektromeg
Montanwerke
Brixlegg
Csepel 
Metal Works
Cathode production t/a 109000 56000 96000 32812 17 500
Current density A/rn^ 330 350 350 360 358 245
Current u t il iz a t io n % 95-96 90 95.В 86-89 90 92
S pec ific  e le c tr ic  
energy consumption kWh/t
437 500 377 445 444 415
S pec ific  steam 
consumption t / t
0.75 0.25 0.18 0.B0 0.31
Anode residue 20 14.4 IB .4 11.2
where
a — constant calculated on the basis of the electrochemical equivalent,
0.8437 kAh/kg of copper, *
E — ce ll voltage, V,
nej£  — effective current e ffic iency.
The ce ll voltage and i t s  components have been measured d ire c tly  as the 
p o te n tia l difference between the appropriate points of the d is tr ib u to r bars 
and electrodes of the tank investigated. The points of measurement and the 
d e fin it io n  of the voltage components are given in Fig. 1. A test contact has 
been used to measure the po ten tia l of m etallic components while the gross 
po la riza tion  voltages have been evaluated by means of a copper reference 
electrode. Voltage has been measured by means of an MM 2002 d ig ita l m u lti­
meter o f an accuracy of about 1 mV in every case.
The daily average voltage fo r the entire tank has been calculated on 
the basis of the daily values of voltage fo r 56 c e lls . The values of voltage 
charac te ris tic  of the given cathode cycles, illu s tra te d  in Fig. 2, were de­
termined as the average of the mean values fo r days associated with the d i f ­
ferent cathode cycles. F in a lly , the average values of voltage characteristic 
of the en tire  anode cycle have been obtained as the mean value of voltages 
fo r the three cathode cycles (F ig. 3).
The effective current e ffic iency, expressing the e ffic iency of the 
electrochemical work, can be calculated in the knowledge of the useful (1^) 
and e ffe c tive  ( I ^ ^ )  current:
ne ff j — —  • 1 0 0 ,  % .e ff
( 2 )
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и
cathode
anode
Fig. 1. Voltage measurements
— c e ll voltage, U2 — cathode contact voltage drop, U3 — anode contact voltage drop, 
U5 — anode-cathode voltage, U6 — cathodic po la riza tion , U7 — anodic po la riza tio n )
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Fig. 2. Average values o f voltage for the d iffe re n t cathode cycles in mV 
(E — c e l l  voltage, e^p — cathodic po larization, egp — anodic po la rization, ec — e lec tro ly te  
voltage drop, e ^  — cathode contact voltage drop, еац. — anode contact voltage drop)
M A G Y A R  -  '•
TUDOM ÁNYOS AKADÉMIA»- v  i 
KÖNYVTÁRA '■
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Fig. ?■ Average values of voltage fo r the en tire  anode cycle
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Useful current is  the net current resu lting  in  actual metal deposition 
on the cathodes:
T a • 103- 60 • A, (3)
where
a — 0.8437 kAh/kg, 
m — mass of deposited metal, kg, 
t  — time of metal deposition, min.
E ffective current is  the weighted net current resulting in cathodic 
cation deposition:
(It - I t )
I = ———------------e ff  t
P
(4)
where
I  — forward current in tens ity , A, 
t  — forward current time, s,
I_ — reverse current in tens ity , A, 
t_ — reverse current time, s, 
t  — cycle time, s.
The values of useful and effective current intensity have been de­
termined fo r each of 29 cathodes of the experimental e lectro lysis tank of 
the p lant on 19 d iffe re n t days of a complete anode cycle.
Useful current flowing through cathode j  w ith in time At^ was ca lcu la t­
ed according to re la tionship  (3). The change in mass of the d iffe ren t cath­
odes, Дгть, was determined on the basis of change in the apparent weight 
of the cathodes with the l i f t  force subtracted from i t ,  using the fo llow ing 
formula :
Am. 
J ( F „  - F ., )
Cu
j2 j l  PCu
kg. (5)
The mass of the cathodes was measured by means of a device developed 
by the s ta f f  of the Department of Nonferrous Metallurgy, illu s tra ted  schema­
t ic a l ly  in  Fig. 4. The e lectro ly te  and cathode copper density (p and Pqu) 
has been measured by means of an aerometer and an aeropycnometer, respec­
t iv e ly .
To calculate the value of effective current flowing through cathode j  
by means of re lationship (4 ), the forward and reverse current has been de­
termined using formulae
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Fig. 4, Measuring device fo r determination o f current e ffic iency 
Cl — l i f t in g  hook, 2 — cathode, 3 — scale, 4 — plank, 5 — rubber pad, 7 — threaded jack, 
8 — p la s tic  connection stub, 9 — rod, 10 — leve l, 11 — tare)
U. - U.
I .  = j * -  j ° , A
" k j
and
where
U. - U.
^ ° . A.R. . kJ
( 6 )
(7)
lh + — voltage drop along a de fin ite  length of the cathode rod, resu lting 
from forward current, V,
lh_ — voltage drop along a de fin ite  length of the cathode suspension bar, 
resu lting  from reverse current, V,
lh Q — measured correction of base point s h if t  resulting from temperature 
rise  of the instrument, V,
— resistance of given length of the cathode suspension bar, ohm.
The voltage drops were measured by means of a test contact. The ampli­
fied output signal was read from a d ig ita l multimeter.
Relationship
Rk j = P20 C1.+ a 20^Tj  ” 20)]  A ’ ohm
was used to calculate the resistance of a defin ite  length of the cathode 
suspension bar, where
P20 — specific  e lec tr ic  resistance of copper at 20 °C, 0.017B-10- ohm-m,
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< * 2 0  -- temperature coe ffic ie n t of the e le c tr ic  resistance, 3.92-10  ^ 1/°C,
Tj — cathode suspension bar temperature, °C,
1 — length of the cathode suspension bar section, 0.15 m,
-4 2A — cathode suspension bar cross section, 5.76-10 m .
The cathode temperature was measured by means of a thermistor temper­
ature sensor.
On a given day, the overall e ffective current efficiency was ca lcu la t­
ed as the average fo r the entire  tank, using relationship
n
2 , ,
" e f l  - '■  №
where
n — number of cathodes of an evaluable current e ffic iency.
The average current e ffic iency for the entire  cathode cycle (n is  
given by the arithmetic mean of the daily averages. In calculating the aver­
age fo r the entire  anode cycle, an average weighted by the number of
days of the cathode cycles has been calculated on the basis of the mean 
values of the three cathode cycles. The change of average effective current 
e ffic iency  with anode cycle time is  illu s tra te d  in  Fig. 5.
The values of average specific energy consumption of the experimental 
e lec tro lys is  tank per cathode cycle and day can be read from Fig. 6 , where,
fo r the sake of evaluation, the values of л and E are also indicated.ef f
The production figures of the copper e lectro lys is  plant of Csepel 
Metal Works are comparable with the production figures of Montanwerke B rix- 
legg, Austria because the process developed there and used also in  Csepel 
d if fe rs  fundamentally ff-om the PCR technology used by the other plants 
shown in  Table 1. As compared with the PCR technology used in general, the 
Austrian process uses a considerably shorter cycle time and a higher current
pulse rate in order to reduce e ffic ie n tly  overvoltage.
2
In case of a current density of 242 А/m s im ila r to that used at the
copper re fin ing  plant of Csepel Metal Works, the specific  energy consumption
of Montanwerke Brixlegg is  341 kWh/t, the p roductiv ity  8 6  kg of copper per 
2
m of tank surface, while in  case of a rated current efficiency of 95%, the 
value of c e ll voltage is  384 mV /13/.
Although the spec ific  energy consumption fo r the f i r s t  cathode cycle 
(340.73 kWh/t) corresponds to the Austrian value considering that, because 
of the large number of short-c ircu ited  ce lls  resu lting  in a very low current
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f i r s t  cathode cycle second cathode cycle third cathode cycle
1 0 0
ic-1
50 -
10 15 20
anode cycle ti me , d
----------rj_ eff 4 e f f  —  ' —  '
Fig, 5, Change o f average e ffec tive  current in tens ity  as a function of anode cycle time
effic iency (56.33%), the ce ll voltage is  only 218 V (as compared to about
378 mV in case of normal operation), the productivity per un it tank surface
2 2is  as low as 54.49 kg/m -d (the tank surface being 2.67 m ), which is  only 
65% of what is  normally expectable in  case of such an energy consumption.
The conditions of the second cathode cycle are optimal as proved 
c lea rly  by data in  Fig. 6. As a resu lt of the much more uniform current 
supply (he££ = 77.79%), the c e ll voltage (333 mV) is  comparable with the 
Brixlegg value and also the specific  energy consumption of 377 kWh/t is  ac- 
ceptable. The productiv ity is  fa i r ly  good in  th is  cycle (94.88 kg/m -d).
In the th ird  cycle, the current e ffic iency is  p rac tica lly  iden tica l 
with that of the second cycle (n = 77.86%). However, the value of ce ll 
voltage averages at 460 mV due to the poor shape of worn anodes and con­
taminated contacts, which is  by about 80 mV higher than in  Brixlegg. As a 
resu lt, the specific energy consumption is  unacceptably high, i t s  value 
ly ing  at 520 kWh/t. A s t i l l  acceptable productivity (81.54 kg/m -d) can be 
achieved only at the expense of an additional energy of about 180 kWh/t.
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. 6, Change of specific  energy consumption as a function of anode cycle time
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The results of our investigations suggest that, under the conditions 
of the Csepel copper re fin ing  plant, the economic effic iency of the process 
is  determined by the current e ffic iency in the in i t ia l  period of elec­
t ro ly t ic  re fin ing  while by the c e ll voltage towards the end of the process.
In the f i r s t  cathode cycle, an improvement of the p roductiv ity  can be 
expected from increased current e ffic iency.
The e ffec tive  current e ffic iency of a PCR process depends, in  addition 
to the values of reverse current time and current in tensity , la rge ly  on the 
symmetry of currents of the tank. Due to uneven d is tribu tion  of current 
among the cathodes, there is  a s ig n ifican t difference in the e ffic iency  of 
the electrochemical work between the d iffe re n t ce lls of the tank. The pro­
duc tiv ity  of ce lls  of high resistance, which le t minimum current flow 
through even in case of a high tank voltage, is  low and thus also the spe­
c i f ic  energy consumption of these ce lls  is  unfavourable. At the same time, 
in some ce lls  of undesirably low resistance, the current in ten s ity  may lie  
well above the optimum value under given circumstances, moreover, even short 
c irc u its  between m etallic components may occur in the worst case, resulting 
in a s ign ifican t increase in specific  energy consumption.
The main factors responsible fo r the uneven current d is tr ib u tio n  among 
the cathodes are the variable qua lity  of the cathode contacts and the geo­
metrical asymmetry of the ce lls  in combination. The accurate geometry of the 
ce lls  is  of decisive importance in respect of the processes speeded up due 
to the increased current density as emphasized also in the relevant l i t e r ­
ature. In England /2 / and in Japan /3 /,  p lastic distance pieces and a 
special device developed fo r th is  puprose provide for the v e rtic a l position 
of dimensionally accurate anodes and cathodes as well as fo r a constant 
electrode spacing. Jacobi /9 / underlines the advantages of continuous anode 
casting, mass control during anode casting, the ideal c rysta l structure and 
smoothness of metal deposited on titanium plate as well as of pressure 
straightening of the deposited metal.
The symmetry of the ce lls  and thus also the inc lina tion  of the elec­
trodes to short c irc u it  depends on the time of e lec tro ly tic  re fin in g . In the 
course of e lec tro lys is , even perfectly  symmetric ce lls may become asymmetric 
a fte r some time due to uneven d issolution and deposition of the metal and 
displacement of the electrodes.
Under experimental conditions, the effective current effic iency 
changed as a function of time (days of cathode cycle) in the three cathode 
cycles according to the following relationships:
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ne ff j  = 64.72 - 1.23 t ,  % (12)
ne ff I I  = 79.82 - 0.42 t ,  % (13)
nef f m  = 79.12 - 0.26 6, 4. (14)
The current e ffic iency was lowest in the f i r s t  cathode cycle because 
at tha t time, the thickness of the anode was s t i l l  considerable and the 
close electrode spacing — about 3.5 cm — favoured the development of short 
c irc u its .
The current e ffic iency  reduces in every cathode cycle as a function 
of cycle time. This is  explained by the increasing unevenness ef the cathode 
surface as the cathode cycle advances, resulting in  a reduction of the elec­
trode spacing. According to /9 / ,  the unevenness of the cathode surface in ­
creases exponentially with the time of the cathode cycle. On the basis of 
s im ila r experiences at James Bridge plant, England, the time of cathode 
cycles has been reduced to 7 days /2 /.
The effect of the cathode cycle time that is  the slope of the lines 
reduces with the advance o f the anode cycle. A reason fo r th is  is  that in  
case of an electrode spacing of 4 cm and 4.5 cm in  the second and th ird  
cycle, respectively, the e ffe c t of the unevenness of the cathode surface 
loses in  strength. Another reason is  a reduction of the e lec tric  charge in ­
put in  the course of the anode cycle: values of 60.346, 57.646 and 47.059 
Ah/m have been measured fo r the three cathode cycles. 'Aging' of the cath­
odes occurred at the e a r lie s t in the f i r s t  from among cycles of identica l
2time. The c r it ic a l value of 50 000 Ah/m , permissible in case of an e ffective
2
current density of 235 А/m and a cycle time of 10 days, has been most ex­
ceeded by the input charge in  th is  cycle.
In the th ird  cycle, the specific energy consumption can be reduced 
f i r s t  of a l l  by reduction o f the ce ll voltage.
From among the c e ll voltage components, both the e lectro lyte and con­
tac t voltage drops increase in  the course of the anode cycle as seen in 
Fig. 2. The increasing e lec tro ly te  voltage drop resu lts  fundamentally from 
the increasing electrode spacing due to diminution of the anode as well as 
from the reducing useful anode surface, an inherent feature of given tank 
construction. At the same time, the current e ffic iency is  affected favour­
ably by an electrode spacing increasing with the cathode cycles. The contact 
voltage drop depends on the mass of electrodes and qua lity  of contact. A re ­
ENERGY CONSUMPTION OF PCR COPPER REFINING 209
duction in the mass of the anodes contributes to the increasing anode con­
tact voltage drop but the e ffect of contamination of the d is tr ib u to r bars is 
decisive in th is  respect. This is  proved by the fact that, in the course of 
the anode cycle, the cathode contact voltage drop increases continuously in 
spite of renewal of the cathodes in every cycle. The contacts and conductor 
ra ils  must therefore be kept clean: in  case of the 'CUP BUS BAR' system de­
veloped in Japan, the contacts are continuously washed.
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OPTIMISATION OF COLD STRIP ROLLING
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The paper gives an analysis o f the conditions of achieving the maximum one-hour 
output of a cold ro l l in g  tra in  — in addition to meeting the requirements of f la t -  
ly in g  and form conformity. I t  is  established tha t there is  a close accordance between 
the adjustable ro l l in g  parameters (height reduction, ro llin g  speed, fro n t and back 
s t r ip  tension, ro l le r  bending, zone cooling) fo r the purpose o f meeting the above 
requirements, and the p o s s ib ilit ie s  o f ensuring them is  pointed ou t. The steady 
achievement o f th is  accordance is  possible e ither on a ro llin g  t ra in  w ith process 
con tro l, or fo r lack of i t ,  a pass schedule should be developed which ensures meeting 
the condition of f la t - ly in g  with a high h it  p robab ility  of maximum output.
The s im la tio n  mathematical model o f computer aided optimum cold ro l l in g  technol­
ogy, and the attainable resu lts  under the given lim itin g  conditions, respective ly , are 
illu s tra te d  by diagrams.
Quality demands made by modern s tr ip  manufacturing industries, espe­
c ia lly  on form parameters, have increased considerably in recent years. Due 
to the deformation laws of ro llin g , each technological operation has its  
e ffect on the shaping the f in a l form.
On ro llin g  tra ins without r o l l  throat controlling automation, i t  is 
usually impossible to exploit the maximum nominal speed permissible me­
chanically because of the random choice of technological parameters. This 
u ti l iz a t io n  is  lim ited by the in terna l stresses (corrugation, s t r ip  fa ilu re ) 
arising from non-uniform deformation.
As fa r as productiv ity is  concerned, only such a cold ro ll in g  technol­
ogy can be considered to be optimum which ensures that the largest quantity 
of ro lled  products of a given material grade be processed s ta rting  from the 
specified in i t ia l  dimensions on a given set of ro lls  per un it of time.
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According to the op tim a lity  crite rion  of qua lity  requirements, the aim 
is  to  r o l l  a cold s tr ip  which meets the requirements of f la t- ly in g  (form 
conform ity) beyond dimensional accuracy meeting the up-to-date special­
iza tio ns .
Therefore, the development of optimum cold ro llin g  technology requires 
tha t several conditions be met simultaneously, and cannot generally dispense 
w ith the employment of computers. In the course of developing th is  technol­
ogy, i t  is  possible to estab lish the speed range, the minimum and maximum 
stre tch ing  forces, the maximum ro llin g  force and moment to be applied, the 
engine outputs, the necessary heat dissipation capacity, of the cooling- 
lu b rica tin g  media, the primary crowning of the ro l ls ,  the operation range of 
r o l l  bending equipment, e tc.
Only the computed data can serve as a basis fo r determining with com­
p le te  ob jec tiv ity  how and what to choose the values of the characteristic 
basic parameters (e.g. primary crowning) of a ro ll in g  tra in  expediently fo r 
a p a rticu la r range of products: For the primary parameters of ro llin g , i t  is  
expedient to choose the r o l l  system (around primary crowning) with char­
a c te r is tic s  corresponding to  the highest theore tica l one-hour ra ting. By 
using the computed values, i t  is  possible to determine the theoretical one- 
hour ra ting  of the r o l l  system chosen in th is  way fo r the manufacture of 
smaller batch weights. 1
1. Operation experiments
The va lid ity  of the physical and mathematical relationships fo r the 
optim ization of cold ro ll in g  technology has been checked in actual exper­
iments in  several m ills . The characteristic data of ro llin g  technology were 
measured and registered in  the manufacture of products of various dimensions 
and qua lity . In the course o f these measurements — in addition to the usual 
data o f ro lling  technology — the temperature of the r o l l  jacket was re­
g istered along a generatrix at three d iffe ren t places by means of a specific  
measuring technology (F ig. 1).
Figure 2 shows the character of change of jacket temperature and r o l l ­
ing speed, with the time o f the parameters registered. I t  can be c learly  
seen tha t while the ro ll in g  speed is p rac tica lly  constant (v = 8 m/s) in the 
f iv e  passes, the steady-state temperature of the r o l l  body measured in the 
middle of i t  and at the s t r ip  changes in the successive passes (Fig. 3).
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In cold s tr ip  ro llin g , however, i f  there is  no ro l l  throat co n tro lling  auto­
mation on the r o l l  stand, s tab iliza tion  of the c a lo r if ic  condition of the 
ro lls  is  to be achieved in  order that the change in thermal crowning of the 
ro lls  of large masses, and therefore of high thermal in e rtia  (o f high time 
constant) should not influence the r o l l  throat or the f la t- ly in g  of the 
s tr ip  being ro lled . The sine qua non fo r s tab iliz ing  the c a lo r if ic  condition
Fig, 1. Location of the temperature measuring pick-up boxes
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Fig, 2. Change in  the temperature of the r o l l  jacket with the time 
(m ild  s te e l;  b0 = 380 mm; h0 = 3.5 mm)
is  th a t the amount of heat (heat fluxes) entering and dissipated from the 
r o l l  body should be equal. The amount of heat extracted is  the resultant of 
the cooling effect of the cooling-lubricating emulsion ( f i r s t  of a l l  of the 
amount o f the emulsion) and of the cooling e ffec t of the ro l l  journals.
As a result of the data obtained from the numerous operation exper­
iments, i t  was possible to  enhance the re l ia b i l i t y  of the theoretical re­
la tio n sh ip .
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Fig. 5, The temperature of the r o l l  jacket in  the individual passes
2. Basic technological princip les
Earlier when setting up a pass schedule for cold ro llin g , the height 
reduction to be achieved in the pass under examination served as a s tarting  
point, and the dimension of the r o l l  throat to be set(s) was determined from 
the resultant spring constant of the p la s tic ity  curve and the r o l l  stand 
(Fig. 4). The upper l im it  of the height reduction was determined by the 
s lipp ing of the s tr ip  and by the lim it  of forces and moment, respectively. 
The r o l l  crowning necessary for the height reduction chosen in th is  way can
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the o re tica lly  be determined as a function of the e las tic  deformation of the 
m ateria l being ro lled and tha t of the ro lls  as well as a function of thermal 
crowning. So far pass scheduling allowed us to re la te  any ro llin g  speed to 
the deformation chosen. R olling speed, however, a ffects thermal crowning and 
the resultant deformation o f the ro l l  throat, respectively, through heat ge­
neration, as well. This, in  turn, can and has to be corrected by bending 
the ro l ls .
In the individual passes, the related ro ll in g  characteristics are to 
be chosen so that th e ir  e ffe c t should lead to the achievement of the de­
s ired  resultant deformation by means of the r o l l  throat developed in  the 
pass. When determining the r o l l  throat, the follow ing should be taken into 
consideration:
Fig. 4. S e tting  the r o l l  throat (ch a ra c te ris tic  diagram)
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— the form of the entering s tr ip  ( le n t ic u la r ity ; 5h );
— the e las tic  deformation of the ro l ls  (at the centre-line: Ve^as >^ 
which depend on the fla tten ing  of the ro l ls  in addition to the bending of 
the centre-lines of the working ro lls  and the g rip  ro lle rs  computed w ith the 
consideration of com patib ility ;
— the primary crowning ground on the ro lls  (fo r the diameter: 2 yQ) ;
— the force necessary for deforming the material (p la s tic ity  curve);
-- the thermal crowning proportional with the ro lling  speed and the
amount of deformation (y .u ).therm
The ro llin g  characteristics must be harmonized so that the s tr ip  
should remain f la t- ly in g  a fte r each pass. This condition can be expressed as 
follows: the re la tive  height reduction (e) and the elongation (X ), respec­
t iv e ly ,  should be equal a l l  along the s tr ip  width (Fig. 5):
6hl  = Ï T  ' 5h0 = (1 -  °  • 6ho- 0
The resultant dimensional deviation of the r o l l  throat along the s tr ip  
width should therefore be exactly óh^:
5nl  = hl ,  mid “ hl ,  b/ 2  = 2 ' yth roa t, b/2 ‘
Fig. 5, The form of the r o l l  th roa t
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3. Working point of rolling
On the basis of those mentioned above, the optimum crowning can be 
determined fo r a single pass. That is : a s tr ip  with given le n tic u la r ity  ShQ 
can be ro lled  with ro lls  of a given primary crowning only at re lated speed 
and height reduction. Namely, an increase in  height reduction leads, f i r s t  
of a l l ,  to an increase in  the ro llin g  force, which, in turn, increases the 
e la s tic  bending of the ro lls  and the r o l l  th roa t. An increase in the ro llin g  
speed, in  turn, causes the heating of the r o l ls ,  thus increasing the thermal 
expansion of the ro lls ,  and narrowing the r o l l  throat, respectively. In 
Fig. 6, th is  phenomenon is  illu s tra ted  fo r pos itive , planparallel and nega­
tiv e  ground primary crowning. In the figu re , F(y ) represents the force ne­
cessary fo r le ve lling  the ground primary crowning (in  case of a negative 
primary crowning i t  is  a v ir tu a l force), the fan curve representing the 
force required fo r repressing the thermal crowning.
On the basis of Fig. 6, i t  is  possible to determine the ro ll in g  force 
necessary fo r forming the r o l l  throat meeting the geometrical requirements 
of f la t- ly in g  s tr ip .
For a given s tr ip  tensioning, the ro llin g  force depends on the speed and 
the deformation (Fig. 7), that is  the working point of ro lling  is  the common
v 3 >  v 2 =* V1 >  vo
\->
\ \ \
\ Wwо
b)
Fig. 6. The force needed for "straightening" the ro ll  generatrix
a) the r o l l  has a positive primary crowning
b) the r o l l  is  cy lindrica l
c) the r o l l  has a negative primary crowning
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Fig, 7, P la s tic ity  curve (the actual ro lling  force)
Fig. 8. The new characteristic diagram of cold ro llin g
220 V O IT H , M . -  DERNEI ,  L .  -  ZUPKÓ, I .  -  V O IT H , К .
F
Fig. 9. Determining the working points of ro llin g  for a reversing stock
h3-v3 = h2-v2 = hi'V1 = const.
Fig. 10. Determining the working points of ro llin g  for a continuous tra in
so lu tion  of the required force and the p la s tic ity  curve (actual force). The 
p rin c ip le  of determining graphica lly the working point of ro llin g  is  i l ­
lus tra ted  in  Fig. 8. In the figu re , the thick lin e  lin k in g  the intersection 
points of the curves with equal ro lling  speeds, the so-called working
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points, represents the characteristic curve of the ro llin g  tra in  as related 
to the pass under examination.
The figures show the application of the principles set fo rth  to three 
passes of reversing four-high ro llin g  m ill (Fig. 9) and to those of con ti­
nuous r o l l  tra in  (Fig. 10).
4. The influence of roll roughness
In ro llin g  tra ins both with and without r o l l  throat con tro lling  auto­
mation, the size of the achievable deformation and/or that of the ro llin g  
speed is  lim ited both by the quantity of the heat of deformation and that of 
fr ic t io n . Our suggestion is : i f  the surface of the working ro l ls  shows a 
roughness determined by the ro llin g  condition, the energy equalling the 
quantity of the heat of fr ic t io n  "saved" in  th is  way need not be consumed 
(energy-saving cold ro llin g ) .  In another approach, the energy saved can be 
u tiliz e d  for increasing the speed of ro llin g  and/or that of deformation 
per pass.
With a l l  the princip les outlined above taken into account, i t  is  pos­
s ib le  to develop a cold ro llin g  technology fo r which the maximum s tr ip  tem­
perature is  pre-determined and the maximum le n tic u la r ity  of the f in a l prod­
uct is  specified.
The optimization p o ss ib ilit ie s  of cogging technology fo r aluminium 
fo i l  with three passes are presented as a concrete example of application.
The f in a l resu lt of the calculation run with the unchanged basic data 
of the processing technology (Fig. 11, varia tion  W) is : the working ro lls  
ground with a primary crowning of 2yQ = +100 /im and with a stone of rough­
ness К = 220 at present make possible on the application of extremely low 
speed level specified operationally, as the temperature of the f in a l product 
reaches the flash-point of the lubrica ting  o i l ,  nevertheless: T ^ ^ ^  = 109 
°C. (This consistency also proves the re l ia b i l i t y  of the program.) In addi­
tio n , the c a lo r if ic  condition of the ro lls  is  d iffe ren t fo r each pass (the 
spreading range has been blackened), but the time constant of the devel­
opment of the thermal crowning is  high, so the danger of non-uniform defor­
mation and rupture is  present. The s itua tion  is  rendered even worse by the 
fact that r o l l  throat contro lling  (e.g. exertion of a bending force) would 
be needed in a l l  passes, because of the not absolutely accurate choice of 
the primary crowning. A ll the above said proves that on ro llin g  tra in s  with-
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Fi neness o f  the 
g r ind ing  wheel 
К
The ground primary 
crowning of the rolls
2Vo , pm
w 220
ОО+
A 320 +100
В 320 +80
Blackened ares : spreading range
Fig . 11. Comparison of the characteris tic  parameters
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out r o l l  throat contro lling  automation, i t  is  generally not feasible to
u t i l iz e  the maximum speed permissible mechanically because of the random 
choice of the technological parameters. I t  is  lim ited  by the internal 
stresses arising from the non-uniform deformation (corrugation, s tr ip
rup ture).
The ro llin g  parameters in variant in  Fig. 11 were determined for
the following conditions:the ground primary crowning is  the same(2yQ = +100
pm), but the grain refinement of the grinding wheel is  better: К = 320 ( in ­
stead of К = 220). I t  can be established that under these conditions the 
ro llin g  speed improves in  a l l  passes, and by varying the s tr ip  tensions i t  
is  possible to achieve a condition when there is  p ra c tica lly  no need for ex­
terna l r o l l  bending. Through th is  modification, the theoretical one-hour 
output of the ro llin g  tra in  for three passes increases from Q = 1.48 t/h  to 
Q = 1.9 t/h  (an increase of ^28% ), but the flash-po in t of the lubrica ting  
o i l  (110 °C) is  not closely approached as the fin ish ing  ro llin g  temperature
is  onlV ^s tr ip  = 92-2 °C-
For the purpose of increasing the heat flows (increasing the thermal 
crowing of the r o l l ) ,  i t  was examined to what extent the primary crowning, 
which is  o r ig in a lly  2yQ = +100 pm, could be changed, and a fte r several ca l­
culations i t  was found that i t s  extreme value, supposing with an unchanged 
series of height-reduction assumed, is yielded in  the form: 2yQ = +80 pm. 
(Variant E3 in Fig. 11.) The level of speed achievable with ro lls  of such 
primary crowning and ground with a fineness of К = 320 comes near the me­
chanical maximum ( i t  is  839 m/min for the stand under examination). On the 
basis of the calculated values, i t  has been rendered possible to establish 
the fact that the theoretica l one-hour output can be increased to Q = 3.2 
t/h  at the output fin ish ing  temperature T ^ -  = 112.4 °C.
5. Conclusion
I t  can be established that by understanding the physical re la tion ­
ships, by setting them up and applying them co rrec tly , that is , by mere en­
gineering a c tiv ity , i t  w i l l  be possible to meet the requirement of f la t -  
ly ing  with a high h it  p robab ility  even with r o l l  tra ins  without form con­
t ro ll in g  equipment. On tra ins  already equipped with form control, the pro­
cess described contributes to choosing the working point in a way which fa ­
c il i ta te s  achieving the maximum capacity with a minimum of control a c tiv ity  
(e.g. ro lle r  bending, zone cooling, e tc .).
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EXAMINATION OF THE POSSIBILITY OF APPLYING LATENT HEAT STORES 
AND THE PROCESS OF HEAT RECOVERY FOR PREHEATING AUTOMOTIVE 
ENGINES PRIOR TO STARTING
KISSNÉ HUNYADI, I . *
(Received: 29 July 1989)
With the aid o f heat stores waste heat risen from the running o f in te rna l 
combustion engines o f vehicles can be used fo r preheating engines of low temperatures 
p rio r to s ta rting . Owing to th is  fac t cold s ta rting  problems can be reduced in  case of 
diesel engines.
In order to decrease the nass and the volume of heat stores in vehicles i t  is  
expedient to use la ten t heat-storing materials. These storing materials store heat in 
the form of s o lid - f lu id  phase changing energy at constant temperatures and th e ir 
specific  storing capacity is  usually more favourable than that of sensible heat stores.
The heat stored in order to preheat engines should be regained in  a re la tiv e ly  
small time, which process is  hindered by the increasing amount of heat resistance of 
the so lid ify ing  phase changing m aterial.
The applied hybrid-heat-store system contains both phase changing and sensible 
heat-storing materials.
The sensible part also transfers heat between the engine and the la te n t heat- 
storing material. The optimal placement of the la ten t heat-storing m aterial makes i t  
possible to insure great heat-storing capacity and quick heat regaining. This op- 
tim alization has been carried out by examining the instationary s o lid if ic a t io n  process 
o f the latent heat-storing material both in theory and in practice.
1. In tro d u c tio n , emergence o f the problem
I t  is  obvious that greater storage capacity can be achieved w ith in  a 
re la tiv e ly  smaller volume with the application of la tent heat-storage ma­
te r ia ls  capable of storing heat in the form of so lid -liq u id  phase-change 
energy at a constant temperature than with the application of heat-sensible 
heat stores, in which the temperature is  always changing.
During the operation of the in terna l combustion engines of motor- 
vehicles, a s ign ifican t amount of waste heat w i l l  be accumulated, which is 
emitted into the environment through cooling water and the exhaust gases,
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respective ly. By means of a heat store mounted on the vehicle, a frac tion  of 
the waste heat can be recovered and used independently from the operation of 
the engine. In th is  way, the amount of heat accumulated in the heat store 
can be u tilized  for heating up the engine, as well as certain parts of the 
fu e l supply system p r io r to starting up the engine cooled down under the 
extremely cold weather conditions. By doing th is , the problems of cold 
s ta r t in g  occurring especia lly with the diesel engines can be considerably 
minimized.
In order to reduce the volume and mass of the heat store, the applica­
t io n  of so lid -liqu id  la te n t heat storage substances is  very advantageous. 
But due to the poor thermal conductivity of the phase-change storage sub­
stances, the la tent heat stores require a special heat-exchange geometry 
w ith  a view to maintain an effective heat input in  the course of the melting 
process, or to maintain a su ffic ien tly  high rate of heat recovery during 
s o lid if ic a tio n , respective ly.
With a heat store to be applied for the preheating of the engine p rio r 
to  s ta rting , i t  is  especia lly important tha t the recovery of the stored 
heat, and consequently, the rate of heating the engine should not be lim ited 
by the thermal resistance within the heat-storage substances. Since only 
8-10 minutes can be taken up by heating up the engine p rio r to s ta rting . In 
case of a longer preheating time, the amount of heat emitted in to  the en­
vironment w il l considerably increase, and in  addition, i t  is  more advan­
tageous also with respect to the operation of a preheat-time i f  only a few 
minutes precedes the action of starting.
With a view of achieving those said above, the establishment of the 
most appropriate engine-preheat system, the most appropriate la ten t heat 
geometry, and w ith in the framework of th is ,  the optimal location of the 
storage material are set as a target in th is  paper.
2. Comparison between the d if fe re n t  heat-storage systems 
a p p lic a b le  to the preheating o f engines
With the heat-storage systems u ti l iz in g  the heat of the exhaust gases, 
the heat-storage medium is  heated up by the hot exhaust gases leaving the 
engine in operation.
The engine cooled down badly in a vehicle out-of-operation fo r more 
hours can be heated up through the cooling-water system of the engine by
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A В
^mox >100°C iTmox = 100°C
Fig. 1. Heat-storage engine preheating system
(HT — Heat store, H — heat exchanger, M — motor, P — pump, R — radiator, c l — coolant of 
the engine, h . t . r .  — heat transmission liq u id ,  ex. — exhaust gas)
means of the thermal energy recovered from the isolated heat store p rio r to 
restarting  /1 /.
Depending on the temperature level of the heat storage, the heat store 
can be coupled to the cooling-water system of the engine either d ire c tly  or 
in d ire c tly , above a storage temperature of 100 °C. In Fig. 1, the schematic 
diagram of two heat-storage engine-preheat systems of d iffe ren t layout are 
represented.
With system "A", the storage of heat takes place at a temperature 
above 100 °C.
A heat-exchanger should be inserted between the heat store and the 
w a ter-c ircu it of the engine, and the energy stored can be extracted from the 
heat store by means of heat-transfer medium.
With system "B", where the maximum temperature of the heat store does 
not exceed 100 °C, the heat store can be connected d irec tly  to the water- 
c irc u it  of the engine. During the preheating of the engine, the coolant is  
circu la ted  by a water-pump operated by a storage-battery, and so the stored 
heat is  delivered d ire c tly  from the heat store in to  the engine.
Both those variants enable the simultaneous charging and discharging 
of the heat store. In th is  way, i t  becomes feasible to u t i l iz e  the energy 
recovered continuously from the exhaust gases during the operation o f the 
vehicle for heating i t  through the heat store inserted.
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Table 1■ Characteristics of heat-storage materials
L a t e n t  hea t ” s to ra g e  m a t e r i a l s
Denomination Temperature of phase-change
Phase-change 
heat kD/kg
Density kg/irr^ 
Solid — Liquid
K0H-Na0H 180 230 2100 2000
LiCI-LiNQ-j 184 259 1850 1700
KN0?-NaN03 142 176 2000 1890
a-Nafto l 95 163 1160 1150
ОC\'
XCOСЧ
XоCDCD 78 275 2100 1800
Sensible heat-storage material
F rost-res is ting  coolant С ^ З -в  kO/kg 
Heat-resisting o i l  C ~ 2 . 1  kJ/kg
The temperature leve l of the heat store is  basically determined by 
the heat-storage substance applied. With variant "A", only the la ten t heat- 
storage substances found in the medium temperature range and having a 
melting temperature of 100-200 °C can be generally applied. With variant 
"B", only the la ten t heat-storage substances found in the lower temperature 
range and having a melting temperature of 70-100 °C, or the cooling-water 
i t s e l f  as a sensible heat-storage substance can also be applied in  the 
capacity of a heat-storage medium.
Table 1 contains the melting temperature, the phase-change heat, etc. 
of the phase-change heat-storage materials (PCM) examined. The heat-exchange 
geometry of the heat store, and the mode of location of the storage material 
are substantia lly influenced by the physical properties of the heat-storage 
material to be applied.
Various heat-storage constructions were developed with the use of the 
heat-storage substances included in Table 1, and th e ir thermal behaviour was 
examined partly  w ith the help of mathematical models, and partly  experimen­
ta l ly .  With the purpose of selecting the optimal engine-preheat system and 
the heat-storage material to be applied, the following were investigated:
— thermal, physical and chemical properties of the heat-storage material 
(e.g. melting temperature, heat of fusion, thermal conductance, reve rs i­
b i l i t y  of the c rys ta lliza tio n  processes, s ta b il ity  of the storage me­
dium, e tc .),
— particu la r lim its  imposed to the a p p lic a b ility  of the heat-storage sub­
stances (e.g. chemical in s ta b ility  due to loca l overheating, considerable
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overpressure due to the overheating of the medium positioned in  the 
closed system),
— thermal capacity related to the unit-weight and unit-volume of the entire  
heat-storage system,
— effic iency of heat recovery, the available rate of engine preheat,
— sophisticated character of the system's layout,
— the cost per un it of the heat-storage m ateria l, the expected to ta l cost 
of the system.
As i t  can be seen from the comparison o f the two variants, variant "B" 
seems to be the more favourable one. From among the latent heat-storage sub­
stances of low temperature, barium hydroxide octahydrate shows the highest 
phase change energy. By applying i t ,  the highest specific storage capacity 
can be achieved with respect to the weight and volume of the entire  heat- 
storage system. While the most dynamic engine-preheat process can be 
achieved with the use of the sensible-heat hot water heat store containing 
anti-freeze compound. The cost of the two systems is  nearly identica l.
With the application of a hot water heat store b u ilt  into buses, there 
were already favourable operational experiences obtained to solve the prob­
lems connected with cold starting of diesel engines /2 , 3/.
With the favourable dynamic property of the hot water heat-storage 
system used fo r preheating the engine retained, the specific weight and 
volume of the heat store can be reduced with the help of developing the so- 
called hybrid heat store, which equally contains both latent and sensible 
heat-storage substances.
3. Development of hybrid heat stores
The latent heat-storage material: barium hydroxide octahydrate to be 
applied w il l  be melted at a temperature of 78 °C under the influence of heat 
input, and the molt can be heated further on up to 95-100 °C. At a tem­
perature above i t ,  the chemical transformation of the heat-storage m ateria l, 
and as a consequence, a considerable reduction in the storage capacity 
should be reckoned w ith.
Therefore, barium hydroxide must not get in to  a direct thermal contact 
with the exhaust gases having an average temperature of 300-370 °C. With the 
construction of the hybrid heat store represented in Fig. 2, th is  problem 
can be avoided in a way that the exhaust gases are heating the water con-
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Fin. 2. Layout o f a hybrid heat store
(1 — la te n t material PCM in  closed tube systems, 2 — anti-freeze liq u id  (coo lant), 3 — ex­
haust gases from the engine, 4 — coolant leaving the engine, 5 — coolant flowing towards the
engine, 6 — insu la tion )
ta ined in  the store (anti-freeze compound). Barium hydroxide closed in  the 
tubes is  positioned w ith in the water-space, and consequently, i t  can get 
in to  thermal contact only with the water surrounding i t .
I f  the temperature of water, under the influence of heat input, ex­
ceeds the melting temperature 78 °C of the la ten t substance, then the melt­
ing process of the la ten t substance w i l l  get going, and the heat w i l l  be 
stored at a temperature of 78 °C in  the form of phase-change energy. The 
phase-change heat of the la ten t substance can be recovered only i f  the tem­
perature of the surrounding water is  reduced under 78 °C. In th is  case, 
water absorbs the heat released during the c rys ta lliza tion  process o f the 
la te n t substance. The la ten t substance is  w ith in  a closed system in  a s ta tic  
s ta te , and under thermal influence i t  changes i t s  temperature and phase, 
respective ly. With the development of the so-called "passive" la ten t heat 
store o f th is  kind, the poor thermal conductivity of the storage material 
should be taken in to consideration. The la ten t substances should be posi­
tioned and distributed in to  smaller un its, and the required storage capacity 
can be formed through the connection of those units. With th is  in  view, 
several examinations were carried out to make use of the la tent heat-storage 
substances in the u ti l iz a t io n  of solar energy /4 , 5/. In addition, the de­
velopment of special heat-exchange geometries was devised, too, w ith the aim 
of reducing the considerable thermal resistance encountered especially 
during the process of s o lid if ic a tio n , e.g. with the use of inner fins  
/6 , 7 /. The u tiliz a tio n  of the stored heat fo r preheating the engines raises 
an add itional special requirement exerting influence upon the layout of the 
heat store. A re la tive ly  longer period of time is  available for charging the 
heat store. On the contrary, the process of discharging the heat s tore, i.e . 
the recovery of heat should take place at a very rapid rate taking only 8-10 
minutes. Furthermore, i t  should be taken in to  consideration that the heat-
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store application involves the increase in the weight of the vehicle at the 
expense of useful load, therefore the minimization of the weight should be 
an important aspect when la ten t substances are used. In order to meet those 
requirements, we should have a thorough knowledge of the heat-transfer 
process occurring during the phase-change in  la ten t substances.
4. Examination o f the unsteady-state heat-transfer process 
of la ten t heat-storage substances
4.1. Theoretical examination of the so lid if ic a tio n  process with cy lin d rica l 
geometry
Melting and s o lid if ic a tio n  processes of la tent heat-storage substances 
are included within the scope of unsteady-state heat transfe r, and even 
w ith in  th is , i t  plays a special role since the process of phase-change in ­
volves e ither the process of energy absorption or the release of energy. 
Melting and so lid if ica tio n  processes d if fe r  from each other only in  the sign 
of the energy in question, since fo r the melting process heat input is  re­
quired, while during s o lid if ic a tio n , energy is  released. Consequently, when 
examining the phase-change process at the f i r s t  approach, i t  is  s u ff ic ie n t 
to be confined to the process of s o lid if ic a tio n  only, so much the more be­
cause with the given problem, the process of heat recovery seems more c r i ­
t ic a l .  The process of the unsteady-state heat transfer is  characterized by 
the spatia l variation of the so lid -liq u id  phase boundary. When examining 
the process, the main task is  to determine the position of the phase­
boundary as a function of time, and a l l  the other characteristics, e.g. the 
temperature d is tribu tion , the transmitted heat, etc. depend on the former. 
The solution of the problem is  aggravated by the non-linear boundary con­
d itio n  describing the heat-flux of the phase-boundary.
Most of the examinations performed so fa r and dealing with the ana­
ly t ic a l treatment of the s o lid if ic a tio n  problem are based on the so-called 
Neumannian solution. This applies only in case the temperature of the ex­
terna l surface of the s o lid if ie d  layer remains unchanged, but th is  holds only 
in the case of in f in ite ly  large heat-transmission coe ffic ien t k. The 
Neumannian solution cannot be applied to the majority of s o lid if ic a tio n  
problems occurring in practice since the wall-temperature generally changes 
w ith the time, and there are only a few special cases to which an exact 
ana lytica l solution can be given /8 /.
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liquid - s ta te
In practice, however, in most cases i t  is  not the detailed temperature 
range which is of in te re s t, but only the p a r tia l or f u l l  s o lid if ic a tio n  time 
of the material. Ihe approximate so lid if ic a tio n  time can be predicted in a 
very simple manner i f  the enthalpy change of the layer already s o lid if ie d  is  
neglected in comparison to  the enthalpy change encountered with the process 
of phase change /9 /.
In Fig. 3 the schematic representation of the so lid if ic a tio n  process 
of the phase-change m ateria l contained in a cy lin d rica l vessel is  shown. 
I t  is  assumed that the to ta l quantity of the liq u id  indicated by index 1 was 
at a phase-change temperature T already at the in i t ia l  s o lid if ic a tio n  pro­
cess. This assumption excludes the g rav ita tiona l flow within the liqu id  
storage material, or the heat convection between the phases along the so­
l id if ic a t io n  fron t, respectively. Index 2 symbolizes the so lid  phase. The 
cy linder is  surrounded by coolant of temperature T . The condition fo r the 
s ta r t  of the s o lid if ic a tio n  process is  that Tc <  T . There is  a temperature 
d ifference between the coolant and the vessel, the magnitude of which de­
pends on heat-exchange coe ffic ien t aex of the coolant. Even w ith in the 
vessel-wall, there occurs a temperature gradient, which depends on the 
thickness 6  of the w a ll, and heat-conduction coe ffic ien t The position 
of the so lid if ica tio n  fro n t is  indicated by local-coordinate x. In the fo l-
Fig. 3. S o lid if ic a tio n  of phase-change material (PCM)
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lowing, with t  symbolizing the time, the approximate value of the heat-flux 
occurring during s o lid if ic a tio n  w il l  be on the basis of energy balance:
- Q« Ai
dV^Cx)
dx
dx
dt
( 1)
where A is is  the specific  enthalpy change occurring during phase-change,
dV,(x) indicates the volumetric change of the liq u id , dx symbolizes the
dxdisplacement of the s o lid if ic a tio n  fron t, and ^  is  the rate of progression 
of the so lid if ic a tio n  fro n t. As i t  was mentioned before, the enthalpy-change 
of layer 2 can be neglected, since cP2 (Ts -  Tc) 4? A ig. I t  can be assumed 
that in  the so lid  layer, the steady-state temperature p ro file  sets in in 
each point of time. Then, heat-flux Q can be given as follows:
Q = к • A (Tg -  Tc) (2)
Heat transmission coe ffic ien t к w il l  be:
or
1 _ 1 6 ' 1
k “ in *w “ ex
I  = 1 + _L_
к а- (x) к
(3)
(A)
where к is  the external heat-transmission coe ffic ien t, ex ^
Thermal resistance ——^  within the in terna l cy lin d rica l sh e ll, with
the assumption of a steady-state temperature p ro file  and with the thermal 
resistance of the so lid  layer taken exclusively in to  consideration, w i l l  be:
— Ц -  = f  -in («) 
“in x X2 x
(5)
For the further treatment of the s o lid if ic a tio n  problem and the deter­
mination of progression rate dx/dt of the s o lid if ic a tio n  fro n t, i t  is  ex­
pedient to reduce the mathematical equations to a dimensionless form. For 
th is  purpose, the following dimensionless characteristics w i l l  be in tro ­
duced:
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Ç — dimensionless lo ca l co-ordinate
Biot-number:
(7)
( 6 )
phase change c o e ffic ie n t Ph
Ph
Pi  АЦ
p2 ' cp2(Ts '  V
dimensionless time (Fourier-number):
a2' t a2 t
R2 P2 cp2 R
(8)
(9)
dimensionless in te rn a l thermal resistance fo r cy lin d rica l geometry 
w ith  the use of re la tionsh ip  (5) w il l be:
Nu(?) “ '  lnÇ <‘10)
From equations /1—5 /, the following relationship is  yielded fo r the motion 
of the so lid ifica tion  fro n t with the use of dimensionless characteristics:
1 + Ph 1 1 If d?Bi + NÜTTTf dx 0 (ID
With the solution of d if fe re n t ia l equation /11/ between lim its : 5 = 1 rep- 
resenting the wall of the cylinder, and 5 = ^  representing the instantaneous 
pos ition  of the s o lid if ic a t io n  fron t, the follow ing are yielded fo r the d i­
mensionless theoretical s o lid if ic a tio n  time:
Temin
Ph П
Bi L2 + Ph Í  + T  (2 ln 5 - 1) ( 12)
At the cylinder wall (5  = 1), the s o lid if ic a tio n  time: xe = 0. In the 
centre of the cylinder (5 = 0), the dimensionless theoretical s o lid if ic a tio n  
time w i l l  be:
Temin
Ph
2 (13)
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Owing to the neglection of the enthalpy-change within the s o lid if ie d
layer, equations /12, 13/ w il l  provide the required minimal s o lid if ic a tio n
time. Actual s o lid if ic a tio n  time т exceeds th is  minimal value т . deter-e emin
mined theoretica lly a l l  the more, the smaller the phase-change coe ffic ien t
is ,  and the larger the Biot-number is . Ratio e= тel can be given with
emin
the help of the curves determined numerically by Tao /10/. The diagram shows 
the required value fo r cy lind rica l geometry as a function of Biot-number, 
and shows th is  value as the parameter of the reciprocal of the phase-change 
coe ffic ien t.
4.2. Comparison between the function describing the s o lid if ic a tio n  time and 
the results measured experimentally
The fu l l  process of the c rys ta lliza tio n  of latent heat-storage sub­
stances at a constant temperature takes place only in an idea l case with 
some special substances. In the majority of cases, the liq u id  is  subcooled 
below the temperature of melting p rio r to the in i t ia l  c ry s ta lliz a tio n  pro­
cess, or else c rys ta lliza tio n , i.e .  the so lid if ica tio n  of the liq u id  is 
in it ia te d  only subsequent to subcooling. This phenomenon can be reduced with 
the use of the so-called core-forming additives, or else by loca l subcooling 
/11 /. The determination of the appropriate additives is  the task o f chemical 
technology.
The phase-change process is  also influenced by the convective effects 
occurring in the liq u id  heat-storage substances. In the molt, buoyant force 
and gravitational flow arise under the influence of the temperature d i f ­
ference, which results in convective heat transfer at the s o lid - liq u id  in ­
terface. Depending on the extent of heat convection, the heat-transfer pro­
cess of the la tent material deviates from the non-steady-state heat-transfer 
process requiring pure heat convection, as i t  was determined in  the fore­
going, and th is , in turn, exerts an influence on the phase-change time. The 
e ffec t of convection presents i t s e l f  in d iffe re n t ways during the melting or 
the s o lid if ic a tio n , respectively, and i t  also depends on the mode o f loca t­
ing the heat-storage material. During melting, a considerable convection 
should be reckoned with in each case. Although, at the in i t i a l  phase of 
melting, heat conduction has a decisive ro le , but with the progression of 
melting, the convective e ffects are more and more increasing, and th is ,  in 
turn, involves the acceleration of the melting process /12/.
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Table 2. Thermal and physical characteristics o f barium hydroxide
Composition:
Ba(0H)2 -8 H20 95 vol%
H20 4 ~ 5 vol%
Different additives ~  1 vol%
Phase-change heat /1 6 / Ä is = 275 kO/kg
Temperature o f phase-change /16/ Tg = 78 °C
Density of liq u id  phase a t temperature 80 °C P:  = 1800 kg/m3
Density of the s o lid  phase /17/ P2 = 2100 kg/m3
Thermal conductance o f the so lid  phase X2 ~  1.18 W/mK
Specific heat o f the s o l id  phase Cp2 ■» 1.047 kO/kg, К
During the s o lid if ic a t io n  of the phase-change material, the magnitude of 
convection depends also upon the extent of overheating the liq u id . The ex­
periments performed fo r the sake of examining the so lid ifica tion  of the 
l iq u id  surrounding a cooled f la t  plate or c y lin d r ic a l surface show tha t the 
na tu ra l flow developing in  the overheated liq u id  shows down the rate of 
freezing /13/. When the s o lid if ic a tio n  of a heat-storage material located in 
a horizontal tube is  examined, i t  can be seen tha t the effect of natural 
convection is smaller, and i t  takes its  e ffec t only at the in i t ia l  phase of 
s o lid if ic a tio n . The experiments carried out w ith the help of various la ten t 
m ateria ls resulted in  the statement that the e ffe c t of convection can be 
neglected even in the case of an overheated liq u id ,  inasmuch the Stephan- 
number is : Ste = c ^ O ^  ~ Tc ) / 4 i s <  1 /14/.
In the course of hea t-flu x  measurement, experiments performed w ith the 
help of naphtalene of a very poor thermal conductiv ity as located in  a ho­
r iz o n ta l cylindrica l tube, dapanese researchers pointed out that during the 
process of s o lid if ic a tio n , the heat transfer w ith in  the tube resulted almost 
e n tire ly  from heat conduction /15/.
Phase-change involves volumetric change, and as a consequence, hollow 
ca v itie s  are formed in  the solid material due to shrinkage, and th is  can 
slow down the process o f so lid if ica tio n  to a considerable extent.
For checking those e ffe c ts , the experimental examination of the phase- 
change process of barium hydroxide octahydrate is  required to apply, and the 
comparison between the experimental data and the theoretical predictions is  
necessitated. Table 2 contains the physical and thermal characteristics of 
the phase-change m ateria l.
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Fin- A. S o lid if ic a tio n  diagrams of barium hydroxide, PCM 
( — Layer thickness)
For experiments, barium, hydroxide located in to a closed cy lin d rica l 
vessel of dimensions 0 46.5 x 10G mm was overheated in a water-bath of 95 °C. 
Afterwards, i t  was cooled down in a water-bath of 25 °C, and under such 
circumstances, the s o lid if ic a tio n  times were examined. The temperature of 
the heat-storage material was sensed in four points along the radius.
In Fig. 4, the typ ica l temperature varia tion  curves, which are charac­
te r is t ic  of barium hydroxide octahydrate as a la tent material, are repre­
sented, where the subcooling of the liq u id  can be observed w e ll. Since 
barium hydroxide also contains a core-forming additive, the subcooling was 
only of some °C. In temperature-measuring point 1 closest to the w all, no 
so lid if ic a tio n  section of constant temperature could be observed due to 
rapid cooling. However, a l i t t l e  way o ff the w a ll, the constant temperature 
of the phase-change could be measured d is t in c tly .
S o lid ifica tion  time was determined with the consideration of + 2 °C 
range of the phase-change temperature, that is  the time during which the 
liq u id  phase of GO °C turns in to a solid phase of 76 °C. VJith the use of the
238 KISSNÉ HUNYADI, I .
2 0  40 60 80 1 0 0
t ,  time [ minutes ]
Fig. 5. S o lid if ic a tio n  time as a function of layer thickness
re su lts  obtained in the course of more series of measurements, in Fig. 5 the 
s o lid if ic a tio n  times defined in the way described above are represented as a 
function of the thickness o f the so lid if ie d  layer.
0.2 0.4 0.6 0.8 1.0
£ dimensionless space
F ig . 6. S o lid ifica tio n  time o f barium hydroxide as a function of dimensionless space
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In Fig. 6, the theore tica l so lid if ic a tio n  time curves of BaCOH  ^ C F^ O 
are showp as a function of dimensionless space at d iffe ren t Biot-numbers 
with the use of re lationships (9) and (12). In the course of experiments, 
3i was about B i^  30.
When the times measured experimentally are compared to curves Bi = 30, 
i t  can be stated that at the in i t ia l  phase of s o lid if ic a tio n , they are some­
what above the theore tica l value. This fact can be explained by the in i t ia l  
overheating of the material and the convection due to the ve rtica l position 
of experimental tube. With the progression of the s o lid if ic a tio n  fro n t, the 
measured s o lid if ic a tio n  times f a l l  somewhat below the theoretica l curve 
where Bi = 30. The reason fo r i t  is  that about 5% water was added sub­
sequently to pure BaCOH)^  8 h^O. Without any additional water, barium hyd­
roxide is  melting incongruently, the substance is  disintegrated, and the 
phase-change heat is  considerably reduced /18 /. The larger the additional 
water-volume is , the fewer problems arise concerning the constancy of 
charging and discharging cycles, and in th is  way, the d isintegration of the 
substance can be avoided, however, the storage capacity w il l  become smaller 
due to water content. The congruent melting requires at least 4% additional 
water. In the course of experiments, the disintegration of the substance 
was prevented by providing additional water content, nevertheless the 
storage capacity was reduced by 5%, and as a consequence, the s o lid if ic a tio n  
time also became shorter.
However, the deviation of the theoretical curve from the measured values 
is  not considerable. I t  can be stated that function (12) based upon pure 
heat conduction describes the s o lid if ic a tio n  process of barium hydroxide 
adequately from qua lita tive  point of view, and therefore, in the follow ing, 
i t  can be applied to the determination of the optimal dimensions of the 
tubes used for locating la ten t substances in  them.
4.3. Determination of the optimal tube radius
For the determination of tube sizes used fo r locating la tent substances, 
such a condition should be taken into consideration that the stored heat 
should be recovered re la tiv e ly  quickly, i.e .  w ith in 0 minutes, and besides, 
the minimal specific  weight should be possibly achieved. For th is  purpose, 
the heat-flux encountered during the s o lid if ic a tio n  process of the la tent 
heat-storage material should be examined, which is  varying as a function of 
the so lid if ic a tio n  fro n t.
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The heat transferred by the s o lid ifie d  substance in a tube of length 
' t  w i l l  be:
dQ = • A is*2* ТГ’ X’ dx'-i (14)
With relationship (14) integrated between lim its  x and R, and with 
introduced dimensionless coe ffic ien t £ applied, the following is  yielded:
0(R, O = Ais ttR2(1 - ç) 2 "£ (15)
From relationships (8 ), (9) and (12), the s o lid if ic a tio n  time w i l l  be:
,2
t(R, О = P1 A is eR
2 M T= -  VI s  c
2 ?
Ш ~ Ш  + 2 + ~7 ('2' ln 5 ■ (16)
The average h e a t-flu x -w ill be yielded as the quotient *of relationships (15) 
and (16) as far as dimensionless spot ç is  reached.
Fig. 7. Average thermal power occurring during s o lid ific a tio n
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The variation of function Q(e) = Q(R, E )/t(R , ç) for the barium hyd­
roxide contained in a tube of un it length is  represented in Fig. 7. Pro­
ceeding from the jacket of the cylinder (E = 1) towards the centre of i t  
(E = 0 ) ,  the average heat emission rate is  decreasing in a very intensive 
way, i.e .  the average thermal power is  decreasing with the progression of 
the s o lid if ic a tio n  fron t.
When the process of so lid ifica tion  has been completed, the average 
thermal power with respect to the to ta l s o lid if ic a tio n  time can be deter­
mined by the l im it  value (E = 0) of the function (in  Fig. 7 Ç = the value 
pertaining to 0): ........
Q(E = 0) 2* V Ts “ V,1 1 >
2 Bi^
(17)
л
The variation of function Q, or its  l im it  value determined by re la tio n ­
ship (17) is  independent from tube radius R, and as a consequence, the exa­
mination of the heat-flux w i l l  not result in  an optimal tube radius.
In the follow ing, i t  w il l  be examined to what extent the spec ific  
storage capacity w i l l  be influenced by the size of the tubes used fo r lo ­
cating the la tent heat storage substances in  them.
The amount of the heat transferred during the f in a l s o lid if ic a tio n  of 
the la ten t heat-storage material of mass m .^  w i l l  be:
О
Q. »  m, . • Ai = R » p,i i i  -n1!  t  la t  s I s (18)
where n is  the number of tube-stores. (The enthalpy-change resu lting  from 
the already s o lid if ie d  and cooled layers, as well as from the cooling of 
tubes was neglected.) The jo in t  mass of the la ten t storage materials and the 
tubes enveloping them w il l  be:
mt  = n-fc- Tr (R2 p1 + [(R + s)2 -  R2]  Pmet) ( 19)
where s is  the thickness of the tube wall.
From relationships (18) and (19), the spec ific  storage capacity related 
to the to ta l mass w i l l  be:
mt
=j
Д1.
1  +
R + s I P|Tie~t 
P1
= î l  (R) ( 20)
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The value of function f^(R) is  increasing proportionally w ith the in ­
crease of R, its  l im it  value is : M s . I t  is  more advantageous to use a tube 
of greater diameter and smaller wall thickness.
The to ta l s o lid if ic a tio n  time of the la ten t heat-storage m aterial is  a 
function  of the tube radius, the material characteristics and the B iot- 
number.
From relationships (B), (9) and (13), the following w il l  be yielded:
t(R) P1 û is
2' V Ts V
( 21)
Function t(R) is  a monotonie increasing one, the s o lid if ic a tio n  time is 
increasing proportionally with the square of the radius. Let i t  be examined 
how the average thermal power gained from the la ten t heat-storage material 
of mass m -^ w il l be changing. On the basis o f relationships (18) and (21):
qt
t(R)
2-A2a s - V
F è F
la t f 2(R) ( 22)
P rovid ing ' the environmental effects and the material characteris tics 
are constant,
f 2(R)
cm la t
i .e .  the value of function f 9(R) in case of increasing radius w i l l  decrease 
2 Lproportiona lly  with R . A greater average thermal power w il l  be yielded i f  
mass m^ a_j. is  located in  tubes of smaller diameter. The product of the re­
quired tube-number and tube-length w i l l  be:
n--i-(R) = la t  
Px R2 *
(23)
In Fig. D, the va ria tion  of functions t(R ), f^(R), f 2(R) and n.-i(R) can 
be seen with barium hydroxide of a un it mass (m -^  = 1 kg), and tube length 
l  = 1 m.
According to the functions represented, barium hydroxide should be lo ­
cated in  fewer tubes of greater radius with respect to the reduction of the
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Fig. 8. Variation o f function t(R ), f^(R), Í 2 (R), n-^(R) of barium hydroxide
to ta l mass of the heat store, while i t  should be located in more tubes of 
smaller radius with respect to the quick heat recovery. When determining the 
optimal tube radius, the practical condition should be taken in to account as 
a basis, that the recovery of the stored heat should take place w ith in about 
8 minutes fo r the preheating of a diesel-engine. This time w il l  p rac tica lly  
determine the tube radius to be applied, w ith R ~  14 mm, and with wall 
thickness of 1 mm, the specific la tent heat storage capacity related to the 
to ta l mass w il l  be 165 kű/kg.
5. Improvement of the heat-transfer process of latent substances 
with the use of metal-matrix structure
5.1. Experimental results
The poor thermal conductivity of the so lid  phase exerts a bad lim itin g  
influence upon the heat-flux developing during the s o lid if ic a tio n  of la tent
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TUBE STORE INSERT MATERIAL
inward
diameter wall thickn. tube length
size t mm ] 
l, X l 2
No. of fins 
n
Layout
D [mm ] s [ mm] l  [ mm] I II
19.5 1 110 CD О X о о 72x100 4 ©
26 1 110 158x100 143x100 6 ©
32 1 110 240 x100 226x100 8
38 1 110 296x100 294 X  100 8 w
0.25 0.4 Wire thickness 
d [ mm]
1.2 2.5 Mesh spacing 
к [ mm ]
Fin. 9. Geometrie data of test-tubes and metal matrix structures applied
substances. With the reduction of the thermal resistance of so lid  layers, 
the heat-flux can be increased with the storage material characteristics un­
changed, and as a consequence, the s o lid if ic a tio n  time w il l  decrease. Re­
searchers have already dealt with success with the improvement of the heat 
transport taking place in  paraffins /6 /.
Thermal conductivity of paraffins is  about five -e igh t times smaller 
than that of sa lt hydrate applied here. In order to improve the heat trans­
p o rt, d iffe ren t finned geometries, aluminium-cell structures and th in  tape 
m atrix (of exp lo fo il type) were used, respectively. As a function of 2-10% 
volumetric ra tio  of metal structures, s o lid if ic a tio n  rates higher by 4-7- 
times were obtained. I t  can be expected that with the examined heat-storage 
problem, too, the metal structures located in to  barium hydroxide w i l l  resu lt 
in  the reduction of s o lid if ic a tio n  time, and as a consequence, the radius of 
the tube-store can be increased. During experiments, metal matrix structures 
forming special inward longitud ina l fin s  made of wire-mesh screen texture 
were located into the heat-storage tubes of d iffe ren t diameter. The so-
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Fig. 10. Cooling curves without insert material
l id if ic a t io n  time of the storage material was measured with the help of 
thermocouples positioned in the centre of the tube-store. The length of the 
tubes was selected fo r m ultiple value of the diameter, and as a consequence, 
i t  could be assumed that the s o lid if ic a tio n  time in the point examined was 
not influenced by the heat-flux developed at both ends of the tubes. Two 
inserts of wire mesh screen of d iffe ren t spacing were used fo r the examina­
tions, and besides, measurements even without inserts were performed with 
the aim of drawing comparison between the single s o lid if ic a tio n  times. The 
dimension of the tube-stores and inserts used fo r the examinations, and the 
layout of the inward f in s , respectively, formed from the la tte rs  are shown 
in Fig. 9. The layout of the structure was developed in a way tha t a frac­
tion of the metal fin s  possibly approach the centre of the tube. With th is  
in view, every other f in  with the 8 -fin  layout projected as fa r as the 
centre, and the fin s  between those were taken shorter.
The tube-stores were charged with liq u id  barium hydroxide up to about 
95% of th e ir volume, then they were closed fo r the experiments.
For the s o lid if ic a tio n  and melting processes to be examined, the 
closed tube-stores were put into a thermostat of the specified temperature.
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I, time [ minu te  ]
Fin- 11. Cooling curves of PCM with insert material I
In the course of the s o lid if ic a tio n  process, the cooling water circumfluent 
the tubes was circu lated a t a very intensive ra te  fo r achieving a possibly 
b e tte r external heat tra n s fe r, or a possibly greater Biot-number. The ar­
rangement of the tube was a horizontal one. In Fig. 10, the cooling curves 
measured with tubes of d iffe re n t diameter are represented without metal 
structures inserted. In Figs 11 and 12, the temperature variation is  shown 
as a function of time in  case of two d iffe re n t metal matrix structures 
applied.
In each case, the metal matrix structure reduced the c rys ta lliza tio n  
time of the material.
The "denser" mesh screen made of thinner wire I resulted in a slower 
cooling process with the overheated liqu id  by retarding the motion of the 
l iq u id ,  consequently, the convective effects were reduced (Fig. 11), and a 
decisive heat conduction had developed even in  the case of cooling the over­
heated liqu id . This e ffe c t could not be observed with the thicker insert 
m ateria l I I  of "looser" mesh spacing (Fig. 12). The metal insert structure 
increased the cooling ra te  of the so lid ifie d  phase. A tendency of opposite
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Fig. 12, Cooling curves of PCM with insert material I I
character was observed with the tube of 0 38 f i l le d  with inse rt material I I .  
The reason fo r th is  assumedly was the fact that the material s o lid if ie d  ear­
l ie r  in the point of measurement in the tube centre than w ith in  the " in te r- 
f in "  spaces around i t ,  and th is , in turn, resulted in slower cooling of the 
so lid  central core. This phenomenon was visualized by the corrected cooling 
curve traced in a dashed lin e  and was used fo r the determination of the so­
l id if ic a t io n  time. The time belonging to the + 2% range of the 78 °C phase- 
change temperature was considered as the phase-change time (see point 4.2). 
Each series of measurement was repeated several times, and th e ir  average 
value was used fo r the determination of the s o lid if ic a tio n  time fo r the 
to ta l mass of material without any inserts, or with d iffe re n t metal matrix 
structures applied, respectively. In Fig. 13, the reduction of the average 
s o lid if ic a tio n  time can be seen as a function of the volumetric ra t io  of the 
metal insert material, which reduction w i l l  be greater by 1.35-1.8-times 
with a volumetric ra tio  of 2-3% taken in to  consideration.
The result obtained in th is  way, and compared to the measurements of 
other researchers /6 / can be considered a favourable one because the thermal
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Fig. 13. Decrease in s o lid ific a tio n  time as a function of volumetric ra tio  
of the metal material
conductiv ity of sa lt hydrate under examination is  much better than that of 
the paraffins examined by the researchers, and consequently, the applica­
t io n  o f the metal s tructure  resu lts in an essen tia lly  smaller reduction in 
the so lid if ica tio n  time. In se rt material I ,  which is  a mesh screen made of 
th inner wire, occupied a smaller volume but i t  decreased the s o lid if ic a tio n  
time to  a lesser extent, while the application of the mesh screen made of 
th ic k e r wire I I  involved a decrease of greater proportion in the s o lid if ic a ­
t io n  time.
5.2. Expression of measurement results by mathematical functions
The method described in  point 4 is  used fo r the mathematical simula­
t io n  o f the heat transfe r taking place during the s o lid if ic a tio n  of the 
phase-change material supplied with metal matrix inse rt. Essentially, the 
metal matrix structure changes the thermal resistance in the so lid  layer by 
i t s  metal structure of lower thermal resistance through which a fraction  of 
heat is  transmitted in to  the external layers or the tube w all, respectively.
This phenomenon is  decisively determined by the volumetric ra tio  of 
the metal structure and the thermal conductivity of the metal substance to 
be applied, but with an id e n tic a l volumetric ra t io ,  i t  is  the mode of lo -
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eating the metal structure, the thickness of wire, the spacing of the mesh 
w iring, etc. which play a role in th is  respect, too.
The precise consideration and prediction of the effects encounter un- 
solvable d if f ic u lt ie s ,  therefore an approximate solution is  applied. With an 
identica l geometric arrangement, the p o ss ib ility  of drawing a good com­
parison is  offerred in a way that instead of thermal conductivity * 2  of the
ft
so lid  phase, the following equivalent heat conduction coe ffic ien t X^ w i l l  
be defined lik e  th is :
V, . V ,, X , la t  , met *
a2 " a2 Vt  met Vt
where using the notations of Fig. 9
V . met
(24)
Amet AS thermal conductivity of metal structures, and 6 is  the geometric 
factor depending on the mode of locating the metal structure (w ith th ick ­
ness, spacing of mesh w iring, contact with the wall, number of f in s , e tc .) . 
The metal mesh screen structure prevents s t i l l  more the convective e ffect 
poor enough fo r other reasons, too, occurring at the interface of the liq u id  
and so lid  phases, and in th is  way, pure heat conduction can be assumed. 
Under the influence of the metal insert structure, the shape of the s o l i­
d if ic a tio n  fron t w il l  be changed, since the c rys ta lliza tio n  process is  
s ta rting  at the f in  surfaces. Due to th is  fac t, the mathematical description 
of the motion of the s o lid if ic a tio n  fron t runs into d if f ic u l t ie s ,  and d i f ­
fe re n tia l equation (11) w i l l  not be suitable fo r that purpose. However, the 
to ta l s o lid if ic a tio n  time of the material can be determined with a good 
approximation under boundary condition Ç = 0 with the help of equivalent 
heat conduction coeffic ien t (heat conductance) X* defined by re lationship 
(24). The changed dimensionless time Tgmin w il l  be on the basis of re la ­
tionship (5):
T
X
emin
X *-t*
2 p2
( 25)
or the changed Biot-number w i l l  be:
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Bi X ( 26)
From relationships (25), (26) and (13), as well as with the considéra-
tio n  of ra tio  e = e / Tx . , the s o lid if ic a tio n  time of la tent substance1emin’
t*(R ) of a metal matrix structure applied can be calculated s im ila rly  to 
re la tionsh ip  (21) as follows:
t*(R) Pl A is R
2 X 2 (Ts
(27)
In the course of experiments, the coolant was circulated very inten­
s ive ly  around the tubes containing la ten t substances, and as a resu lt, a 
very high Biot-number was obtained, and so the value of 1/Bi did not exert 
any influence on the comparison between the ind iv idua l measurements.
t,  time [m inute]
Fig, 14. Experimental and theoretical s o lid if ic a t io n  times of PCM 
(barium-hydroxide) located in tube with in se rt material
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In Fig. 14, the to ta l so lid if ic a tio n  time of the la tent substance 
measured experimentally is  represented with tubes of d iffe ren t diameter in 
the three cases examined, i .e .  without any material inserted, and with the 
use of two insert materials of d iffe ren t qua lity , respectively.
With the help of re la tionship  (21), the theoretical s o lid if ic a tio n  
time of the la ten t substance without any inse rt material was determined 
taking into consideration the fact that, due to the excess water content of 
the la tent substance, the phase-change heat is  less by 5% according to the 
measurements than the value contained in Table 2. The values determined 
mathematically by function (21), and those measured experimentally coincide 
very well.
In case of applying d iffe re n t insert materials, the s o lid if ic a tio n  
time of the la ten t substance can be given by re lationship (24), or (27), 
respectively, in a mathematical form. However, geometric factor 6 occurring 
in  relationship (24) is  not known d ire c tly . On the basis of measurements 
performed with the help of metal matrix structure inserted in to la ten t sub­
stances, researchers established that t / t * Cü A 2 ^ 2  / 6 / • With the help of the 
measured s o lid if ic a tio n  time, the value of б can be calculated from re la ­
tionships (24) and (27) with the assumption of th is  p roportiona lity . In Fig. 
15, the values of geometric facto r 6 determined in  th is  way are represented. 
Independently of the volume occupied, insert material I I  made of thicker
geometric fac to r  64- ]
Fin. 15. Value of geometric factor 6 with d iffe re n t metal insert structures
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wire proved to be more e ffec tive . This fact harmonizes with the resu lt 
experienced by researchers when examining fined geometries, where the in ­
crease of f in  thickness resulted in the increase of the heat-flux during the 
s o lid if ic a tio n  of la ten t substances /19/. With the metal matrix structures, 
in  addition to the wore thickness, other geometric factors play an important 
ro le , too, e.g. the layout of the inward f in  structure made of mesh wiring, 
the number of f in s , the spacing of mesh w iring, etc. consequently, the 
values obtained for 6 are va lid  only for the layout and the mesh screen type 
represented in Fig. 9 examined, here 0.7 and 6 ^~ > 0 .9  can be assumed.
The function of s o lid if ic a tio n  time determined by the values of geo­
m etric factor 6 can be seen in  Fig. 14, and i t  is  in good agreement with the 
values measured.
The applied metal matrix structure improves the heat transfer process, 
as i t  was expected. In th is  way, the radius of the tube-store can be in ­
creased from 14 mm to 19 mm, and with the application of the inse rt material 
of type I I ,  an unchanged s o lid if ic a tio n  time and an identica l average heat- 
f lu x  is  obtained, respective ly.
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A COMPUTER ORIENTED FORMULATION OF DYNAMICS 
FOR ROBOT MANIPULATORS
KÖVECSES, J .*
(Received: 29 January 1993)
In th is  paper, a method fo r the dynamic analysis o f robot manipulators has been 
developed. The equations o f motion are derived by using Appell's equations, stated in  a 
very simple form. The resu ltin g  equations are an e x p lic it  set o f closed form second- 
order highly non-linear and coupling d iffe re n tia l equations, which can be used fo r 
dynamic computer sim ulation and the computation of the jo in t  generalized forces. D if ­
fe re n tia l re lationships are presented in order to reduce the number of necessary com­
putations. This paper contains a comparison o f the computational complexity o f some 
ex is ting  methods for de riv ing  the equations o f motion.
1. Introduction
In order to perform the dynamic simulation of a robot manipulator, i t  
is  necessary to derive the equations of motion describing the dynamic be­
haviour of a manipulator. At the present time, there are several methods fo r 
that purpose, such as the Lagrange-Euler method /6—11/, the Newton-Euler 
method /12—15/, the Kane's method /21—22/, the Appell's method /17—20/ 
and so on. Each method has i ts  advantages and disadvantages. For example, 
the Newtorh-Euler method is  very useful when inverse dynamics (computing 
jo in t torques/forces) is  presented, but i t  is  not suitable for the dynamic 
simulation (d irect dynamics) of a robot manipulator. The Lagrange-Euler 
method is  better for tha t purpose, but the structure of the Lagrange's 
equations demands many complex computations.
When deriving the equations of motion fo r a robot manipulator, the 
Appell's method /1 / may be very useful. (Remark: Gibbs published his resu lts
^Kövecses, József, H-8200 Veszprém, Bartók В. и. 25, Hungary
Akadémiai Kiadó, Budapest
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in  1879 considering holonomie systems, while Appell's investigations in 1899 
includes nonholonomic constraints leading to the same expression, see /1 / . )
Using Appell's equations to express a complete set of equations of mo­
t io n  requires l i t t l e  e ffo r t .  In the case of r ig id  links , i t  is  necessary to 
investigate only the second derivative of the 4x4 homogeneous transformation 
matrices with respect to time. The proposed formulation is  suitable fo r the 
computation of dynamics of the general robot manipulators with e ither ro­
ta tio n a l or transla tiona l jo in ts .
In order to describe the trans la tiona l and ro ta tiona l relationships 
between adjacent lin ks  of the robot manipulator, i t  is  necessary to set up 
the loca l co-ordinate systems on the lin ks  according to the Hartenberg-De- 
nav it representation /5 / .  The base reference frame is  fixed on the base 
( i . e .  lin k  0). The jo in ts  of the robot manipulator are the points of a rticu ­
la tio n  between the lin ks  and are numbered so that jo in t  i  connects links 
( i —1) and i .  An orthogonal co-ordinate system is  fixed in lin k  i  as follows:
2. Formulation of kinematics
z  i
i+1
-1
Fin. 1. Foundation o f co-ordinate systems
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z  ^ is  directed along the axis of jo in t  (i+ 1 );
X . l ie s  along the common normal from z. , to z.: and l M l - l  l*
y. completes the r ig h t co-ordinate.
The re la tive  position of two adjacent lin ks  is  completely described by the 
following four parameters (shown in Fig. 1):
— distance between axes x^  ^ and x^ measured along axis z^
0^  — angle between axes x^_^ and x^ measured in the right-hand sense 
around axes z^
ai  — angle between axes z  ^  ^ and z^ measured in the right-hand sense 
around axis x . ;  and
L  — distance between the orig ins of the co-ordinate systems ( i —1 ) 
and i  measured along axis x  ^ ( b  > 0).
I f  the jo in t  i  is  a ro ta tiona l one, then 0  ^ is  the jo in t variable; i f  the 
jo in t  i  is  a translational one, then s^ is  the jo in t variable. Symbol q^  
w i l l  designate the variable fo r jo in t i  ( i t  would be s  ^ or 0^).
Vector q = ["q^, q2 , . . . ,  qn] T represents the generalized co-ordinates 
of the robot manipulator, and completely specifies the position ( in  the case 
of r ig id  lin ks ) where [ ] T denotes the transpose of [ ] .
Let * be the 4xA homogeneous transformation matrix from co-or­
dinate system i  to ( i-1 ) , then
’
= 1
i - 1
■ B i
1 C
D
1
! 1
where * represents the 3x3 ro tation matrix re la ting to the o rien ta tion  
of co-ordinate systems ( i- 1 )  and i ,  and * p  ^ represents a 3x1 position 
vector re la ting  to the o rig in  of co-ordinate systems ( i-1 )  and i  with 
respect to co-ordinate system ( i-1 )  (denoting the upper index), and
i-1 cosO  ^ -cosa^ Sine. s i n a ^  s i n 0 .  
- s i n c e  C O S 0 ^
( 2)
SinG^
0
cosor casG^
sincu c o s a .
and
i-1 £ l. cose^ (3)
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Let * be the 4x4 homogeneous transformation matrix form co-ordinate 
system к to co-ordinate system ( i-1 ) , then
i-1
«к
i-1
Г i-ihьк ! i_1Ek
«---
--
1 □
—1 : 1 .
H. 
=  1 4 l  , . . . к- Ч=1+1 =k (4)
where * h^. is  the 3x3 ro ta tion  matrix from co-ordinate system к to со- 
ordinate system ( i- 1 ) ,  and p  ^ is  the 3x1 vector from the o rig in  of co­
ordinate system ( i-1 )  to the orig in of co-ordinate system к with respect to 
co-ordinate system ( i- 1 ) .  The transformation matrix UH^ ,, which w i l l  be de­
noted by Ц. , is the 4x4 homogeneous transformation matrix from co-ordinate 
system к to the base reference co-ordinate system, then
«к ( 3)
I f  we define h. . = E-, (the 3x3 iden tity  matrix and *p. , = 0 (a 3x1
1 l - l  * i-1 -1 ^zero vector), then and p  ^ sa tis fy  the backward recursive formula­
tions
i-1 ( 6)
and
i-1
Ek =
i- 1 i-1,
P,. 1 + b,
k -1
—к—1 =k-l Ik ' (7)
Since matrix * '*'h. is  an orthonormal one, the inverse of * H^, can be w ritten =k ’ =k
as
( ‘ ‘ V 1 i-L T
^k
i-1. T i-1
b‘ - Ek=k
( 0 )
where
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Equations (1)—(9) w i l l  be used for deriving the following d if fe re n tia l re­
lationships. From (1)—(3 ), have
3i _ 1  H. . ,
— — ^  = 1" 1ê1 1-1н . , (10)
on. 1 1
where
(13),
The d iffe re n tia l re lationships related to the local co-ordinates ( f i r s t  in ­
vestigated by Paul /3 /)  w i l l  be derived from the mathematical viewpoint. 
From (5)
ЭН
----  = 0  , i f  i  > k,
"
(14)
and
( 1 5 )
Symbol can be considered as an operator, hence for any 3x1 vector
a = fa^ ay az Ÿ  i we define a 3x3 skewsymmetric matrix ^  as
i f  jo in t i  is  a ro ta tiona l one, 
i f  jo in t i  is  a translational one,
i f  jo in t i  is  a ro ta tiona l one, 
i f  jo in t i  is  a translational one.
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Substitu ting  (10) in to  (15)
—  = °H. 1H9. . . 1 2Н. , 1_1А. 1 ХН. 1Н. . . .
Э а  =1 =2 = 1-1 =1 =1 = 1+1
4i
■ й к ^ ' Ч » ' 1 1_Ч  ‘ ' \ Ь  йк
к-1
ö k -
( 16)
where is  the 4x4 d if fe re n tia l transformation matrix from co-ordinate
system i  to co-ordinate system к /3 /.
Evaluating equation (16)
where
k* i-1. T i-1 ,o. = h, 6.- l  =k - l
and
i - l .T
ьк
(17)
( 10)
(19)
1^
Symbol 6. is  the un it vector of ro tation axes of jo in t i  with respect to
-1 к кco-ordinate system k, vector d  ^ represents the moment of <5^ to the orig in
of co-ordinate system к w ith respect to co-ordinate system k, i f  jo in t  i  is
к кa ro ta tiona l one. Symbols 6^  = 0 ('the 3x1 zero vector), and d^ are the 
u n it vector of trans la tion  axes of jo in t  i  with respect to co-ordinate 
system k, i f  jo in t i  is  a translational one.
For the sake of the next sections, le t  the f i r s t  and second deriva­
tiv e s  of (k = l , 2 , . . . , n )  be investigated with respect to time, is  then 
w ritte n  (symbol denotes the to ta l time derivative) as follows:
( 2 0 )
where using (12), (13) and (17), (18), (19)
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, ЧЛ k- • k-1. T /к- l s -i, ■ \ и n
= £  - i qi = =k -k-1 + -k qk ’ -0 = 9
i=l
k 1 . ( 21)
and
( 22)
k- 1i f  jo in t к is  a translational one then <5. = 0, i f  jo in t к is  a ro ta tiona l 
k- 1  Kone then dk = 0. From equation (20), the second derivative of Ук with 
respect to time is :
л\
dt2 ^k
=k «к (23)
where, from equations ( 2 1 ) and ( 2 2 ) and by using equations ( 1 1 ) ,  (18) and 
(19), the follow ing backward recursive equations can be developed:
кд _ k - l.T  /k - 1  • k - 1 -  k- 1i-i К - ! ' к- i K -i. - k - 1 . -- . i j - „  . „ , s
=k ( -k - 1  + =k-l -k qk -k V >  in  " 9 (24)0-
-k - 1
(25)
The above equations seem to be very complex ones but when evaluating them, 
one obtains much simpler forms than the above ones because of using quan-
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t i t i e s  with respect to the local co-ordinate systems. Equations (24) and 
(25) can be rewritten in to  the following forms:
where
and
and
where
k- k k
“ k = 5k + V (26)
«
k-1. T /k-1- k-1, •• % 
=k ( -k-1 -k qk ’ (27)
k-1. T /k-1 k-1 s •
M  V l  V V (28)
k • k k 
V. = a. + u. , -k -k -k ’ (29)
к k- 
?k :
1. T fk -1  • k - l~  k-1 ^ k-Tr k-1 •• k-1 . •• ]
bk [  V i  + \- l  Bk + I k  Bk qk + 5k qk J ^3° )
and
< к- l. T Гк- l r  , к-1Г к- l  Ч-2 k - l~  , k -W  k-1 s
5k = ( «к pk)qk + ^k_i ( ^k_i Bk}
0k -l~  ,к -1 Г  к- l  ч • k -W  k-1
+ 2 «к- l  ( =k В к Ч  + «'
k-1 . • I
Bk-l ^kqk J - ( 31)
к кIn equations (26) and (29), terms e_k and a^ contain the generalized ac­
ce lerations. They are very important fo r the d irec t dynamics of a robot 
manipulator.
For the sake of the next sections, le t  the pa rtia l derivative  of 
vectors and ^v^ (k = l , 2 , . . . , n )  be investigated with respect to the ge­
neralized accelerations q  ^ ( j  = 1 ,2 , . . . ,k ). (n is  the number of lin ks  of 
the robo t.) I f  j  > k, then
3k-
^k (32)
From equations (24) and (25), the following backward recursive equations can 
be developed
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ak ‘ ак Як_1‘ßi. . L$lb iiü = к-у ... j-y M«. = k-y —Hüll
- kj  3q. 3q. 
43 43
and
=3 -J =k 3q.
(33 ) .
к = j  + l , . . . , n
3Jw.
51 = j - У  > У ,
3q. =3
(33 ) ,
and
.k- „k
_ 3 -k 3 -k k - l j
^  ‘  3q. '  3q. "  =k 
3 3
k-1 • „k - l~
3 -k-1 3 -к - l  k "1-
3qj
3q.
Kk , к = j  + 1 ,— ,n (34).
3Gv
1= j - У  У 1!  M p .  + M d . ) .
3qj
=3 -3 -3
(34),
3. The acceleration energy function
According to /1 /,  the acceleration energy function (called Gibbs func­
tion) of body i  can be w ritten in  the form:
Gi  = \  J l \  l i  dm, (33)
m.l
where is the 3x1 acceleration vector of any a rb itra ry  point of body i ,  
and пь is  the mass of body i .
The acceleration energy function of a robot manipulator is  defined by: 
n n n
G = 2  Gi  = 2  \  J  Й ? !  dm = 7  2  J  TriRjR^dm, (36)
i= l i= l m. i= l m.l  l
where n is  the number of lin ks  of the robot, Tr() represents the trace of 
0 ,  = [ r j |  1JT and r^ is a 3x1 vector from the base reference co-ordinate
system to any a rb itra ry  point of lin k  i .  By using (5) in  equation (36)
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R. = H. i Ri , i  = (37)
where H. is  the 4x4 homogeneous transformation matrix, 1 R^  is  a 4x1 vector 
(see the above row) and 1 r^ is  a 3x1 vector from the o rig in  of co-ordinate 
system i  to any arb itra ry point of lin k  i  with respect to co-ordinate system
i .  Symbol V  is  a constant vector at the time when the lin ks  of the robot 
manipulator are assumed to be r ig id .  By using equations (36) and (37), the 
Gibbs function can be w ritten in  the form
x  e;>.
i = l
(38)
where 1 K^  is  a 4x4 matrix ca lled pseudoinertia matrix /3 / .  By using equa­
tions (35)—(37), can be w ritten  in the form:
(39)
where
(39).
(39),
(39),
(39),
Matrix 1^ . is  b u ilt  of the matrix elements of the in e rtia  tensor of lin k  i  
w ith respect to co-ordinate system i .  1jC is  a tim e-invariant matrix because 
vector xr^ related to the loca l co-ordinate system i  is  constant.
where 1гч is  the 3x1 position vector of the mass center of lin k  i  with 
respect to i ts  own co-ordinate system, and
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By using (23), G can be further w ritten in  the form: 
n
G 4  У  Tr(H. 1w. h .  V  HT) ,2 J —i =i =i =i =i =i ’
i  = l
and by expanding the middle three terms
n
(40)
(41)
I t  is  not d i f f ic u l t  to show that the product of the middle three matrices 
results a matrix whose bottom row and right-hand column are a l l  zeros. Pre­
multiplying by Fh and postmultiplying by i t s  transpose makes use of only the 
rotation part of the transformation. The trace of a matrix is  invariant 
under such an operation. Therefore, i t  is  necessary to investigate the trace 
of the inner three terms of the above expression. After evaluation, the 
product of the middle three matrices w il l  be:
V ) .
(42)
With the use of the rules of matrix operations, G can be rew ritten in to  the 
form
where is  the matrix of the ine rtia  tensor of lin k  i  around the o rig in  of 
i t s  own co-ordinate system w ith respect to the same co-ordinate system.
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This new form of the acceleration energy function is  w ritten by dy­
namical and kinematical quantities with respect to the local co-ordinate 
systems. In these co-ordinate systems the dynamical quantities are tim e-in- 
va ria n t during the motion, and the kinematical quantities can be developed 
by recursive equations according to (21), (22), (24) and (25). A ll these 
characteristics w il l  reduce the required computations.
4. Equations of motion
Appell's equations (according to /1 /)  can be written in the form:
3G
= Qv  j  = 1 , 2 , . . .  ,n
3q . ^
(44)
where is the generalized force associated w ith co-ordinate q^. F irs t of 
a l l ,  the left-hand side o f equations (44) must be investigated. From (26) 
through (34) and (43)
3G
- 7 7 - = D. + C. ,
3q* J J
(45)
where
r i  1 +
+ m. V. l  - l
i-T  3  Vi
^  J
(46)
and
( 4 7 )
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vectors . and n — are defined by equations (33) and (34). The generalized 
force Qj ( j  = l , 2 , . . . , n )  on the right-hand side of equations (44) contains 
effects of external and in terna l forces acting on the robot manipulator at 
jo in t j .  In many practical cases, i t  is  s u ffic ie n t to assume tha t each jo in t  
can be considered as an ideal constraint and only the jo in t  forces or 
torques, and the gravity forces act on the robot manipulator. Hence, by 
using the princ ip le  of v ir tu a l work /2 / ,  can be written in  the form:
Q. ^  T 3Hk k- 2  mk ï  7 7  «К * ' }  
k=l J
j  = 1 ,2 ,....n (48)
where t . is  the jo in t force or torque acting at jo in t j ,
ï T = [g T t ° ] T. (49)
g is  the 3x1 gravitational acceleration vector in the base co-ordinate 
system, and
4  ■ К ' 1]1- (50)
I t  is  worth mentioning that the g rav ita tiona l acceleration vector can be in ­
cluded in the acceleration energy function, so the effects of the g rav ita ­
tiona l loading can be calculated by evaluating the left-hand side of Appell's 
equations. This method results in the same expression as the one using the 
princ ip le  of v ir tu a l work (48).
I t  is  not d i f f ic u l t  to show, that
3q. 3q. 3q. ’
к , j  = 1 ,2 , . ...n (51)
and by using the above relationships, equation (48) can be rew ritten  in to 
the form
° j  = Nj  + Tj ’ j  = М . - ' - . п  (52)
where
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( 5 3 )
Using the results of section 2 and expanding equation (53)
к /у
j  = 1 .2 , . . . ,n (54)
In the above equations a l l  the kinematical quantities were derived by using 
recursive equations. According to (45) and (52) the equations of motion of 
the robot manipulator can be rewritten in to  the form:
Ch(q,q,q) + C^(q,q) = N^(q) + x ^ , j  = 1 ,2 ,....n
where
(55)
Equations (55) are an e x p lic it  set of ordinary, second order, h ighly non­
lin e a r and coupling d if fe re n tia l equations. The meaning of each side of 
these equations w i l l  be investigated la te r. I t  is  worth mentioning tha t in 
general there are no closed-form solutions to th is  set of equations.
4.1, Solving the inverse problem
Equations (55) can be rewritten in to  the form
W  V T3’ j = (56)
Equation (56) is  in the so-called inverse dynamic form. I f  a l l  the ge­
neralized co-ordinates, ve locities and accelerations are known, then the 
actual driving forces or torques can be calculated.
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A computational algorithm can be stated as follows:
Algorithm 1.:
1. Input the lin k  paramters: 1^, ou, 0^, s^, гть , and fo r i  =
= l> 2 ,.. . ,n ;
2. Input the jo in t  variables , ve loc ities  q^, accelerations q  ^ fo r  i  = 
= 1 ,2 ,. . . ,n ;
3. Compute the 3x3 re la tive  transformation matrices 1 and the position 
vectors by relationships (2) and (3) fo r i  = 1 ,2 ,...,n ;
4. Compute 1ш- and V-1 - l with backward recursion by equations (21) and (22)
fo r i  = 1 ,2 , . . . ,П;
5. Compute V  and V with backward recursion by equations (24) and (25)
for i  = 1 ,2 , . . ,n ;
6. Compute h k  and 0ik with backward recursion by equations (33) and (34)
for к = 1 ,2 , . . . ,n and i  = k ,k+ l, . . . ,n;
7. Compute the terms > Ck and by equations (46), (47) and (54) for
к = 1 ,2 ,...  ,n ;
8. Compute the jo in t  generalized forces by equation (56) fo r к =
= 1>2, . . . , П;
9. End.
4.2. Solving the d irec t problem
I t  is  not d i f f i c u l t  to see that the closed-form solution of equations 
(55) generally does not exist except for some simple special cases. Hence, a 
numerical in tegration scheme must be used in  order to compute the ge­
neralized co-ordinates, ve locities and accelerations forward in time in  the 
case of given in i t i a l  conditions and driv ing forces or torques.
Equations (55) and (56) are now in  the inverse dynamic form. To con­
vert them into the simulation (d irect dynamic) form, one must extract the 
coeffic ien ts of the second derivatives of the generalized co-ordinates to 
compose a nxn mass matrix M for the system. Elements of matrix ^ are 
k , j  = l , . . . , n .  Afterwards, the second and f i r s t  derivatives together make up 
the derivative of the state vector, which can be used in one of the a va il­
able integration schemes to solve for the state as a function of time for 
given in i t ia l  conditions and generalized forces.
According to (26) —(31) and (46), term in  equation (55) can be 
divided into two follow ing parts:
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where
Л rfd '•
i  T 3 - i (58)
and
1 ^
!  3 h  i :
Ei 1 +
(59)
Term A, in equation (57) contains only the second derivative of the ge­
neralized co-ordinates, and Cj contains the f i r s t  derivative of the ge­
neralized co-ordinates. Term A^  must be investigated in order to set up 
m atrix M. Aj can be considered as the product of the jth  row vector kh of 
m atrix M and the vector of the generalized accelerations q. Hence by ex­
tra c tin g  coeffic ients M..
Лк
ЭА;
A
= M.. , Лк’ j , k  = 1,2, —  ,n (60)
and expanding the above equations
( 6 1 )
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By using equations (33) and (34), i t  is  not d i f f ic u l t  to show tha t У is  a 
symmetric matrix,
jk  - "k j* (62)
Therefore, i t  is  only needed to compute coe ffic ien ts  M.. for j  >  k. The
JK —
other ones can be obtained from (62).
Now the equations of motion of the robot manipulator can be rew ritten 
in to  the form:
n
V  M.k qk + F, = Nj  + T-, j  = 1 ,2 ,....n  (63)
k=l
where
F. = Cj + С’ . (64)
Equations (63) are in  the so-called dynamic simulation form. The f i r s t  term 
represents the in e r t ia l e ffects at jo in t j ,  term F  ^ represents the C orio lis  
and centripetal e ffects at jo in t j ,  represents the gravity loading at 
jo in t  j ,  and Tj is  the actual jo in t torque or force at jo in t j .  I t  is  stated 
without proof that matrix M is  always a non-singular one (resu lting  from the 
structure of Appell's equations see /1 /) ,  hence i t s  inverse M- '1' ex is ts .
Converting equations (63) into matrix form:
where
and
У q + F = N + г ,  (65)
F = F(q,q) = [F j F? . . .  Fn] T, (66)
N = N(g) = [Nx N2 . . .  Nn] T (67)
I  = x( t )  = t2 . . .  xn ]T. (6B)
In order to obtain solution to equation (65), a single-step, d ire c t, nu­
merical integration method is  used. This method is  designed to solve the 
f irs t-o rd e r d iffe re n tia l equations of the form /23/
y = f ( y , t ) , V(V  = Ï0* (69)
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where y = y2 . . .  y2n is  3 time-dependent state vector, f ( y , t )  is  a 
2nxl vector function, and y g is  the value of у at a given point tg. Hence, 
equation (65) must be converted to a set of f irs t-o rd e r d if fe re n tia l equa­
tions  by using appropriate vector and matrix notation. Since ^ is  a positive 
d e fin ite  non-singular matrix, equation (65) can be solved fo r the gene­
ra lized  acceleration vector as follows:
q = (N + 1 - F) = q(q,q). (70)
Let the state vector у be the following 2nxl vector
and i t s  time derivative
1 =
t-----
• СГ1
и
r-----
• cri
i __
-----1
: сл 
___1 M 1 (N + т -  F) _
f ( y , t ) .
(71)
(72)
The in i t ia l  conditions yg = [q (tg ) o(tg)J^ are known. The investigated time 
domain must be divided in to  subintervals. I t  is  assumed that the length of 
each subinterval h is  equal, h is  called the time step size. Integrating 
equation (72)
P Í1I dy = J f ( y , t )  dt ,  (73),
^0 t 0
and
tl
Vl= yCtj) = Уд + Í  f ( y , t )  dt,  (73)2
t 0
where t^ = tg + h. I f  h is  taken appropriately small the above equations can 
be rewritten as:
h = У 0  +  h f ( y 0 , t  ) • ( 7 4 )
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By using the in i t ia l  conditions the 2nxl vector fCyg.tg) can be calculated 
by equations (72). Hence, the generalized co-ordinates and ve loc ities  at 
time t^
= ”q( 11 ) ' = ■q(tg) ■ + h ’q(tg)
q ( t i) _q(tg) q(tg)
Solution vector y  ^ at time tg + h can then be used to evaluate the accelera­
tions at the new point at time t^ . Vector y^, as well as the acceleration 
vector can be used to define function y  ^ = f ( y ^ , t^ ) ,  which can be used to 
advance the numerical in tegration another step to reach a new point at time 
±2• This process is  continued u n til the end of the desired simulation time.
In general, the method is  defined by the equation
¥ W
II
w + h g < v
.9( W . 9( t n) , * V .
This formula can also be obtained by using Taylor's series and dropping the
higher order (nonlinear) terms in these series.
A computational algorithm for the d irec t problem can be stated as
follows:
Algorithm 2.
1. Input the lin k  parameters: L ,  a^, 0^, s^, rru, 1r^ and 1X for i  = 
= 1 ,2 ,. . . ,n ;
2. Input the jo in t torque or force function ( t )  fo r i  = l , 2 , . . . , n ;
3. Input the jo in t variables q^, ve locities q^ at time tg for i  = l , 2 , . . . , n  
( in i t ia l  conditions);
A. Compute the re la tive  transformation matrices and the position
vectors * at time tg by relationships (2) and (3) for i = l , 2 , . . . , n ;
5. Compute 1щ^  and 1\л with backward recursion by equations (21) and (22) at 
time tg fo r i  = 1 ,2 , . . . ,n ;
6. Compute V  and u  ^ with backward recursion by equations (24) and (25) at 
time tg for i  = l , 2 , . . . , n ;
7. Compute and with backward recursion by equations (33) and (34) at 
time tg for к = l , 2 , . . . , n  and i  = k ,k + l, . . . ,n ;
B. Compute terms and by equations (47), (54), (59) and (63) at time tg
for к = 1,2........n;
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9. Construct the mass matrix M by equations (61) and (62) at time tg ;
10. Compute the generalized acceleration vector q by equation (70) at 
time tg ;
11. Compute the vectors of generalized co-ordinates and ve lo c itie s  at time 
t^  by equation (75) choosing an appropriate time step size h;
12. Let be t Q = t^  and t^  = t ^ and repeat the algorithm from step 4, u n t il 
t i  = t e ( t e is  the end of the desired simulation time in te rv a l) ;
13. End.
I t  is  easy to see tha t the dynamic simulation is  a more d i f f i c u l t  problem 
than the inverse dynamics. The in tegration method for solving the set of 
equations of motion used in  th is  algorithm (called Euler's method) is  simple 
but not very accurate. However, th is  meghod require fewer computations than 
the other ones ( fo r  example Runge-Kutta methods, predictoi>-corrector meth­
ods) and by using ite ra tiv e  steps i t  can be rendered more accurate.
5. Conclusions
A new and e ff ic ie n t method fo r derivation and solution to  the dy­
namical model of general robot manipulators consisting of r ig id  lin ks  has 
been developed in th is  work. Both the inverse dynamics and the d irec t dy­
namics of robot manipulators can be solved by using th is  method in  a simple 
way. E ffic ien t computational schemes can be developed. The whole compu­
ta tio n a l process fo r deriving the complete set of dynamic equations of mo­
tio n  of a robot manipulator with n degrees of freedom requires at most 
2 2(14n + 80n) m u ltip lica tions and (12n + 54n) additions; fo r n = 6, at most
984 m ultip lica tions and 756 additions are required.
In order to prove the e ffic iency of the proposed computational 
schemes, a Pascal program was w ritten . By using an AT 386 computer, the re­
quired execution time is  less than 0.007 s when the solution to inverse 
dynamics of a PUMA 560 robot manipulator is  calculated. The possible s im pli­
fic a tio n s  of the algorithm deriving from the selected configuration of the 
robot manipulator have not been taken in to  account.
I t  is  possible to compare the method proposed in th is  paper with some 
other existing methods in use and computational complexity. This comparison 
is  shown in Table 1.
In conclusion, the methods proposed by Uicker, Huston-Passerello and 
Harlow /21/, Bejczy and Lee /9 /,  Vukobratovic and Pontkonjak 111 can be used
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Table 1
Method, M u ltip lie . Additions D ir. Inv.
Uicker—Kahn f(n 4) f(n 4)
(Lagrange—Euler) / i f  n = 6/ / i f  n = 6/ yes yes
/66271/ /51548/
Huston—Passerello f(n 4) f(n 4)
(Kane) /»  10000/ / *  10000/ yes yes
Bejczy—Lee f(n 4) f(n 4)
(Lagrange) /»  10000/ / »  10000/ yes yes
Höllerbach f(n ) f(n )
(Lagrange) /2195/ /1719/ no yes
Vukobratovic— f(n 3) f(n 3)
Pontkonjak 
(Lagrange)
/2899/ /2068/ yes yes
Vukobratovic— f(n 3) f(n 3)
Pontkonjak 
(Appell)
/2929/ /2431/ yes yes
Chang-Din L i 1. f(n 3) f(n 3)
(Lagrange) /1436/ /1017/ yes yes
Chang-Jin L i 2. f(n 2) f (n 2)
(Lagrange) /7ВЗ/ /670/ yes yes
Luh—Walker—Paul f(n ) f(n )
(Newton—Euler) /В52/ /738/ no yes
Kane—Levinson f(n ) (fn )
(Капе) /646/ /394/ no yes
Vukobra tov ic—L i— f(n 3) f(n 3)
Kircanski 
(Newton—Euler)
/992/ /775/ yes yes
Richard—Levesque f(n) f(n )
(Appell) /834/ /678/ no yes
This paper f(n 2) f(n 2)
(Appell) /984/ /756/ yes yes
to compute both the inverse and direct dynamics fo r robot manipulators. But 
the number of operations involved by these methods is  of order f(n  ) and 
f(n^) and much larger than the method proposed in th is  paper. The Newton— 
Euler method /13/ proposed by Luh—Walker and Paul, the Kane's method /22/ 
proposed by Kane and Levinson and the Appell's method /20/ proposed by
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Richard and Levesque are comparable to the method of computational e f f i ­
ciency proposed in th is  paper but they can be used only to solve the inverse 
dynamics for robot manipulators, not the d ire c t one. So, they cannot be 
applied to design the contro l system and, the dynamic simulation fo r robot 
manipulators. The Kane's method /22/ seems to be very e ffic ie n t in  solving 
the inverse dynamics, but th is  method was used only to solve the inverse 
dynamics of a Stanford manipulator (a special type of manipulators). The 
method proposed in th is  paper requires 378 m u ltip lica tions and 219 additions 
in  solving the inverse dynamics of th is  Stanford manipulator.
The method developed by Vukobratovic, L i and Kircanski /14/ is  able 
to compete with the method proposed in th is  paper, but the number of7
operations of th is  method depends on n ' . Hence, the method proposed in  th is  
paper is  superior when investigating robot manipulators consisting of many 
lin k s . The methods developed by Chang-Jin L i 610/, /11/ are re a lly  able to 
compete with the method proposed in th is  paper either in  use or in  com­
putationa l e ffic iency. The number of operations involved by these methods 
approximates that of the method proposed in  th is  paper. However, these 
methods are mainly developed for solving the inverse problem. Hence, the 
method proposed in  th is  paper can be more advantageous than the methods 
proposed by Chang-Din L i in  solving the d ire c t problem.
Finally, i t  should be noted that the method proposed in th is  paper 
is  an e ffic ien t method to  establish and to solve the equations of motion for 
robot manipulators.
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CALCULATION OF SHRINK FITS WITH THE CONTACT PRESSURE 
DEPENDENT FRICTION COEFFICIENT TAKEN INTO CONSIDERATION
NÉMETH, V.*
(Received: 2П February 1990)
Shrink f i t s  range among economically most favourable jo in t types. However, an 
accurate anrl re lia b le  design o f shrink f i t s  requires that the contact problem of 
e la s tic  bodies be solved and the microgeometrical characteristics be taken in to  con­
sideration.
In the paper, a method has been developed fo r shrink f i t  ca lcu la tions , per­
m itting  the e ffec t o f microgeometrical characteris tics to be taken in to  consideration 
in up-to-date computational methods ( f in i te  element method, boundary element method). 
On the basis o f the necessary parameters, the standard ISO f i t  to be specified is  
determined by the algnrithm.
I. Introduction
In calculating fo r shrink f i t s ,  the f i t  to be determined is  the one 
assuming transmission of given rorque. For th is  purpose, a contact problem 
of two bodies that is  the axle and the wheel must be solved, assuming 
un ila te ra l re la tion  between the two bodies. This means that they are e ither 
in  contact or separated from each other. Accordingly, the normal component 
of the surface traction  can be non-positive only. I t  makes the problem more 
d i f f ic u l t  that the zone of the contact is  unknown and thus the problem is  
non-linear.
E arlie r, d iffe re n t "ad hoc" methods has been used to solve the contact 
problems of e las tic  bodies. Later, in the seventies, methods based on va­
r ia tio n a l methods have been preferred. Two important trends can be observed: 
a mathematical approach based on functional analysis and an approach 
re fle c ting  the engineering aspect.
*Németh, V ik tor, Н-440П Nyíregyháza, Tnczédy sor 11/B, Ш /1 5 , Hungary
Akadémiai Kiadó, Budapest
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The f i r s t  trend is  based on the theory of unila tera l re la tions. 
Panagiotopoulos /1 , 2 /, Fremond /4 /, V illagg io  /5 /, Kravchuk /6 / and
Tereschchenko /7 / deal w ith  the mathematical theory of un ila te ra l re la tions.
Among authors representing the other thrend, Kalker /0, 9, 10/, Fred- 
riksson /11, 12/, Andersson /13/, Páczelt /14, 13, 16/ and Rozin /17/ shall 
be mentioned f i r s t  of a l l .  By means of functional analysis, these authors 
tre a t the problems of un ila te ra l re lations in  general. As a matter of 
fa c t, th is  leads to va ria tiona l unequalities, a modern branch of func­
tio n a l analysis.
Naturally i t  leads to one of the modern branch of the functional 
analysis, to the va ria tio n a l inequalities.
Except for /11/ each of the mentioned works, typ ica lly  neglects the 
influence of surface roughness, nonlinearity resu lting  from surface rough­
ness and the coe ffic ien t o f f r ic t io n  depending on contact pressure.
Among publications, /11 / was the f i r s t  to investigate the change of 
the coeffic ien t of f r ic t io n  while load is  being applied on the analogy of 
p la s t ic ity  followed by a work of Michalowski and Mroz /18/.
Scheffler /19/ investigates the e ffec t of coeffic ien t of f r ic t io n ,  
considered to be constant, on contact pressure in  case of shrink f i t s .
In determination of the lim iting  torque of shrink f i t s ,  the dependence 
of the coeffic ient of f r ic t io n  on contact pressure cannot be neglected, nor 
can be the fact that the microgeometry and the hardness of the contact 
surfaces unequivocally determine the interpenetration of the two surfaces 
a fte r f i t t in g  and tha t, on the other hand, has an e ffect on the contact 
pressure.
The intention of th is  paper is  to give a method for calculating shrink 
f i t s  that takes the u n ila te ra l re lation in to  account and permits the men­
tioned problems, re su lting  from the influence of microgeometry, to be 
tra ted  numerically. The contact force calculations are based on in  s itu  
shrink f i t  tests.
The method presented here is  based on the f in ite  element method and, 
from among the possible varia tiona l p rinc ip les, i t  uses the minimum p rin ­
c ip le  of potentional energy supplemented with the discontinuity potentia l 
taking into consideration the specified d iscontinu ity  (or f i t  allowance in 
case of shrink f i t s )  /20 /.
Concerning the laws describing the f r ic t io n  characteristics and the • 
in te raction  of microgeometry and contact pressure th is  work re lie s  upon the 
work of Kragelski and Mihin /21/ in f i r s t  lin e .
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2. Application of the selected varia tiona l princ ip le  
to shrink f i t  calculations
Let the axle and the wheel be denoted by 1 and 2, respectively. The 
axle and the wheel are divided in to and elements, so the to ta l number 
of the elements is  N = + N2 * The elements compose element pairs on the
contact surface, the number of node pairs being n. The volume of the body is  
denoted by V. The body surfaces are separated in to  three domains: Au for 
displacements, for surface load, A ^  being the common contact surface of 
elements e and j .
Vectors and tensors with covariant and contravariant components are 
denoted by subscripts and superscripts, as required.
The s tra in  tensor f ie ld  derived from the displacement vector f ie ld  is  
determined by continuity equation
“и  ’ 2 ‘ “и uj; i> ( 1)
where a denotes the covariant derivative, is  the matrix of fourth
order of the material constants; q  ^ is  the volumetric force in tensity  
vector; (pQ) 1 is  the surface traction specified fo r A^; p is  the contact 
stress (used as a Lagrange m u ltip lie r); and (he^)^ is  the specified d is ­
continuity between elements e and j  (Fig. 1).
A ll the free f ie ld  equations, boundary and f i t  conditions of the 
boundary problem are given by the stationary value of functional
TT(ui ,p1) = 2  
e=l
I к 3jk l a. .a. . -  q1u. )dV l j  k l 4 1
In case of the functional used, the continuity eauation, Hooke's law and the 
kinematical boundary conditions must be sa tis fied  "a p r io r i" .  This must be
taken into consideration in approximation of the d iffe ren t f ie ld s . Let the
1 2  3d iscre tization  be carried out accordingly. Co-ordinates x , x , x are 
denoted by x.
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UNLOADED STATE 
1
DEFORMED STATE
Fin. 1. F it  conditions
(kinematical -  u j + h > 0: dynamical + pj = 0)
Fields ib , a ^ ,  p1 are approximated in the following way:
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where Фе(х), Be(x) and pG(x) — approximation matrices; Э — d iffe re n tia l
g
operator matrix; u — displacement vector satisfy ing the kinematical
6 6boundary conditions specified fo r Au; и and p are vectors composed of 
nodal values of given fie ld s .
Let the following notation be introduced:
where transposition is  marked which superscript T. With the elements con­
nected, we obtain equation
i f ( u ,p )  = у  u TKu -  uTf  -  [uTA* -  ( b * ) T] p  + C, (14 )
where u is  the generalized displacement vector, p is  the generalized surface 
trac tion  vector and C is  a constant. Making use of the Khun—Thucker theory 
of quadratic programming /23 /, the potentia l energy (14) w i l l  be minimum i f
Ku -  f  -  A*p = 0 
у = A*u -  b* f  0 
pTy = 0
(15a)
(15b)
(15c)
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In case of both the wheel and the axle, the generalized displacement vector 
и is  divided in two parts. Ihe co-ordinates belonging to the contact surface 
are denoted by c while those co-ordinates belonging to the other nodes by e. 
Thus vector u can be w ritten  as
u = (16)
I f  K,A* and f  are partitioned accordingly, then the equation (15a) w i l l  be:
(17)
Introducing matrix
and vector
(18)
(19)
we obtain from (17)
and
( 20)
( 21)
A fte r partition ing  equation (15b)
( 22)
S ubstitu ting  expressions (20) and (21) in to  (22) and introducing notation
( 2 3 )
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and
z = A [(S (24)
we obtain
Hp -  b + z 6- 0. (25)
Since the lo a da b ility  of shrink f i t s  depends fundamentally on contact 
pressure and f r ic t io n  coeffic ien t (besides geometrical parameters) and be­
cause the normal component of d iscontinuity he  ^ has been stipulated ( i.e .  
ha lf of the f i t  allowance), equation (25) can be reduced. I f  we have to 
determine loada b ility , the problem can be treated as a normal contact 
problem considering that from among stress characteristics, the f r ic t io n  
coeffic ien t depends on pressure alone. However, th is  w il l  be possible only 
i f  the bending load of the axle and the displacement of the two bodies as 
compared with each other need not be taken in to  consideration.
I f  the matrix composed of the Зк+ lst elements of the Зк+ lst rows of H 
is  denoted by and -p^, and are vectors composed of the 3k+lst 
elements of given vectors, then
can be written instead of (25).
Of course th is  transformation assumes that vectors p and b have been 
constructed in such a way contact pressure p and ha lf of f i t  allowance h are 
the Зк+lst elements of these vectors and vector z corresponds them as w ell.
Note that the reduced equation (26) w i l l  also be obtained i f  the 
discontinuity potentia l is  formulated so as to contain contact pressure p^, 
displacement in  normal d irection u  ^ and the specified in i t ia l  gap in  normal 
d irection h. In th is  case matrix A determined by (12) should contain n x 3n 
instead of 3n x 3n elements and vector b should have n elements only. Thus, 
using the expressions (23) and (24) inequality (26) would be obtained 
d ire c tly .
Since vector contains the values of'nodal contact pressure neither 
of i t s '  elements can be negative, i f  a un ila te ra l re la tion  is  assumed. 
Therefore, (26) must be completed with th is  condition.
In shrink f i t s ,  the specified f i t  assumes a constant f i t  allowance h. 
Introducing notation y^,
V n + bN - ZN = 0 (26)
b N = y N h ’
( 2 7 )
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the programming problem to be solved can be w ritten as 
W = HNPN + *Nh -  ZN * 0 (28a)
PN ? 0 , (28b)
pjw = 0 (28c)
which is  essentially dual problem No. I l l  of quadratic programming. For 
so lu tion  of (28), d iffe re n t methods can be found in lite ra tu re  /22—24/. 
Should also the microgeometrical characteristics of surfaces, be taken in to  
consideration, then the contacting bodies w i l l  approach to each other, i.e .  
f i t  allowance h decreases and therefore the pressure decreases as well.
3. Taking in to  consideration re la tion  h = h(p^)
When the axle and the wheel are manufactured a f i t  allowance h isо
used between the two structural"elements. The f i t  diameter of the axle w il l  
then by 2h larger than the bore diameter of the weel. Upon assembly the 
distance between the contact surfaces reduces by a value depending on the 
microgeometric and hardness characteristics and contact pressure. In the 
lite ra tu re , th is  is  ca lled f i t  loss /25 /. F it loss Ah belonging to the 
diameter used by Schmaltz /26 / is  determined, as follows:
Ah = 5,4(Rgl Ra2} - (29)
Relationship (29) takes only the mean roughness of the axle and wheel in to 
consideration. According to research by Kragelski /27—29/ and Mihin /30, 
31/ the surface layer in  contact can be e las tic  unsaturated or saturated and 
p la s tic  unsaturated (e la s tic -p la s tic ) or saturated. The relationships fo r 
determination of the value of fr ic t io n  coe ffic ien t and Ah vary depending on 
the above four states. I t  sha ll therefore be investigated f i r s t  which of the 
above states may be occur in  case of shrink f i t s .  According to /27 /, elasto- 
p la s tic  state w il l  develop on the contact surface i f  the contact pressure is
14.5 -HB^(1 -  v b
p г --------r i ------- —  - (30)
Д1Е2
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where HB2 — Brinell-hardness of the contact, surface of the wheel, E2 — 
Young's modulus of the wheel, v2 — Poisson's number and A^  complex rough­
ness characteristic of the contact surface of the axle. The Brinell-hardness
_2sha ll be treated as a stress characteristic. Thus, i f  Nmm is  used as a 
u n it of measurement, shall be m ultip lied by 9.81.
With relationship (30) investigated in case of characteristic of 
shrink f i t s ,  we find  that p rac tica lly  only the e las tic -p las tic  and the 
p la s tic  saturated state can take place. According to /2В/, Ah can be de­
termined by means of the same relationship fo r both states. For the l im it  
of s lip ,
Ah - Rmax (31)
since the f i t  allowance corresponds to a negative in i t ia l  gap. In terms of 
mean roughness, re lationship (31) is
Ah = -  4.5Ra2 HB. (32)
where the fact that the surface of the bore is  rougher than the surface 
specified for the axle has been u tiliz e d . Thus equation (20a) can be 
w ritten  as
HpN + Ум(Ьо - Ah) - ZN = °- (33)
The H ildreth—d'Esopo method based on the Gauss—Seidel algorithm /23 / w i l l  
be modified in compliance with equations (28b), (28c) and (33). In doing so, 
equation (33) is  w ritten fo r node i  and ite ra tio n  step k. According to the 
Gauss—Seidel algorithm, the k-th  approximation of pressure (p ^ )j ( j  = 
= l , 2 , . . . , i - l )  is  used in the k-th  step. Thus (33) can be written as
i-1
5  (HN) iJ (PN) j  + (HN) i i (pN) i  + 2  (V i j (PN + 
j= l j= i+ l
(34)
/ s 4.5R „ 
Vfl i  32
<pis>i
\  HBi
- (zN). = 0,
where the sign of inequality is  omitted according to the H ildreth— d'Esopo 
method. Introducing notation
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i-1
and
4 . 5 Ra2
Bi = " (Yn) í  | hb"2 ’
( 3 6 )
the equation fo r (p^j). w i l l  be
3i  № i A. = 0.l (37)
F irs t we take condition (28b) into consideration to show the case of uni­
la te ra l connection. I f  the bodies separate from each other, then (p^)| = 0 
that is  Ah = 0, thus, in th is  case, the equation to be analysed is
from th is
Thus, i f
(30)
(39)
(40)
then the bodies w i l l  spearate from each other and, according to (28b), 
(p^)^ = 0. On the other hand, i f
-  A. / (HK.) . . > 0, (41)l  N И  '  ’
then (p^j). > 0 and, according to (28c), w = 0. In th is  case, equation (37) 
is  va lid . From (37),
B. +i  - В - 4(HJ. .A. l  N n  l
2(H..). . N l i
(42)
Since the decrease of the f i t  allowance is  Ah, pressure (p^j)^ from equation 
(42) is  lower than the pressure calculataole in accordance with (39) that is  
w ith the reducing distance between the surfaces le f t  out of consideration, 
i.e .
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Fin- 2. Calculating the generalized contact pressure vector
B. Bf -  4(H..)..A.i  — N i  N i i  i
2(V i i
A.
< -  1
(V i i
Reducing inequality (43)
B2 + B. V B2 -  4(H..). .A. <  0, 1 — 1 ^ 1  N i l  l  ’
(43)
(4 4 )
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and taking (41) in to  account we obtain
\ | B Í  -  i ( V i i A i  > l B i l  •
( 4 5 )
thus (44) w il l  be sa tis fied , i f  the negative sign applies to Eh > 0 while 
the positive  sign to EL < 0. Therefore, the solution of (37) is
(46)
Now we have a l l  the relationships required for ite ra tio n . The Flow 
Diagram of the method is  given in Fig. 2. Determination of i n i t i a l  value hg 
w i l l  be discussed la te r.
4. Calculation of lim it in g  torque
In the knowledge of generalized contact pressure vector p^, the 
pressure at given point of element e is
p(x,h) = Pe(x)ps(h ), (47)
where the dependence of the contact pressure on the actual value of f i t  
allowance h = hg - Ah is  indicated. The lim it in g  torque of the jo in t  upon 
s l ip  w i l l  then he
. N-l N□ I Г
M = —  2 "  2  J ,u(p(x,h))p(x,h)dA, (48)
e=l j=e+l Ae^
where d^ — f i t  diameter and p is  the coe ffic ien t of fr ic t io n  depending on 
pressure.
In the previous section, we said that in  shrink f i t s ,  e la s tic -p la s tic  
or p la s tic  saturated state could occur on surface A . On the basis o f /21/, 
e la s tic -p la s tic  state w i l l  occur i f
p <  0.0625HB2, (49)
otherwise the state is  p la s tic  saturated.
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The pressure dependence of the f r ic t io n  coeffic ient is  d iffe re n t in 
e ither of both states but the two relationships can be written in  a lumped 
form according to /21 / as follows:
To ..0 .5 1  p
X
^  = HB^ + 6 + k A1 1 HB^ I Î
к = 0.5 and X = 0.25 i f
к = 0.9 and X = 0.5 i f
(50a)
P < 0.0625HB2, (50b)
P * 0.0625HB2. (50c)
The fr ic t io n a l force resu lts from molecular in teraction as well as from the 
deformation of the highest points of roughness /31, 32/. In re la tionsh ip  
(50a), the sum of the f i r s t  two terms gives the so-called molecular f r ic t io n  
coe ffic ien t. The value of the shear stress is
тп = TQ + ßp, (51)
where and ß are fr ic t io n a l characteristics, th e ir values being determined 
experimentally /27, 33/. Should residual deformation occur in the contact 
zone, then, in  molecular dimensions, the contact pressure and the normal 
stress w i l l  be equal to the Brinell-hardness of the material on the basis 
of /21/. Therefore, the molecular fr ic t io n  co e ffic ie n t is
= T  = ив + e (52)
Thus the lim it in g  torque of the jo in t  can be calculated from (48) where 
function u(p(x,h)) shall be defined according to (50). I f  the in tegra tion  
according to (4B) is  made by means of the Gauss—Legendre quadrature fo r ­
mula, the values of the contact pressure and fr ic t io n  coeffic ien t sh a ll be 
calculated fo r the so-called Gauss-points.
5. Selection of the in i t ia l  value o f the ite ra tion
The in i t ia l  value of ite ra tion  h , is  determined on the basis o f theo’
approximate assumption that the contact pressure is  constant. Let b be the 
width of the wheel on the contact surface. Then the loadability of the jo in t  
w i l l  be
»2 9 2 NÉMETH, V .
M = y  ^(p)d^ it bp, (53)
where p is  the pressure considered to be constant. On the basis of taking 
in to  account (50) and (52),
2M
к д 0-5(^ ) Х
û  1 hHßo
.2 .d-^  тг b
(54)
Relationship (54) can be treated as a recursive formula of the method of 
successive approximations /34/. This method can be used i f  the absolute 
value of the f i r s t  derivative of function (54) with respect to p is  less 
then one. From (54) we get
Р
к Л0.5
2 JJ (p)
(55)
which considering the values possible in  practice, is  certainly less than 
one. In th is  way, an i n i t i a l  value of p = 0 can be used in recursive formula 
(54) fo r determination of p.
On the basis of (32), the f i t  allowance loss according to p is
Ah = - 4.5Ra2 (56)
I f  the contact pressure is  assumed to be constant, the nodal values of h 
from (28a) w il l  not be constant. The i n i t i a l  gap according to equation 
(28a) is
h.l
n
( zn} í  - p 2  (V i j  
_________J=1______
(yN}i
Ah (57)
in  the i- th  node.
The in i t ia l  value, h , may be the a rithm etica l mean of the values of 
Fb calculated from (57).
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Fig. 3. Determination of in i t ia l  value of f i t  allowance
П
i= l
The Flow Diagram for calculation of hQ is  given in Fig. 3.
( 3 8 )
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6. Determination of the f i t
The result of ca lcu la ting  for the fr ic t io n a l torque of shrink f i t s  
includes determination of the standard ISO f i t  where M is  the lim it in g  
torque the value of which is  usually double or t r ip le  as compared with the 
working torque.
Once the f i t  allowance h associated torque M is  determined, then, 
using the standard hole tolerance system to determine the f i t  (w ith to ­
lerance H provided fo r wheel bore), the upper l im it  deviation of the f i t  
diameter of the axle must sa tis fy  the follow ing condition on the basis 
of /2 3 /:
FE^  i  m(T^  + T2 ) + 2h, (59)
where T^  and T2  are f i t  diameter tolerance range widths for the axle and 
wheel, m = 0.35 and m = 0.5 in case of manually adjusted or automatic 
manufacturing process, respectively.
The algorithm presented in  the previous sections is  suitable fo r ca l­
cu la tion  of torque M associated with given f i t  allowance h. Hence, in  the 
ca lcu la tion , the least upper l im it  deviation (FE,) s t i l l  sa tis fy ing  in ­
equ a lity  (59) shall be found fo r in i t ia l  value h. A fter th is , by means of 
the presented algorithm, torque Mq associated with f i t  allowance
h'о
(FE1)q - т(Тх + T2)
2
(60)
sh a ll be determined.
I f  Mq <. M, the next ISO upper lim it  deviation fo r which (F E ^ )^  (FE^)q 
sh a ll be formed. Otherwise the next value satisfying condition 
(FEf ) 1  C (FE^)q shall be selected. According to (60), the value of f i t  
allowance h  ^ and then the value of torque associated with i t  sha ll be 
ca lcu lated and compared w ith M again. The procedure shall be continued u n t il 
the le a s t ISO upper l im it  deviation ÇFE-^ )  ^ is  found fo r which FF > M.
The problem can be programmed by defining the matrices of tolerance 
range T ^  lower lim it  deviation AE^  for the computer. The matrix of the 
tolerance range gives the width of the tolerance range as a function of the 
ISO class and f i t  diameter. The matrix of the lower l im it  deviation gives 
the value of lower l im it  as a function of f i t  diameter, le tte r or se ria l 
number indicating the position  of the tolerance range (in  case of shrink
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Fig. 4, Determination o f f i t
f it te d  jo in ts : p, r ,  s, t ,  u, v, x, y, z, za, zb, zc). By means of these 
matrices, the upper l im it  depending on the f i t  diameter, class of f i t  and 
position of the tolerance range can be expressed as
FE . = AE , + T . .dmq dq dm ( 61)
The algorithm fo r calculation of standard tolerance is  given in  Fig. 4.
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Note, that the presented algorithm is  advantageous in tha t the s t i f f ­
ness matrices requiring a s ig n ifican t computational e ffo rt, the load vectors 
and matrix H ,^ as well as vectors yN and zN that can be calculated from them 
need be determined only once, because they are constant during the ite ra ­
t io n .
For maximum f i t  allowance, also strength calculations are required in 
add ition  to functional ca lcu lation of the elements. In the wheel, a lim ited 
p la s tic  deformation sha ll reasonably be allowed as in  th is  way, both the 
u t i l iz a t io n  and the safety of operation of the shrink f i t  can be improved. 
This work assumes p la s tic  deformation in  the domain of surface roughness 
o n ly .
Compared below are resu lts  that can be obtained by means of d iffe ren t 
methods, including the well-known Lamé method assuming plane s tra in  /25/. 
Therefore, a shrink f i t  between axle and wheel, illu s tra te d  in  Fig. 5, is  
investigated.
Parameters: 
d„ = 15 mm
7. Numerical results
о
d-^  = 40 mm 
d2  = 100 mm 
b = 30 mm
F ig , 5. The shrink f i t  investigated
CALCULATION OF SHRINK F IT S 297
p(MPQ)
200
100 M = 1389Nm
15 30
z ( mm )
Fin. 6. Numerical resu lts
1st method (Lamé), -------  2nd method, -------  3rd method)
h 0
r 0.055 mm
E1 = E2 = 2.1
V1 = V 2  = 0.3
HB? = 2500 Nmm
= 0.12
A1 = 0.1
« . 1
= 0.63 pm
Ra2 = 1.25 pm
- 2
Nmm
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The Lamé formulas calculate the f i t  allowance loss and the f r ic t io n  
c o e ffic ie n t on the basis of /29/ and /50/, respectively.
Another method investigated is  a f in i te  element method based on func­
t io n a l /2 /  with, however, the contact pressure dependence of the f i t  
allowance loss and f r ic t io n  coeffic ien t le f t  out of consideration (tha t is  
the procedure is  s im ila r to that used in the Lamé method).
The th ird  method is  tha t presented in  th is  work. The results obtained 
are illu s tra te d  diagrammatically in Fig. 6 ind icating  the pressure d is t r i ­
bution and lim itin g  torque calculated by means of the d iffe ren t methods.
Lame's constant contact pressure gives a good approximation fo r the 
in te rn a l domain of the wheel only. The pressure d is tribu tion  obtained by the 
second method is  s im ila r to that according to other works /11, 19/ while the 
th ird  method is  a bette r approach to the actual measured d is trib u tio n  /25 /. 
The value of lim itin g  torque calculated by means of the th ird  method lie s  
above the value obtained by the second method becase in the th ird  method, 
also the increase of the value of the f r ic t io n  coeffic ien t in these domains 
as a re su lt of increasing pressure at the edges of the wheel is  taken in to  
consideration.
8. Summary
Shrink f i t s  range among economically most favourable jo in t  types. 
However, an accurate and re lia b le  design of shrink f i t s  requires tha t the 
contact problem of e la s tic  bodies be solved and the microgeometrical 
characte ris tics be taken in to  consideration.
The method presented here can be used f i r s t  of a l l  fo r shrink f i t  
ca lcu lations but the algorithm developed to take into consideration the 
contact pressure dependent fr ic t io n  coe ffic ien t as well as the reducing d is ­
tance between the surfaces is  suited fo r use in  other contact problems as 
w e ll. Note that other va ria tiona l princip les lead to the programming problem 
according to /28/ as w e ll, moreover, as shown in  /35 /, also the basic equa­
tio n  o f the boundary element method cad be w ritte n  in  a sim ilar form in  case 
of a d iscontinu ity stipu lated in the displacement f ie ld .
Hence, a method has been developed fo r shrink f i t  calculations, per­
m ittin g  the e ffect of microgeometrical characteris tics to be taken in to  con­
s idera tion  in up-to-date computational methods ( f in ite  element method, 
boundary element method). On the basis of the necessary parameters, the 
standard ISO f i t  to be specified is  determined by the algorithm.
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RECONSTRUCTION OF ROTOR BLADE LOADING FROM 
IN-FLIGHT MEASURED STRUCTURAL BLADE REACTIONS
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In this paper, a new method for reconstructing rotor blade air loads from 
measured structural blade reactions of the rotating rotor blade is presented. 
The measured structural blade reactions may consist of local bending moments, 
blade deformations, local accelerations or a combination of these. Using known 
structural and dynamic properties of the blade, the acting air loads on the 
blade can be reconstructed in the time and geometric domain. Reconstruction 
results from flight test measurements with Kamov-26 and Hughes 500 helicopters 
conducted in Hungary are presented in this paper. The efficiency of the em­
ployed reconstruction method is also confirmed by reconstructing high frequent 
blade vortex interactions.
Notation
{ } vector
[ ] matrix
C; [C] damping; damping matrix
[E] elasticity matrix
H; {H} participation factor; vector of part, 
factors; generalized coordinate
K; [K] stiffness; stiffness matrix
m; [m] mass; mass matrix
P; {P} force; force vector
y; {y};(Y} deflection, blade deformation vector; 
total blade deflection
(n> eigenform vector
[Ф ] modal matrix
ю eigenfrequency
C Lehr-damping factorSDOF Single degree of freedom system 
indices
dyn dynamic
gen generalized
qs quasi static
*Öry, Huba -  L indert, H.W., D-52062 Aachen, W üllnerstr. 7, Germany
Akadémiai Kiadó, Budapest
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Introduction
Due to their configuration and typical helicopter flight 
attitudes, the rotor blades of the main and tail rotor systems 
experience numerous instationary air loadings. Strong structural 
blade reactions occur particularly from blade vortex interactions 
(bvi) resulting in heavy dynamic loading of blades, rotor system 
and fuselage. A satisfying evaluation of such dynamic loadings 
is only possible if the acting air forces on the blades are known 
in their time histories and their geometric distribution on the 
blades. The acting air forces, respectively air loads, can be 
acquired from theoretical assumptions and calculations, measure­
ments on model rotor blades in wind tunnel tests or from flight 
test measurements with actual rotor blades.
A method for reconstructing air loads on rotating rotor 
blades from measured structural blade reactions has been devel­
oped at the Institute for Lightweight Aerospace Structures of the 
Technical University in Aachen (Institut für Leichtbau; RWTH 
Aachen). The structural blade reactions may consist of local 
bending moments, blade deformations, local accelerations or a 
combination of these. The acting blade air loads are reconstruc­
ted from the measured blade reactions with the Reconstruction 
Method (RM), employing simple structural mechanical and dynamical 
relations and known structural blade properties, as are mass dis­
tribution, eigenfrequencies and eigenforms, damping etc. 
/5,6,13/.
The usual method for determining the air loads on a wing 
like structure consists of performing pressure measurements on 
the profile followed by the computation of the normal forces from 
the pressure data. The latter requires theoretical assumptions 
and empirical profile coefficient data. On a fixed wing system 
this method is feasible and relative unproblematic, whereas for 
rotating rotor blades pressure measurements are difficult to per­
form and may also result in high costs. The here proposed RM, on 
the other hand, is easy to use on rotor blades and comparatively 
inexpensive. Measurement of the required structural blade reac­
tions is performed via commercial strain gauges and miniaturized 
accelerometers. Our experience has shown, that strain gauge meas­
urement achieves very good results, whereas the use of accelero­
meters, for instance in blade tip proximity, yields less satis­
fying results. Both measurement devices can be applied very 
easily on the blade structure in contrary to pressure measurement 
devices usually requiring extensive preparation or even 
structural alteration of the test blade.
Extensive testing with instrumented model rotor blades has 
been performed in the wind tunnel of the Department of Aerospace 
Enginering of the Technical University in Aachen. Evaluation of 
the measured structural blade reactions with the RM showed very 
good results for the blade air loading at different simulated 
helicopter flight conditions. In several cases strong bvi were
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reconstructed at the appropiate geometric blade locations with 
the expected interaction development in the time domain /5/. The 
consequent next step in validating the RM was to perform flight 
tests with full scale rotor blades on helicopters.
Flight testing with helicopters was possible due to a co­
operations agreement between the Technical University in Budapest 
and the Technical University in Aachen. In a cooperation with the 
Institute for Vehicle Engineering in Budapest and our Institute, 
flight tests with Kamov-26 and Hughes 500 helicopters were per­
formed in the autumns of 1989, 1990, and 1991. The helicopters 
were provided by the Hungarian Air Service at Budaörs. Evaluation 
of flight test data showed very good results for the blade air 
loadings. Strong bvi were reconstructed for some flight cases 
with the Hughes 500 helicopter. Viewing the reconstruction re­
sults derived from the measured blade reactions, the RM qualifies 
itself as an easy to use and efficient method for determining air 
loads on rotating rotor blades or also fixed wing structures.
Basic equations for the reconstruction method
The RM combines measured structural reactions with basic 
structural mechanical and dynamical relations in a numerical com­
putations method for determining the acting forces on the con­
sidered structure. In our case, the structure is represented by 
the rotor blade with its specific structural and dynamical 
properties. An arbitrary spanwise air load on the rotating blade 
results in a singular elastic blade deformation. From the known 
blade deformation, respectively blade deflection, and including 
structural blade properties, the acting forces and their dis­
tribution can be determined. A solution to this inverse problem 
is realized in the RM, allowing the exact determination of the 
air loads on the rotating blade.
A detailed description of the theoretical background for 
the RM has allready been given in other papers /1 to 6,13,14,17, 
18/. In this paper thus, only a short review of the basic rela­
tions will be presented. The special aspects concerning a recon­
struction of air loads on a hinged rotating blade have been pre­
sented extensively in references /5/ and /6/. In the following 
description of the RM some basic assumptions concerning the math­
ematical rotor blade model must be taken into account. The rotor 
blade is modelled primarily as an one dimesional, linear elastic 
beam with lumped masses at appropiate locations representing the 
actual blade mass distribution. It is attached to the main rotor 
system by an exentric ideal flap hinge. Only the fixed body 
motion and the elastic blade deformation for the flap degree of 
freedom are regarded. In a first approximation the coupling 
between the flap, lag and pitch degrees of freedom are neglected. 
Coupling effects, nonetheless, can be considered in the RM by an 
adequate mathematical modelling of the blade structure. The 
structural mechanical and dynamic properties of the blade are 
governed by the elasticity matrix [E], abbreviated E-Matrix. The
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static E-Matrix is known from theoretical computations or, as in 
our case, from measurement. The required eigenfrequencies and 
eigenforms of the rotating rotor blade are computed from the 
numerically centrifugally stiffened E-Matrix /5,6/.
Basically, the RM is a solution of the rotating rotor blade 
differential equation of motion
[m] {ÿ} + [C] {>} + [K]  {y} = {P} (1)
If y, y and ÿ are known, eq.(l) yields the sought force vector 
{P}. Usually, this is not the case. If, for example, only y(t) 
is known, then a double differentiation with the known problems 
in numeric differentiation is required. If on the other hand only 
ÿ is known, a double integration with unknown boundary conditions 
would be necessary to acquire the missing quantities. A solution 
to this dilemma can be achieved by generalizing eq.(l) allowing 
then the direct use of the measured reactions as input quanti­
ties. The first step to the generalization is to describe the 
total rotor blade deflection {Y} as a linear superposition of the 
rotating blade eigenmodes as follows
{y} = T  {ii}( ff, = [Ф] {#}
, (2)
{ÿ} = £  {т)Ь я,- = [*] {Я}
в )  = Ê  h я, = [Ф] {Я}
Pi
The quantity H(j) denominates the generalized coordinate of 
the jth eigenform. The Matrix [Ф] is the modal matrix containing 
the rotating blade eigenmodes including the fixed body mode due 
to the eccentric flap hinge. By incorporating eq.(2) in eq.(l) 
and then multiplying from the left with the transposed modal 
matrix, the generalized equation of motion for the rotating blade 
results
[Ф] т[т] [Ф] {Я} + [Ф ]Г[С] [Ф] {Я} + [Ф] Г[*1 [Ф] {Я} = [Ф]Г(Я}
With
[Ф]г [от] [Ф] 
[Ф]Г[С] [Ф] 
[Ф] Г [АП [Ф] 
[Ф ]Г СР}
[mg,,] generalized mass 
[Cg,,] generalized damping 
[A^] generalized stiffness 
{Р^ п} generalized force
( 4 )
e q . (3) becomes
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М - Ч Я )  ♦ н у ч с у  {Я} + [Н] = [ л у  - Н Р ^ }
Equation (5) is a system of j uncoupled differential equa­
tions each representing a single degree of freedom system (SDOF) 
corresponding to the jth eigenfrequency of the modelled blade. 
For each eigenfrequency thus results an equation as
( 6 )
Equation (6) can be solved on the complex phase plane if 
certain boundary conditions are considered. The key to the solu­
tion of eq.(6) on the complex phase plane is an inversion of the 
known method for solving a SDOF differential equation of motion 
"graphically" on the complex phase plane /5,6/.
F o r  a 
SDOF system 
the differen­
tial equation 
of motion can 
be solved nu­
merically on 
the complex 
phase plane.
If the time 
h i s t o r y  of 
P(t) and the 
initial boun­
dary c o n d i ­
tions for x(t) 
and k(t) are
known for the . C o m p l e x  p h a s e  p l a n e  w i t h  l o c i  v e c t o r s  f o r  a  S D O FSDOF system, system 
then a "gra­
phical" plotting on the complex phase plane for constant time 
intervalls At yields the SDOF system motion coordinate x(t). If 
instead, the time history of x(t) is known, an inversion of this 
method allows the determination of the time history for P(t) if 
certain boundary conditions and assumptions hold. In Fig.l the 
loci vectors of the arbitrarily oscillating mass m for three 
consecutive time instances t^  spaced at konstant time intervalls 
At are shown. Equation (7) describes the geometrical relations 
required for the inverse solution.
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sin\|f = Ç ; cosi|í = v/1-Ç2 ; д t = tj-tj.-L (7)
X = e~<aA' ; Д ф  = t
The sought force P(t) can be determined with eq.(8). This 
equation is derived from geometrical relations in Fig.l with the 
assumption that the force P(t) be konstant during two consecutive 
time intervals At /5/.
X Xj.i - 2 COS ( Дф) Xj + 1  xj+1
--------------------------------------- 4------- = — (8)1 ATX - 2 cos(дф) + —
The above made assumption for the force time history is 
valid if the regarded time interval At is small enough in the 
physical sense. To solve eq.(6) respectivly eq.(5) requires the 
solution of eq.(8) for each rotor blade eigenfrequency m (J) sub­
stituting X with the generalized coordinate H(j). The result is 
the generalized force ( P/К) (j)g.n for each eigenfrequency cû(J). The 
determined generalized forces can be easily transformed modaly 
to the sought force {P}. This modal retransformation is the Modal 
Reconstruction Method (MRM) affording the exact knowledge of all 
blade eigenmodes. If some modes are not known exactly, or are not 
available, the MRM then will yield faulty results. This is even 
more the case, if the air load has strong changes in its spanwise 
distribution.
Usually only the first few or some eigenfrequencies and 
modes are known exactly enough from measurement or theoretical 
calculation. In this case, implementation of an idea first sug­
gested by Williams /7,8/ into the RM, results in a better conver­
gence of the RM. Williams states that the reaction of a structure 
to an applied arbitrary force or forces will be the quasistatic 
response if the loading occurs very slowly, meaning quasi- 
statically. Thus for quasistatic applied loadings the response 
can be determined directly from the elastic properties of the 
regarded structure. But if the applied loadings are not quasi­
static, then inertial mass forces must be taken into account. A 
similar train of thought is realized in the "mode-acceleration- 
method" described by Craig /15/.
Implementation of William's idea into the RM, yields 
eq.(9), also denominated as the "reconstruction equation".
P  -f P -  P
dyn  qs reconstructed
From eq.(-9), the air load on the blade can be determined 
exactly, even if only a few but significantly excited eigenmodes 
of the rotating blade are known. The first term on the left side
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of the equation contains the purely dynamical forces resulting 
from mass inertia. The second term on the left equation side is 
the quasistatic part (force) obtained from the elastic blade 
properties, if the load were applied statically. Superposition 
of both terms leads to the acting air load on the rotating blade. 
Equation (9) is derived from eq.(l) by substituting the first two 
terms in eq.(l) with the terms on the right side of eq.(6).
As stated before, the RM requires knowledge of the rotating 
blade modal parameters. Centrifugal forces result in a de facto 
stiffening of the blade structure. As a consequence the eigen- 
frequencies of the rotating blade will be higher compared to 
those of the stationary blade. A measurement of the eigenfre- 
quencies or eigenmodes on the rotating blade is very difficult 
if not impossible. These modal parameters are therefor computed 
numerically requiring herefor the knowledge of the stiffened 
blade E-Matrix. Since measurement of the E-Matrix on the rotating 
blade is equally impossible, the stiffened E-Matrix is computed 
numerically from the measured static E-Matrix /5,13/.
The modal participation factors H(j) are determined from 
eq.(2) with the measured structural blade reactions. In accordan­
ce to the type of measured reactions, the appropiate quantities 
are introduced into the rows and columns of the modal matrix [Ф]. 
These are normalized modal bending moments if the measured reac­
tions are bending moments; and normalized eigenmode amplitudes 
if the measured reactions are deformations or accelerations. The 
vector {Y} in eq.(2) contains respectivly the measured structural 
reactions. It is thus evident that a combination of different 
structural reaction types is possible.
Flight tests with helicopters
In the autumns of 1989, 1990, and 1991, flight tests with 
Kamov-26 and Hughes 500 helicopters were performed in Hungary. 
The helicopters were provided by the Hungarian Air Service at 
Budaörs airfield near Budapest. Figures 2a and 2b show the test 
helicopters. Before flight tests could commence, a test blade had 
to be prepared and instrumented. This was done in a hangar at the 
Budaörs airport and in a laboratory of the Institute for Vehicle 
Engineering at the Budapest Technical University. In Fig.3, a 
flow chart of the preparation, execution and data evaluation 
tasks belonging to a flight test is shown. A testing campaign can 
be subdivided in three phases.
I. Measurement of the structural blade properties, 
preparation and instrumentation of the test blade.
II. Preparation of the test helicopter and flight testing.
III. Preprocessing of the flight test data and evaluation 
with the reconstruction method.
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RECONSTRUCTION METHOD
A S S U M P T IO N :  r o t o r  b la d «  la  ап o n a  d im a n a lo n a l ,  l i n e a r  a la a t lo  e le n d e r
b e a m  w i t h  lu m p e d  m a a a e a
F i g . 3  F l o w  c h a r t  o f  t h e  r e c o n s t r u c t i o n  m e t h o d  e m p l o y e d  i n  t h e  h e l i c o p t e r
f l i g h t  t e s t i n g
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Next a short summary of the tasks performed in each test 
campaign phase is given.
Phase I
A suitable test rotor blade was chosen and prepared for 
flight testing. Part of the blade preparation consisted of 
applying the strain gauges to the rotor blade surface, wiring and 
calibration. Measurement of the structural and geometric blade 
properties as well as the static eigenfrequencies and E-Matrix 
were performed. The Kamov-26 and Hughes 500 rotor blades are 
shown in fig.4 with the positions of the applied strain gauges, 
lumped mass locations and E-Matrix measuring points.
The applied 
strain gauges are 
commercial 350 Ohm 
6x12 m m  gauges .
Since it was not 
allowed to damage 
or alterate the 
blade structure or 
s u r f a c e ,  t h e  
strain gauges were 
applied directly 
to the prepared 
b l a d e  surface, 
centered on the 
1/4-chord line. A 
measurement point 
consisted of two 
strain gauges on 
t h e  u p p e r  and 
lower blade surfa­
ces . Wiring be­
tween measurement 
p o i n t s  and the 
telemetric system
U s e d  f o r  t r a n s m i t — F * - 9  •  4  K a m o v - 2 6  a n d  M D  H u g h e s  5 0 0  h e l i c o p t e r  r o t o r
tina the siqnals b J - a < * e s  w i t h  s t r a i n  g a u g e  a n d  E - M a t r i x  m e a s u r i n g  p o i n t s
^  ^  a n d  t h e  l u m p e d  m a s s  l o c a t i o n sconsisted of 0.25
mm diameter enameled copper wire. The wiring from the upper blade 
surface strain gauges was laid around the leading blade edge to 
the lower blade surface. The connection wiring to the telemetric 
system on the rotor hub was laid in vicinity of the trailing edge 
of the lower blade surface and bonded in place with special 
adhesive. Wiring and strain gauges were covered with thin self- 
adhesive tape showing no negative influence during flight 
testing.
The static E-Matrix for the flap degree of freedom is the 
most important structural parameter required for the RM. The 
E-Matrix measurements were performed on the horizontally fixed
Kam ov-26 rotor blade 
12 11 10 9 8 7 6 5 4 3
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blade by applying different singular forces at specific blade 
locations and measuring the elastic blade deformations at the 
E-Matrix measuring points. From the measured deformations the 
E-Matrix was derived by evaluating the deformation measurements 
with a least squares method. The E-Matrix measurements for the 
Kamov-26 rotor blade were conducted in Budaörs and the Hughes 500 
blade E-Matrix measurements at the Budapest University. Figure 
5 shows the horizontally fixed Hughes 500 rotor blade and the 
linear potentiometers used for deformation measurement. Cali­
bration of the strain gauges for flap wise bending moments took 
place simultaneously during the E-Matrix measurements. The gauges 
showed linear elastic blade properties in the required measure­
ment range.
F i g .  5  H o r i z o n t a l l y  f i x e d  M D  H u g h e s  5 0 0  r o t o r  b l a d e  d u r i n g  E - M a t r i x
m e a s u r e m e n t  a t  t h e  I n s t i t u t e  f o r  V e h i c l e  E n g i n e e r i n g ,  B u d a p e s t  T e c h n i c a l  
U n i v e r s i t y .
Phase II
Preparation of the test helicopter consisted mainly in the 
attachment of the test blade, mounting of the telemetric system, 
the flap angle and the rotor blade position sensors. Testing of 
all measurement apparatus parts, calibration of the flap angle 
sensor and testing of the data aquisition and storing systems are 
important tasks in this campaign phase.
The test blade on the Kamov-26 helicopter belonged to the 
lower rotor system. After its attachment to the rotor hub assem­
bly, the strain gauges were connected to the telemetric system. 
The telemetric system itself was mounted in a special holder 
attached to a vacant lag damper fitting of the test blade. The 
telemetric system was mounted on top of the rotor hub during
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flight testing with the Hughes 500 helicopter. Figures 6a and 6b 
show photographs of the telemetric system mounted on the test 
helicopters. The telemetric system transmits up to 12 different 
signals simultaneously at 5 milliwatts transmission power to a 
receiving unit located on the ground. The maximum transmission 
range is 300 meters in good transmitting conditions. Electric 
power is supplied by two 6 volt batteries.
Flap angle and rotor blade position are important para­
meters required for test data evaluation with the RM. A thin 
steel strip with applied strain gauges was attached at the flap 
hinge of the test blade as a flap angle sensor. The flapping 
motion of the test blade deformed the steel strip resulting in 
a signal proportional to the flapping angle of the blade. The 
flap angle sensor was calibrated beforehand in the hangar and 
measured the flapping angle in flight with an maximum error of 
±0.25°. The flap angle sensor yielded very good results during 
all flight tests. The exact rotor blade position during rotor 
revolution is required so as to be able to assign the measured 
signals to a specific rotor azimuth angle. A mechanical micro­
switch was herefor attached to the rotating part of the lower 
swash plate on the Kamov-26 helicopter as a position sensor. A 
steel pin on the non-rotating part of the lower swash plate 
activated the micro switch for a short intervall during each 
rotor revolution. The generated rectangular block signal allowed 
a positioning of the test blade with a maximum error of ±1°. 
There were no significant mechanical problems with the micro­
switch during flight tests with the Kamov-26 helicopter. Because 
of the higher rotor speed (500 RPM) compared to the Kamov-26 
rotor speed (275 RPM), the micro-switch method could not be used 
on the Hughes 500 helicopter. Instead an infrared emitting diode 
and phototransistor assembly was used as a switch. During each 
rotor revolution the phototransistor was activated for a short 
intervall thus generating a rectangular block signal. This sensor 
also worked very well with a maximum error of ±1° azimuth angle. 
The position signal generated by the micro-switch and diode- 
phototransistor assembly was also used to determine the exact 
rotor speed during testing.
Flight testing was performed during good weather conditions 
at Budaörs airfield. A test of the telemetric and data aquisition 
system was performed before each flight. The flight plan was dis­
cussed with the test pilot to ensure correct flight test para­
meters. A flight test run consisted of several hovering flights 
at different altitudes after take-off, followed by forward 
flights at different speeds and low altitude past the telemetric 
receiving unit. The flight test run was concluded with several 
hovering flights at different altitudes before landing. The 
transmitted signals were recorded on a special data recording 
system during the whole flight. Signals for at least 15 rotor 
revolutions were recorded in excellent signal quality during each 
flight past the telemetric receiving unit. This yielded suffi­
cient data to guarantee an evaluation for each flight speed.
Fig.6a Lower rotor hub assembly of the 
Kamov-26 helicopter with the telemetric 
s y s te m  a t ta c h e d  t o  the vacant lag damper 
fitting on the blade flap arm (lower right 
photo corner).
Fig. 6b Telemetric system in its alumini­
um holder mounted on top of the HD Hughes 
500 hub assembly. The flap signal sensor is 
visible in the center of the photo.
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Collective pitch and actual flight speed during each helicopter 
pass of the receiving unit was recorded by the co-pilot. Six 
complete flight test runs were performed with the Kamov-26 
helicopter and four with the Hughes 500.
Phase III
During flight testing, 7 strain gauge, the flap angle, the 
rotor position and 3 accelerometer signals were transmitted to 
the telemetric receiving unit. The recorded signals are analog 
signals which cannot be processed directly by PC software. Digi­
talization of the signals was performed with a 12-channel tran­
sient recorder ensuring simultaneous and time congruent trans­
formation of the signal amplitudes. The sampling rate of the 
transient recorder was such, that at least 5 complete rotor 
revolutions were recorded per evaluation data file on diskettes. 
Noise and transmitting errors were extracted from the data bei 
appropiate numerical smoothing algorithms and a Fast-Fourier 
Transformation analysis and synthesis. This preprocessing of the 
data is also required to extricate the stepping in the data 
amplitudes introduced by the transient recorder digitalization, 
or otherwise the evaluation with the RM would show very poor 
results. Preprocessing of the data was performed without signifi­
cant alteration of the data time histories quantitatively or 
qualitatively.
Data evaluation und reconstruction results
Evaluation of the test data with the RM was performed on 
a small Personal Computer. The time histories of the local flap- 
wise bending moments were obtained from the recorded strain gauge 
signals by multiplying these with calibration factors measured 
before flight testing. The elastic blade deformation was deter­
mined from the time histories of the bending moments and with the 
structural and elastical blade properties. The flapping motion 
of the blade during rotor revolution was accounted for by super­
imposing the measured flap angle and a rigid body mode to the 
elastic blade deformation. The rigid body mode is not a linear 
mode, meaning a straight line, but the first rotating blade 
eigenmode, which is slightly curved on behalve of the eccentric 
flap hinge location. The resulting overall blade deflection is 
the input for the RM.
The reconstruction method described in this paper is a 
numerical method with the rotor blade modelled as a lumped mass 
system. The reconstructed air forces act on the lumped masses at 
their corresponding blade locations (see fig.4). Therefor on the 
tip mass (mass #1) a non-zero force is reconstructed, which is 
physically not correct. As each mass location has a definite 
distance to the next strain gauge location the measured local 
bending moment at this strain gauge location and the leverage 
distance to the mass location define a singular force at the mass
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location. A shorter dis­
tance between strain gauge 
and mass location would 
mean a bigger force for the 
same local bending moment. 
Nonetheless the reconstruc­
ted forces at the mass lo­
cations describe the actual 
continuous air loading on 
the blade correctly. The 
reconstructed singular for­
ces can be transformed into 
a continuous air load dis­
tribution with an appropia- 
te transformation algorithm 
/18,19/. The above said 
must be kept in mind, vie­
wing the following presen­
ted results of the air load 
reconstructions.
hovering flight
Kamov-26
local force (N]
Hughes 5 0 0
Some typical recon­
struction results of the 
evaluated flight tests with 
the Kamov-26 and the Hughes 
500 helicopter will be pre­
sented next. The recon­
structed air forces for the 
hovering flight of both 
helicopters show an expec­
ted spanwise distribution.
The reconstructed rotor lift corresponds very well with the 
actual helicopter weight measured before flight testing. The 
reconstructed air loads are depicted in fig.7 whereby the 
singular local forces are connected by lines to visualize the 
spanwise air load distribution. The Hughes distribution possibly 
shows an influence of the air load caused by a weak blade vortex 
interaction. From the reconstructed air forces computed helicop­
ter rolling and pitching moments are of negligible size, which 
should be expected in trimmed out flight.
The following forward flight reconstruction results belong 
to the Kamov-26 helicopter flying at 80 km/h and 140 km/h. The 
rotor speed is 280 RPM and collective pitch ranges between 7° and 
9°. Flight altitude was about 50 meters. In fig.8 the measured 
flap angle during one rotor revolution for the hovering, 80 km/h 
and 140 km/h flight case is shown. It is noticeable that the 
maximum flap angle recedes towards smaller azimuth angles the 
higher the flight speed is.
The measured local bending moments for both flight speeds 
depicted in fig.9 show the effect of flight speed on the spanwise 
moment distribution. At the lower flight speed the major part of
F i g .  7 R e c o n s t r u c t e d  l o c a l  b l a d e  a i r
f o r c e s  d u r i n g  h o v e r  f o r  b o t h  h e l i c o p t e r s
316 ÖRY, H . -  LINDERT, H .W .
the measured moment dis­
tribution is negative, 
meaning also a negative 
deformation of the rotor 
blade. The blade is cur­
ved downward (see also 
fig.10). At the higher 
flight speed of 140 km/h 
the moment distribution 
has more positive parts 
and is more heavily loa­
ded. This means that the 
elastic blade deformation 
oscillates strongly from 
negative to positive cur­
vature and vice versa as 
also seen in fig.10.
measured flap angle
K a m o v -2 6
flap angle reference ■ rotor plana
F i g . 8  M e a s u r e d  K a m o v - 2 6  f l a p  a n g l e  d u r i n g
o n e  r o t o r  r e v o l u t i o n
meas. local bending moment
Kamov-26 V -80  km/h
Kamov-26 V*140 km/h
azimuth [degree#]
—— 0 —  46 —  90 —  136
—  180 226 —  270 —— 316
F i g .  9  K a m o v - 2 6  r o t o r  b l a d e  m e a s ­
u r e d  l o c a l  b e n d i n g  m o m e n t s  d u r i n g  o n e  
r o t o r  r e v o l u t i o n  ( f o r w a r d  f l i g h t ) .
elast. blade deformation
Kamov-26 V*80 km/h
deformation (ml
Kamov-26 V*140 km/h
deformation [ml
azimuth Idegre#«]
—— 0 —  46 —— 90 —— 136
—  180 —  226 —  270 —  316
F i g . 1 0  K a m o v - 2 6  r o t o r  b l a d e  e l a ­
s t i c  b l a d e  d e f o r m a t i o n  d u r i n g  o n e  
r o t o r  r e v o l u t i o n  ( f o r w a r d  f l i g h t )
It is also noticeable from fig.10, that the blade oscil­
lates mainly in the second rotating eigenmode with some third
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eigenmode portions beeing present. The first rotating eigenmode 
is the "rigid body mode", which defines the flap angle and is not 
seen in fig. 10 as only the elastic blade deformation has been 
plotted. Superposition of the measured flap angle and the elastic 
blade deformation from fig.10 yields the overall blade deflection 
depicted in fig.11. The overall blade deflection is based on the 
rotor plane as reference plane.
overall blade deflection reconstructed blade air loading
Kamov-26 V -80 km/h Kamov-26 V-80 km/h
deflection [m] local force [N]
Kamov-26 V-140 km/h
deflection [m]
azimuth [degree*!
—  0 —  46 —  90 —  136
—— 180 —  226 —  .270 —  316
F i g . 1 1  K a m o v - 2 6  r o t o r  b l a d e  t o t a l  
b l a d e  d e f l e c t i o n  d u r i n g  o n e  r o t o r  
r e v o l u t i o n  ( f o r w a r d  f l i g h t )
Kamov-26 V-140 km/h
local force IN]
azimuth [degree*]
0 —  46 BO — 136
—  180 —  226 270 316
F i g . 1 2  K a m o v - 2 6  r o t o r  b l a d e
r e c o n s t r u c t e d  l o c a l  a i r  f o r c e s  d u r i n g  
o n e  r o t o r  r e v o l u t i o n  ( f o r w a r d  f l i g h t )
Reconstructed local air forces for both flight speeds are 
shown in fig.12. In the 80 km/h flight speed case, a relative 
constant spanwise air force distribution during one rotor revolu­
tion is present. This is not so at 140 km/h flight speed. For the 
advancing blade, between 0° and 180° azimuth angle, the central 
part of the blade is higher loaded than at the tip and vice versa 
for the retreating blade (between 180° and 360°) . This effect is 
typical due to the higher air flow at the blade profile for the 
advancing blade in combination with the cyclic change in blade 
pitch during one rotor revolution. Cyclic pitch reduces the 
effective angle of attack for the advancing blade and it is 
increased for the retreating blade. If this were not so the 
resulting air forces on the blade would induce a strong helicop­
ter rolling moment to the left. For the advancing blade, the 
effective blade angle of attack is reduced substantially at the
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forward flight Kamov-26
reconetrncU d local a ir forcée
tip, resulting in a 
smaller air loading.
At the middle part of 
the blade, the effec­
tive angle of attack 
is still high enough 
to generate a high 
blade loading in com­
bination with the aug­
mented air flow due to 
rotor revolution and 
forward flight speed.
For the retreating 
blade the contrary is 
true. A high blade 
loading is induced at 
the tip, due to the 
increase of the effec­
tive angle of attack.
The middle part of the 
blade experiences a 
much lower air flow 
speed than during the 
advancing phase. Thus 
the blade loading is 
much less and can even 
achieve negative loads 
in the innermost blade
region, as seen in Fig.U Kamov-26 rotor blade reconstructed 
£i_g . \  2 . Qualitative - lo c a l a i r  forces during one rotor revolution 
representation Of the (4ualitative representation)
reconstructed local
forces are shown in fig.13. Rotor rotation is counter clockwise 
and the shown distribution are the reconstructed local forces of 
the test blade during one rotor revolution. At 0° azimuth angle 
the test blade is positioned exact aft.
Forward flight reconstruction results of the Hughes 500 
helicopter show similar results. Its main rotor system is a con­
ventional 5-bladed rotor with aluminium blades. Nominal rotor- 
speed is about 500 RPM. During forward flight, mean collective 
pitch ranges between 5° and 9°. The following results belong to 
forward flight speeds of 180 km/h and 36 km/h.
The measured flap angles during one revolution are shown 
in fig.14. In contrary to the Kamov-26 helicopter, the maximum 
flap angle location wanders to higher azimuth angles for higher 
flight speeds. Again the reference plane is the helicopter rotor 
plane. It is also noticeable that while the Kamov-26 flapping 
angle during hovering oscillates strongly this is not the case 
for the Hughes 500. This is probably due to the different rotor 
systems of both helicopters.
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The elastic blade defor­
mation and the reconstructed 
local forces for the high speed 
flight case are shown in 
fig.15. Here again, the advan­
cing blade has a more heavily 
loaded blade middle part reach­
ing a loading peak at about 
180° azimuth angle. The re­
treating blade experiences a 
rise in the tip loading and a 
decrease in the inner part of 
the blade. A negative force 
development is also noted for 
the innermost blade portion 
(270°). At about 0° azimuth an­
gle a disturbance in the blade 
tip region is present which 
could result from a bvi and 
interference with the helicop­
ter tail boom. A gualitative 
representation of the recon­
structed forces is shown in 
fig. 16.
measured flap angle
Hughes 5 0 0
f lig h t speed
~ h o v e r i n g  — 36 km /h
—  180 km /h
flap angle re fe rence -  ro to r plane
F i g .  1 4  M D  H u g h e s  5 0 0  m e a s u r e d  f l a p
a n g l e  d u r i n g  o n e  r o t o r  r e v o l u t i o n
elastic blade deformation
reconstructed air load
azim uth |d *g r*M |
0 46 —  BO W6
— '-  160 —  I? «  —  *7 0  —  3 »
F i g . 1 5  E l a s t i c  b l a d e  d e f o r m a t i o n  
a n d  r e c o n s t r u c t e d  l o c a l  a i r  f o r c e s  f o r  
t h e  M D  H u g h e s  5 0 0  d u r i n g  o n e  r o t o r  
r e v o l u t i o n
reconstructed air force
qualitative representation
Hughes 500 V-180 km/h
F i g . 1 6  M D  H u g h e s  5 0 0  r e c o n s t r u c ­
t e d  l o c a l  a i r  f o r c e s  ( q u a l i t a t i v e  
r e p r e s e n t a t i o n )
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An interesting case is the Hughes 500 at 36 кш/h flight 
speed. Under certain flight circumstances, bvi may occur. Tip 
vortices of preceding rotor blades encounter the following blade 
and influence its generation of lift. By passing at close dis­
tance underneath the following blade, the tip vortices induce 
strong air flows perpendicular to the blade profile resulting in 
a disturbed spanwise load distribution. Such bvi are also respon­
sible for strong vibrational inputs to the blade, rotor hub 
assembly and fuselage and may also create strong noise. The mag­
nitude of bvi and their locations is mainly governed by the 
helicopter flight parameters. Depending on flight attitude and 
flight speed, bvi occur at typical blade locations and azimuth 
angles during each rotor revolution. The following reconstruction 
result shows very clearly such bvi on the Hughes 500 blade.
In fig.17 the qualita-
reconstructed air force
qualitative representation
Hughes 500 V-36 km/h
bvi at 80*and 280*rotor azimuth
tive representation of the 
reconstructed forces on the 
blade show two distinct bvi.
Disturbances of the spanwise 
air load are located at about 
80° and 280° azimuth angle. The 
bvi at 80° is shown in fig. 18 
for azimuth angles from 68° 
till 117°. On behalve of the 
disturbing tip vortice the air 
load at the blade tip is in­
creased and decreased further 
inboard. As the interaction 
continues, the bvi wanders bla­
de inwards. The influence of 
such a bvi on the blade lift 
generation ist not negligible 
any more. In fig. 19, the recon­
structed force at mass #2 of 
the test blade is plotted F i g . 1 7  M D  H u g h e s  5 0 0  r e c o n s t r u c t e d
against the azimuth angle. blade l o c a l  a i r  f o r c e s  a t  a  f l i g h t
r~, • • . 1 , .  r o  l  s p e e d  o f  3 6 k m / h  w i t h  b l a d e  v o r t e xBeginning at about 45°, a de- л.
. 3  _ i n t e r a c t i o n screase in the local force is
noted followed by an increase at about 90°. According to the flow 
orientation in the disturbing tip vortice this should be
expected. At about 2 80° the second interaction at this blade 
location can be seen starting with an increase followed by a 
sharp decrease in the reconstructed local force. This too is 
expected due to the flow orientation in the vortice. The time 
histories of both bvi follow a sinusoidal pattern also typical 
of a perpendicular bvi. The second bvi is weaker than the first 
due to deterioration of the disturbing tip vortices. Regarding 
the time histories for both force disturbances, which actually 
result from the same vortices, no doubt is left that the shown 
effect on blade air loading is originating from bvi.
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reconstr. air loading reconstr. air load
Hughes 5 0 0  V -36 km/h
Hughes 5 0 0  V-36 km/h
200  -  -
100
o-----
0.2
local force [N] 
600  -
400 -
300
0,4 0,6 0,8
non-dimeneional radius [r/R]
local force [N] (Maas Nr.2)
azimuth [degrees]
— 68 — ”  76 82 — 89 
— 96 103 110 — 117
reconstr. to res*
—  qua*. *ta t. ------  dynam ic
------  reconstructed
F i g .  1 8  R e c o n s t r u c t e d  p r i m a r y  b l a d e  F i g .  1 9  M D  H u g h e s  5 0 0  r e c o n s t r u c -
v o r t e x  i n t e r a c t i o n  o n  t h e  M D  H u g h e s  5 0 0  t e d  l o c a l  a i r  f o r c e  a t  m a s s  0 2  w i t h  
r o t o r  b l a d e  a t  a  f l i g h t  s p e e d  o f  3 6 k m / h  b l a d e  v o r t e x  i n t e r a c t i o n  a t  a b o u t
8 0 °  a n d  2 8 0 °  a z i m u t h  a n g l e
Conclusion
With this paper a new method for determining the air 
loading on a rotating rotor blade from measured structural blade 
responses has been presented. Exact knowledge of the blade 
structural parameters and a modal analysis are required for the 
described reconstruction method. Evaluation of model rotor blade 
test data from wind tunnel testing showed very good results. The 
next consequent step was to validate the method with response 
data measured during flight testing with helicopters. These were 
performed in Hungary with Kamov-26 and Hughes 500 helicopters. 
Execution and evaluation of the flight tests was described in 
this paper.
Even though only 7 strain gauge signals per test blade were 
measured, the reconstruction results are very good. The data 
aquisition system with the telemetric system as main part worked 
very well and recommends itself as a non-problematic method for 
data transmission during helicopter flight testing. The recon­
struction results show, that in a first approximation coupling 
of the blade degrees of freedom may be neglected. This is even 
more so, regarding the first torsional eigenfrequency lying much 
higher than the first two blade flap eigenfrequencies. None­
theless, furthergoing investigations must clarify the influence 
of coupling in the reconstruction method. Further development of
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the reconstruction method regarding coupling is necessary and 
under way.
From the reconstruction results presented in this paper, 
it can be concluded, that the reconstruction method is suitable 
for an efficient determination of aerodynamic effects and air 
loads on rotating rotor blades in the time and geometric domain. 
High data sampling rates are feasible, which ensure high quality 
evaluation of high frequent effects as are the bvi on the Hughes 
500 rotor blade. Another important aspect of the method is, that 
relativ few sensors, e.g. strain gauges, are required to obtain 
good reconstruction results of the air loading. From the known 
overall blade deflection and with appropiate aerodynamic rela­
tions an estimation of self induced air loads on the blade is 
possible as well /13/. If the acceleration time history of the 
blade-hub attachment is known, then the helicopter motion induced 
inertia forces on the blade can also be determined /13/. The 
above presented reconstruction method proved to be a relative 
easy to use and inexpensive alternative to complex pressure 
measurement techniques on rotating rotor blades or any fixed wing 
configuration. The method itself can also be employed to 
determine the acting forces on any technical structure as long 
as the required structural parameters are known.
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ACCELERATED EXAMINATION OF THE FATIGUE OF PISTON ENGINES 
AND RECIPROCATING COMPRESSORS
PÁSZTOR, E .*
(Received: 17 October 1989)
The accelerated examinatinn of the fa tigue o f piston machines has developed from 
the procedure elaborated fo r the determination o f f r ic t io n  losses in reciprocating in ­
terna l combustion engines. In th is  a r t ic le ,  such a procedure is  introduced fo r the de­
term ination of f r ic t io n  losses where the engine is  operated with the help o f external 
drive w ith in  a closed work process. In th is  case, the mechanical loading o f the engine 
can be, in  fac t, increased a rb it ra r ily .  Together with the increase in  the mechanical 
loading o f the engine, the f r ic t io n  and wear, as well as the p o s s ib ility  o f fatigue 
fa ilu re  w i l l  also increase. As a resu lt o f the above e ffec ts , an accelerated fatigue 
process is  starting in the engine, which s ig n if ic a n tly  reduces the period o f the 
endurance tes t.
1. In tro d u c tio n . Importance o f the procedure
The l i f e  examination of reciprocating in terna l combustion engines and 
compressors has proved to be a long-lasting and very expensive procedure. 
For the determination of se rv ice -life  or the re l ia b i l i ty  of the engine, 2-3 
thousands of service-hours are required under actual operating conditions i f  
thorough examinations are in  question; and they ca ll for an examination 
period of nearly one year. A ll those involve the fact that an engine te s t- 
bench together with a ll the complementary instruments and equipment w i l l  be 
in continuous use for nearly a year, the overall expenditure of which 
represent already a non-negligible share among the expenses spent fo r de­
velopment. I f  in addition to the above expenses, those required fo r the fue l 
supply and the wages of the personnel operating the engine are also taken 
into consideration, then i t  can be easily seen that the development of an
*Pásztor, Endre, H-1221 Budapest, Honfoglalás ú t 48/b, Hungary
Akadémiai Kiadó, Budapest
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engine-type requiring generally the execution of several endurance tests  is  
a very expensive procedure lasting over more years.
The aim of trea ting  th is  procedure in  th is  a rtic le  is  to overcome 
those problems mentioned above by elaborating an examination method the 
adoption of which contributes to a s ig n ifican t reduction in the period re­
quired fo r the carrying-out of the endurance te s t of reciprocating machines 
by the acceleration of the rate of fatigue.
The theory and practice of th is  method is  described here, f i r s t  of 
a l l ,  w ith respect to the reciprocating in te rna l combustion engines, however 
i t  can be applied to the examination of reciprocating compressors, too.
2. Description o f the theoretical basis needed for the 
examination and the experimental equipment
2.1. Preliminaries of procedure
For determining the fr ic t io n  losses o f reciprocating in terna l combus­
t io n  engines, author has developed the method based upon the ro ta tion  of 
engines by external d rive , the use of which allows a more accurate deter­
mination of f r ic t io n  losses than has been possible so far /1—4/. This pro­
cedure is  suitable fo r — in  addition to determination of f r ic t io n  losses — 
solving other problems, too, connected with the determination o f such 
parameters which otherwise could not be determined in case of engines oper­
a ting  under actual service conditions, due to the inaccuracy of measurement 
methods /5 /.
As an example, the following can be mentioned: the determination of 
the reduction in f r ic t io n  losses of engines, in  case of using additives in 
lub rica ting  o i l  which can reduce the f r ic t io n  and wear /6 /, as well as the 
e ffe c t of the f i l t r a t io n  grade of lub rica ting  o i l  exerted upon the f r ic t io n  
losses and wear.
The method used fo r the accelerated examination of the fatigue of re­
ciprocating machines has been developed from the procedure elaborated fo r 
the determination of f r ic t io n  wear. Considering that there is  s u ffic ie n t 
amount of the s c ie n tif ic  lite ra tu re  available fo r studying th is  procedure, 
the procedure i t s e l f  is  not described here, however, the individual measure­
ment results connected w ith the determination of fr ic t io n  losses are used in 
the elaboration of the accelerated examination method fo r the fatigue of en­
gines, or else, in proving the a pp licab ility  of the procedure.
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The governing idea of the accelerated examination of engine’ s fatigue 
is  the fact tha t by increasing the mechanical and thermal load of engines, 
as well as by the proper selection of the characteristics of the work pro­
cesses, an accelerated fatigue process can be brought about. I t  his case, 
the engine operates in  a closed work process without heat transfer (com­
bustion process) w ith the help of external drive. Due to th is , the possi­
b i l i t y  of changes in  the mechanical and thermal load of the engine is , in 
fac t, ensured between lim its  taken a rb it ra r ily ,  which is  the basis of the 
accelerated examination method of the fatigue. Under actual service con-
I
d itions , and with an engine operated by combution process, the a rb itra ry  
change and, f i r s t  of a l l ,  the increase of the mechanical load cannot be 
performed, and as a consequence, neither an accelerated fatigue process, nor 
an accelerated se rv ic e -life  examination could be carried out under actual 
service conditions.
2,2. Description of the theory of procedure, and the testing apparatus
The scheme of the apparatus suitable fo r the rea liza tion  of the ac­
celerated examination of fatigue is  shown in Fig. 1. Reciprocating internal 
combustion engine 1^ operates in a closed work process. Suction taken place 
from a ir-rese rvo ir 4^ , and the exhaust of the engine gets also in to  the same 
reservoir 4_. The two a ir-reservo irs are connected with a p ipe-line  equipped 
with a metering o r if ic e  b_ of the a ir volume fo r the purpose of determining 
the a ir-in take of the engine.
The engine operates without combustion process, and th is  solution 
serves as a basis fo r the poss ib ility  of determining the f r ic t io n  losses of 
the engine. Accordingly, the engine should be rotated externally by a drive 
motor. In our examinations, there was a torque-measuring balance-type 
e le c tr ic  engine 7_ applied in a way shown in  Fig. 1. With the help of the 
d irect current torque-measuring engine of balance-type, the engine speed can 
be regulated accurately, and the to ta l torque-absorption of the engine can 
be measured with accuracy. When the losses of non-friction  character are 
subtracted from the to ta l torque-absorption of the engine, the fr ic t io n  
losses of i t  can be calculated.
In the cooling system of the engine, o i l  is  circulated instead of 
water. By adjusting a rb itra r ily  the temperature of o i l  c ircu lated in o i l -  
bo ile r 1Л, the thermal state of the engine, or more exactly, the temperature 
of the engine components performing ro ta tion  or reciprocating movement can 
be, in fact, adjusted to an arb itra ry extent.
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F ig. 1. Scheme of the apparatus suitable fo r the accelerated examination of fatigue 
(1 — Engine to be examined, 2 — Torque-measuring balance-type e le c tr ic  motor, 3 — Governor 
o f lu b r ic a tin g -o il temperature, 4 — A ir-reservo irs, 5 — Metering o r if ic e ,  6 — Heating, 
7 — Pressure governor, 8 — A ir compressor, 9 — Cooling, 10 — P iston-travel transducer, 
11 — O il b o ile r, 12 — Cooling, 13 — Heating, 14 — Device metering the volume of crank-case
gases)
The so-called crank-case gas losses resu lting  from the imperfect 
sealing between the piston and the cylinder walls are measured continuously 
w ith the help of measuring device 14_, since the quantity of crank-case 
gases, or the extent of th e ir  increase, respectively, provide u tte r ly  im­
portant information on the fatigue of the engine.
The pressure values measured within the two a ir-reservo irs are essen­
t ia l l y  identica l, and only a minimal pressure deifference prevailing in  them 
is  brought about by the pressure-loss of the metering o r if ic e .
The pressure w ith in the a ir-reservo irs can be adjusted to an a rb itra ry  
extent with the help of a ir  compressor 8^ and pressure governor ]_. The a ir  
compressor serves only fo r the compensation of crank-case gas losses, so a 
compressor of only minimal performance, i.e .  max. 2-3 KW is  required fo r 
th is  purpose.
With the help of the pressure change w ith in the a ir-reservo irs , the 
average pressure of the work process in the engine examined, and according­
ly ,  i t s  mechanical load due to the gas pressure can be varied to an a rb itra ­
ry extent. This p o ss ib ility  serves as one of the bases fo r the accelerated 
tes tin g  method of the engine's fatigue.
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Fig. 2. Idealized p-v diagram of the work process o f an externally driven engine
without heat transfer
The work process of the engine operating without combustion process is  
shown in the p - v  diagram plotted in Fig. 2. In the figure, average pres­
sure p responsible fo r the greater part of the mechanical load of the
Э
engine is  also indicated. In accordance with the work process taking place
without combustion, indicated mean pressure p  ^ is  zero, moreover i t  is
negative to a small extent, due to the losses arisen. Consequently, average
pressure pg and indicated mean pressure p  ^ should be separated sharply from
each other, because the former one is  characteris tic  of the mechanical load
of the engine, while the la tte r  one characterizes the available power of i t .
For the purpose of determination of average pressure pg as a basic
■ characteristic of the engine, average process p can be determined — whilea
the processes of suction and exhaustion, and those of compression and ex­
pansion are taken iden tica l, as i t  is  shown in  Fig. 2 — with a good ap­
proximation as follows.
As a matter of fac t, average pressure p can be determined also w ith-a
out the sim plifying conditions above, with the help of accurate determina­
tio n  of the characteristics of the work process taking place without heat 
transfer /4 /.  According to the investigations of author performed so fa r, 
the difference between the f in a l results o f the two procedures does not 
exceed 1%:
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where pmif| and pmgx are the lowest and highest pressure values, respective­
ly ,  of the work process. With a good approximation, the value of Pm| n 
agrees with tha t of the pressure b u i l t  up in a ir-reservo irs vmgx 
and vm^ n are the specific  volumes of the working medium in the bottom- 
and top-dead-centres, respectively.
With respect to the determination of average pressure pg, compression 
and expansion are considered such polytropic changes of state which are very 
near the isentropic ones. With the help o f Poisson-ratio va lid  fo r the 
po ly trop ic  change of s tate , equation (1) w i l l  have the following form:
Рa
1
2
'
P • "min
P • r min+ ------
Vmax
V”max
V . min
min
( 2)
where д  is  the average polytropic exponent o f the compression and expansion
processes.
In the work process examined, both the compression and the expansion 
are of cooled character owing to the omission of heat transfer. In case of 
cooled compression and constant isentropic exponent к, the value of poly- 
tro p ic  exponent n_ is  reduced, while i t  increases in case of expansion. The 
two contradictory changes compensate each other with a good approximation. 
According to these considerations, f i r s t  of a l l ,  the change in  the value of 
ic should be taken in to  consideration. Due to theoretical considerations 
which here cannot be detailed, the value of к depends, f i r s t  of a l l ,  upon 
compression ra tio  e = v /v . . With the increase of e, on the one hand, 
maximum temperature Tmgx of the work process — which presently coincides 
w ith the f in a l temperature of compression — also increases, and on the 
other hand, due to the increase of e, the working medium is  transformed in 
an ever growing rate in to  combustion products as a consequence of the closed 
work process, because during the operation o f the engine only the leakage 
losses are to be compensated, which — at most — amount only to 0.2-0.3% 
of the engine's fuel consumption.
According to our repeated ite ra tion  calculations, polytropic exponent 
£  varies as a function of compression ra tio  e in  a way shown in Fig. 3. This 
re la tionsh ip  was used fo r the determination of average pressure pg.
With the value of compression ra tio  e = v /v • introduced in  re la -max min
tionsh ip  (2), and performing the operations assigned, the follow ing re la ­
tionsh ip  is  obtained fo r the value of pg:
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Fig. 3, Variation in  the polytropic exponent ri o f compression and expansion 
as a function of compression ra t io  e
Pa
P ■' min
2
ne - e
(n-1 ) (e-1)
(3)
The calculation resu lts obtained by using relationship (3) are shown
in Fig. 4, where functional relationship e = f(n ) represented in Fig. 3. is
taken in to consideration. Functions p = const, are also p lotted in themax
figure. This figure plays a decisive role in  our further considerations, and 
i t  w i l l  be referred to s t i l l  several times in th is  paper.
With the proper modification of the work process developed in  the 
engine — which modification can be easily implemented in the case without 
combustion process — basically two kinds of the accelerated s e rv ic e -life  
examination can be carried out.
In case, average pressure pg of the work process — and together with 
i t ,  the average mechanical load of the engine — increases in a way that the 
peak pressure increases only moderately in the meantime, then an accelerated 
wear process w il l develop in the engine. The increase of the mechanical load 
of the engine brings about, f i r s t  of a l l ,  the f r ic t io n  losses of i t ,  and in 
turn, the increase of i t  necessarily involves the increase of the wear-rate. 
In Fig. 5, the increase of the wear losses and that of fr ic t io n  mean pres­
sure Pj, respectively, depending on the thermal state of the engine are
shown as a function of average pressure p and the mechanical load propor-a
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F ig, 4, Variation of average pressure pa as a function of compression ra t io  e in  case of 
d iffe re n t in i t ia l  pressures pmin of the work process. ( In  the figure, the diagrams pmax= const, 
/maximum pressure of the work process/ are also shown)
t io n a l to i t  at a constant engine speed. Thermal state t  of the engine was 
defined with the average temperature of the cylinder wall and lub rica ting  
o i l .  According to our measurement resu lts , f r ic t io n  mean pressure p^ and as 
a consequence, the rate of wear increase obviously with the increase of pg 
with an arbitrary thermal state of the engine /3 /. Consequently, the im­
plementation of the accelerated wear process requires the increase of aver­
age pressure p . According to the results shown in  Fig. 4, to achieve a high 
average pressure pg and a moderately increased peak pressure Pmax> a high
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Fig. 5. V aria tion of f r ic t io n  mean pressure p j as a function of thermal state of the engine fo r 
d iffe re n t average pressures pg. (The thermal state o f the engine is  defined by the conjugate 
values o f t w /temperature of cylinder w a ll/ and t 0 /temperature of lubrica ting o i l /  belonging 
to  each other. Engine-type to be examined: 4-cylinder Csepel diesel engine)
in i t ia l  pressure Pm^ n and a reduced compression ra tio  e are required. And 
though the increase of compression ra tio  e also contributes to the increase 
of average pressure pg, however in th is  case, peak pressure Pmgx increases 
d isproportiona lly , and in turn, i t  is  not the acceleration of wear but in ­
stead a premature fa ilu re  which is  brought about in the engine.
With the increase of compression ra tio  e of the engine, and with the 
minimal reduction of in i t ia l  pressure Pm^ n, average pressure pg of the work 
process remains nearly constant but, at the same time, compression ra tio  
Pmax/Pmin the work process increases s ig n ifica n tly . Together w ith the in ­
crease o f compression ra tio  p /p . , the magnitude of the forces appliedmax min
period ica lly  to the crank mechanism also increases, and th is , in  turn, 
brings about the fatigue fa ilu re  cf the ind ividual component of the crank 
mechanism. This forms the basis of the accelerated fatigue of the engine.
The thermal load of the engine and the thermal state of i t s  components 
can be increased by two sorts of procedures.
One p o ss ib ility  of the above increase is  that hot o il (hot a ir  in  case 
of air-cooled engine) is  circulated in the cooling system of the engine ac­
cording to the scheme shown in  Fig. 1. I t  is  proved in our experiments /4 /
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Fig. 6, Variation in maximum temperature t max o f the work process without heat transfe r as a 
function of compression ra t io ,  in  case of d iffe re n t temperatures t m^ n (minimum temperature of
the work process)
tha t the thermal state o f an a r t i f ic ia l ly  heated engine driven externa lly is  
s im ila r — with a very good approximation — to that of an engine operated 
with combustion process.
The other method fo r the possible perfect approximation of the actual 
thermal state and the increase of thermal load is  considered to be the pre­
heating of the in le t  working medium in  a ir-rese rvo ir 4_ with the help of 
heating 6_. This time, compression temperature Ттах increases uniequivocally. 
According to the resu lts  of our experiments carried out so fa r, when t mgx = 
= 1400-1500 °C has been achieved, then the thermal state of the engine, and 
f i r s t  of a l l ,  that of the pistons working under the conditions of a properly 
intensive external ( a r t i f ic ia l )  heating is  iden tica l with a good approxima­
tio n  to the thermal state of the engine working under actual service con­
d itio ns . In Fig. 6, information is  provided on how the f in a l temperature 
t max of compression representing, at the same time, the maximum temperature 
of the work process is  developing as a function of in i t ia l  temperature t m^ n 
w ith d iffe ren t compression ratios e. Our calculations were performed with 
the results shown in  Fig. 3 taken in to consideration. I t  can be seen that 
the achievement of t  = 1400-1500 °C requires acceptably feasible values 
o f t  . and e.
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3. The possibilities of the accelerated examination of fatigue
3.1. Realization of the accelerated wear process
Accelerated wear process takes places within an engine i f  average 
pressure pg increases with a lim ited  peak pressure Pmax- So tha t, f i r s t  of 
a l l ,  an accelerated wear process, and by no means an accelerated fatigue 
process should take place w ith in  an engine, the peak pressure is  required 
to be lim ited  between = 70-130 bar depending on the make of the engine.
The lower l im it  belongs rather to the ligh t-du ty  petrol engines, while the 
upper l im it  to the heavy-duty diesel engines.
According to our resu lts achieved so fa r, the value of the average 
pressure is  to be held properly between p = 9-15 bar. Here, too, the 
smaller values belong to petro l engines, while the greater ones to the more 
bulky diesel engines.
From our results i t  can be seen c lea rly , as plotted in Fig. A, that 
the lim ited  peak pressure and the high average pressure are c o n flic tin g  re­
quirements. For the purpose of build ing up a proper average pressure and a 
moderate peak pressure, the compression ra tio  of the engine is  required to 
be adjusted between the values of e= 8-11, and to build up a pressure of 
p . = 5-5.5 bar within the a ii-rese rvo irs . The su ffic ien t thermal state of
the engine is  advised to achieve, f i r s t  of a l l ,  by means of external ( a r t i ­
f ic ia l )  heating of the engine since, due to the re la tive ly  low compression 
ra tio , the development o f, at least, t mgx = 1300-1400 °C requires t m^ n = 
= 400-450 °C according to the resu lts  shown in Fig. 6. According to the 
resu lts  achieved so fa r, in case c f therm ically isolated a ir-rese rvo irs  and 
p ipe-lines, t m^ n = 100-120 °C temperature w i l l  develop w ith in the a ir - re ­
servoirs at the time of the establishment of thermal balance in  the engine. 
For the development of a temperature of 400-450 °C within the a ir-rese r­
vo irs , heating-power of 10-20 KW is  required. Owing to the increased pres­
sure of a ir-reservo irs and the increased temperature of those, the stress­
dimensioning problems of the reservoirs should be taken in to consideration.
The increase in the mechanical load of the engine by means of in ­
creasing mass forces is  also promoted by the increase in  the rpm of the 
engine. When the accelerated wear process is  realized, the maximum rpm of 
the engine is  required to increase by 15-25% of the o rig ina l maximum rpm. 
The rpm of the engine should be changed only to a minimal extent during 
examination, however, th is  should be done in a way that the average rpm of 
the engine is  reduced only by 10-15% of the maximum rpm.
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3.2. Realization of the accelerated fatigue process
The fatigue fa ilu re  of the engines are effected by in term ittent loads 
resu lting  from the gas pressure and mass forces. The mass forces are uni- 
equivocally determined by the construction and the rpm of the engine, while 
the periodic forces coming from the; gas pressure and resulting in  fatigue 
are determined by the character of the work process and i ts  parameters.
For the acceleration of the fatigue fa ilu re  process, both the peak
pressure p of the work process, and compression ra tio  p /p . are to be
increased. The value of p is  determined by the jo in t consideration ofmax 1 J
p . and e, while the value of p /p . depends only on e. When examining min "max min M
the fatigue fa ilu re  process, the following values were obtained depending on 
the make of the engine: the value cf p is  between 120-180 bar, while that 
of Pmov/pmir, is , at leas t, about 100. So that these values can be used in 
practice, in i t ia l  pressure Fm^ n cf the engine should be reduced to the value 
of about pm^ n = 1.2-1.8 bar. According to Fig. 4, average pressure pg w i l l  
be reduced to 5-6 bar, while compression ra tio  e should be increased up to 
the value of 35-40. Due to the high compression ra tio , maximum temperature 
t mo^  ° f  the ^°rk process w i l l  also increase s ig n ific a n tly , and with in i t ia l  
temperature t  = 350-450 LC, i t  w il l  already actually approximate the 
average value of the maximum temperature measured during the rea l work 
process (brought about by combustion process).
I t  can be seen th a t, when realizing the accelerated fatigue process, 
the characteristics of the work process carried out without combustion ap­
proximate very well the characteristics of the rea l work process except the 
maximum and minimum pressure values of i t  since i t  was jus t our aim to 
change those during our work.
4. Realization of examination
4.1. Pre-experiments fo r determining the most unfavourable load of engine 
during accelerated examination
By means of experiments, the maximum lo a da b ility  of the engine should 
be determined from the aspect of the accelerated wear of fatigue at which 
the fa ilu re  of the engine does not occur yet, and the s tick ing -in  c f the 
piston or the fa ilu re  (breakage) of the components do not suffer fa ilu re  
in  a short service-time, e tc. In order to th is  measure of loadab ility  can be
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determined, the engine should be dismounted a fte r each 30-40 service-hours, 
the state of the components and, f i r s t  of a l l ,  that of the interfaces of the 
counterparts s lid ing  over each other should be controlled so as to detect 
whether there is  any crack of fatigue character propagating along any of the 
components. A fte r the examination, the engine load should be increased by 
20-30%, and the pre-experiments should te continued.
The state of the load at which there can be noticed some signs of 
engine fa ilu re , should be reduced by about 10-20%, and th is  state of load is  
called the most unfavourable load from the aspect of the accelerated fatigue 
of the engine. I t  is  obvious that th is  most unfavourable load is  not always 
identica l with those obtained in the examinations of the accelerated wear 
and fatigue.
4.2. Execution of the actual accelerated examination
In the follow ing, the examination concerning the accelerated wear is  
described here, but, of course, the method elaborated here can be applied 
-- with some a lterations -- to the accelerated examinations of fa tigue, too.
After determining the most unfavourable load, the engine should be 
operated at th is  load, and a fte r a service of 50-80 hours, the wear o f the 
components is  determined.
I t  is  advised to provide some non-steady state character to the exa­
minations, nevertheless — in  order to achieve acceleration of a great ex­
ten t, the overa ll average load of the engine should be kept constant in the 
neighbourhood of the maximum load.
With the dimensions characteristic of the engine wear determined ac­
curately in certa in  periods, the rate of wear F (Fig. 7) of the ind iv idua l 
components can be determined as a function of service-hours. The examination 
should be carried on u n til the rate of wear caused under the actual load 
conditions fo r a given service-time has been detected. In Fig. 7, th is  value 
of wear is  symbolized by cap ita l le tte r  A. The arrow in the figure shows the 
direction of load-increase.
The rate of acceleration (jO is  the follow ing:
where тп = the service-time required for the achievement of the wear of a 
given rate under actual (normal) operating conditions
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Fig. 7, Variation of engine wear as a function o f examination period, in case 
o f d iffe rent engine loads. (Arrow shows the d irec tio n  o f increase in  load)
t  = the service-time belonging to the same wear under the conditions 
of accelerated procedure
The rate of acceleration, according to our experimental results 
achieved so far, is  changing between 5-8 depending of the engine type.
Once the rate of accelerated fatigue has been determined fo r a given 
engine type, or even fo r the given components, the effect of any construc­
t io n a l,  m ateria lis tic or technological modification exerted upon the ser­
v ic e - l i fe  can be examined uniequivocally and accurately since the service 
hours of the accelerated examination are known which provide fatigue of an 
extent identical with tha t of the examination carried out during actual 
service conditions.
In possession of experimental data of su ffic ien t quantity and qua lity , 
we have the p o ss ib ility  of elaborating a theory with the help of which wear 
can be calculated with a good approximation as a function of the engine 
load, or the rate of acceleration can be predicted.
So that the resu lts  of examinations should be reproduced and re- 
u t i l iz e d ,  the array of themes should be recorded as accurately as possible, 
and when new examinations are to be carried out, every time the same array 
o f themes (examination procedure) should be applied. Such important charac­
te r is t ic s  of the procedure are for instance: mechanical and thermal load, as 
w e ll as the engine revo lution, the period of change and the type of o il 
f i l t e r s ,  the period of o i l  change, the grade of o i l ,  the temperature and 
pressure of lubricating o i l ,  etc. These characteristics can be assumed freely 
between certain lim its  but once assumed, the should be kept constant, or 
e lse the examinations performed at d iffe re n t points of time cannot be com­
pared with each other.
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5. Technical possibilities of the external drive of engines
In Fig. 1, as an example, a torque-measuring balance-type e le c tr ic  
engine was used fo r the external drive of the engine. This is  the most ac­
curate and expedient kind of d rive. I t  is  obvious that instead of a torque- 
measuring balance-type e lec tric  motor, other reciprocating engines of in ­
ternal combustion can be used, as well.
In case of engines of high piston displacement and heavy-duty type, 
the power-demand fo r rotating an engine of increased mechanical load and ex­
terna l drive amounts to more hundred KU. In case of such an examination, the 
power-demand for the external ro tation of the engine reaches 40-60% of i t s  
maximum effective power. In such cases, the drive by an e le c tr ic  engine or 
another reciprocating one requires already s ig n ifican t investment.
In case of multy-cylinder engines (in  practice, rea lly  m ulti-cylinder 
engines are in question), there is  a favourable chance of a simple solution 
to the external d rive of the engine to be examined. In such cases, the en­
gine should be divided into two parts from the aspect of examination, and 
according to our experiments, about ha lf of the cylinders should be operated 
as rea l ones having combustion process in service, while the other ha lf of 
them should be subject to examination under the conditions of the accelerat­
ed fatigue. In th is  case, the engine is  caused to rotate with the help of 
actua lly  working cylinders, and the useful power of the engine is  absorbed 
by the increased f r ic t io n  of the group of crank-case mechanisms subject to 
examination under the conditions of accelerated fatigue.
Both the whole examination process and the testing apparatus remain 
iden tica l with those used with the method introduced in the foregoing, only 
the cooling c irc u it  and the suction-exhaust system should be s p lit  in to two 
parts each, according to the cylinders operating under the condition of 
combustion process, or without i t ,  respectively. In such a layout, the en­
gine can be started by the o rig ina l s tarting  apparatus, and a minimal me­
chanical load should be applied at s tarting  in  the section of the engine 
operating without combustion process (in  Fig. 1 atmospheric pressure was 
b u i lt  up within a ir-reservo irs 4), then a fte r the s ta rt of the engine-sec­
tion  working normally, the mechanical load of the engine section operating 
without combustion process can be increased to the extent required.
The only inaccuracy of th is  procedure is  that the fr ic t io n  losses of 
the externally driven engine section can be determined only from the per­
formance data of the cylinders working normally, and as a consequence, i t
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can be done only with certain inaccuracy, which is , however, s u ffic ie n t fo r 
the follow-up and checking of the process. As our examinations carried out 
so fa r show, in case of engines having e ffective  power about 250-300 KW and 
above i t ,  th is  procedure seems to be the most expedient one.
6. Results achieved so far, and the possibilities of co-operation
In the laboratory of the In s titu te  of Vechicle Engineering at the 
Technical University Budapest fo r decades, there has been an engine driven 
exte rna lly  and operating without combustion process which was developed for 
the determination of mechanical-frictional losses, as well as fo r the 
elaboration of the examination procedure suitable fo r the accelerated fa ­
tigue of engines. In th is  f ie ld ,  there have been carried out several exa­
minations, and as a re su lt, we have obtained every kind of theoretica l 
know-how and practica l experiences required for carrying out any other 
examinations under th is  scope.
Author expresses his readiness fo r the co-operation in  case there is 
any demand fo r i t  from the part of designers, developing engineers, manu­
facturers and users of the in terna l combustion reciprocating engines and 
compressors, and fo r providing any further information and a more detailed 
description of the theore tica l and practica l problems arisen during the 
work with th is  procedure.
I t  should be noted tha t th is  procedure and the whole examination 
method comes under the legal protection of the licence.
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ROTATIONAL INERTIA EFFECTS FOR THE FLOW OF A FERROFLUID 
BETWEEN ROTATING SURFACES OF REVOLUTION
WALICKI, E.* * -  WALICKA, A.44 
(Received: 2 A pril 1993)
The steady laminar flow of a fe rro f lu id  is  considered through a narrow space 
(s lo t)  between two ro ta tin g  surfaces of revo lu tion , having a common axis o f symmetry.
The linearized equations of motion of a fe rro f lu id  are used in  the a x ia lly  
symmetric case, assuming an appropriate system o f orthogonal cu rv ilinea r coordinates 
X, t?, y.
The obtained so lu tions of equations o f motion have been illu s tra te d  by examples 
of flow through the s lo t  o f constant thickness between rotating and fixe d  conical 
surfaces, and between ro ta tin g  and fixed spherical surfaces.
1. Introduction
The steady laminar flows of a viscous f lu id  through the narrow space 
between surfaces of revolution have been the object of theoretical and ex­
perimental studies /5—7 /.
In recent years, a considerable in terest has been shown to use fe rro - 
flu ids in machine designing.
The fe rro flu ids  are co llo ida l suspensions of fine partic les o f so lid  
ferromagnetic materials such as magnetite in non-conducting base liq u id . 
The carrie r liq u id  may be a diester base, a hydrocarbon base, an ester base 
and even a water base. The partic les are very small in size (about 10 nm) 
and coated with a surfactant (o le ic  acid) to prevent coagulation; therefore, 
the fe rro flu ids  are very stable and p ra c tica lly  neither aggregation nor 
sedimentation occurs in g rav ita tiona l and magnetic fie ld s . Hence the con­
centration of the pa rtic les  in the mother liquor is  constant. Under an
*W alicki, Edward, P-65016 Zielona Góra, u l.  Szafrana l la /7 ,  Poland
**Walicka, Anna, P-65016 Zielona Góra, u l.  Szafrana l la /7 ,  Poland
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applied magnetic f ie ld ,  the particles are oriented and become the lo c i of 
magnetic forces. The contact phenomena at the surface between the solid  
p a rtic le s  and the liq tr id  ca rrie r disseminate the magnetic stresses in  the 
mass of the fe rro flu id . Therefore, a new kind of body forces is  introduced 
when the motion of the f lu id  is  considered. The density and the v iscos ity  of 
magnetic suspensions d i f fe r  from those of the mother liquor, as the pa rtic le  
concentration and magnetization change.
The fe rro flu ids were prepared during the la s t years and studied f i r s t  
by Rosensweig et a l. /1 —4 /.
In these studies the nonpolar theory of fe rro flu ids  is  discussed. Re­
ce n tly  the theories of polar and conducting fe rro flu ids  have been created.
The purpose of the present paper is  to investigate the steady laminar 
flow  o f an e le c tr ica lly  nonconducting and nonpolar incompressible fe rro flu id  
in  the s lo t between ro ta tin g  curvilinear surfaces of revolution having a 
common axis of symmetry in  the presence of a longitudinal magnetic f ie ld ,  as 
shown in  Fig. 1.
The problem is  solved under the assumption that the magnetic Reynolds 
number is  small which permits us to neglect the induced magnetic f ie ld .
The solution is  lim ite d  to the analysis of ro tational in e rtia  e ffects 
and magnetic f ie ld  on the velocity and pressure d istributions in the s lo t. 2
2. Basic equations
Let us consider the flow of viscous incompressible and e le c tr ic a lly  
nonconducting fe rro flu id  through a narrow space between two cu rv ilinea r sur­
faces of revolution w ith common axis (Fig. 1), from which the inner surface 
ro ta tes  with angular ve lo c ity  i)p  and the outer surface — with angular 
ve lo c ity  w«.
The rotating surfaces are described by function R(x) which denotes the 
rad ius of the median surface between the ro ta ting  surfaces, plus function 
h(x) which denotes the distance to each surface from the median, measured 
along a normal to the median.
An in trin s ic  cu rv ilin e a r orthogonal coordinate system x, д, у linked 
w ith  median surface is  shown in Fig. 1.
The physical parameters of the flow are the velocity components vx , 
v^ , Vy and pressure p. With regard to ax ia l symmetry of the flow these 
parameters are not dependent on the angle #. Let the vector of magnetic 
f ie ld  H(Hx, 0, 0) be tangentia l to the median surface.
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Fig. 1, S lo t o f small thickness between ro ta tin g  surfaces of revolution
The governing equations of the steady flow of an e le c tr ic a lly  non­
conducting and incompressible fe rro flu id  are / 4 / : 
the equation of continu ity :
V- V = 0; (2.1)
the equation of momentum:
P(VV)V = -vp +/JV2V + (MV)H; (2.2)
the Maxwell equations:
Vx H = 0 ,
V • В = 0, (2.3)
В = p0 (H + M).
Неге V — the ve loc ity  vector,
H — the magnetic f ie ld  vector,
8 — the magnetic induction vector,
M — the magnetization,
P — the fe r ro flu id  density, 
p — the fe r ro flu id  viscosity,
; íq — the magnetic permeability of the free space.
The assumption typ ica l for the flow in  a narrow space that:
h (x )^  R(x)
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and assumption that magnetic Reynolds number is  small can be use to make 
order-of-magnitude arguments for Eqs (2 .1 )—(2 .3 ).
I f  the asymptotic transformations have been made as in Refs /5 —7/ 
these equations can be reduced to a simpler form:
1  a(Rv ) 3v _  X __y
R Зх Эу
„ 2 PV0
ЭР
--- +11 оЭх Эу2
ЭН
' ^  i f '
О = р
(2.4)
(2.5)
( 2 .6)
(2.7)
The "prime" denotes everywhere derivation w ith respect to x. The order-of- 
magnitude arguments shows that
p(x ,y) = p (y ). (2.0)
A fte r asymptotic transformations the Maxwell equations indicate tha t fo r 
H(Hx , 0, 0) there is  M(Mx , 0, П) and
H = H (x ), x x ’
M = M (x).
X X
I f  the fe rro flu id  is  magnetically nonsaturated, then
M = crH _1,
fo r the saturated fe r ro flu id  a = 1 and 
* M = O;
X ’
(2.9)
(2.10)
(2.11)
where cr is  characte ris tic  value of magnetization; i t  is equal to
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К Tc ; (2.12)
here К — pyromagnetic co e ffic ie n t, and 
Tc — Curie temperature.
Taking in to  account Eqs (2.9) and (2.10) we may write the la s t term of 
Eq. (2.5)
^0
Ma
V
о driv 
dx
(2.13)
The problem statement is  complete a fte r specification of boundary con­
d itions . These conditions are stated as follows:
vx(x, + h) = 0, (2.14)
v„(x, - h) = R«p v (x, + h) = К ш2’ (2.15)
vy(x, + h) = 0. (2.15)
Moreover, in the in le t and the outle t from the s lo t the conditions fo r the 
pressure are stated as fo llow s:
p i
for •pH
XIIX
po for X = X0
thus, Xy — the in le t coordinate and
X — the outle t coordinate, о
(2.17)
3. Solution of the equations
Integrating the Eqs (2.6) and (2.5) with respect to y, taking in to 
account Eq. (2.13) and determining the arb itra ry  constants from the boundary 
conditions (2.15) and (2.14) we obtain
v0 = f  [ (ш1 + “ 2) - (ul  - w2) h ]  ’ (З Л )
«
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v = J _ [ d P . ^ ^ j (y2 _ h2)
x  2jj  I dx v dx /
—— 7j  [(y4 - h4)(w - ш„)2 - 4h(y3 - h2y)(w? - ш2) 
48>jh^  1 L
éh2(y2 - h2) ^  + (ü2)2]  .
The flow rate Q is  defined as
+h
Q = 2ír R j  vx dy. 
-h
(3.2)
(3.3)
Using here the expression (3.2) we obtain a fte r simple transformations
dp Я0° dHv 
dx v dx
3,pQ pRR '
Air Rn 4 ^ “ l
(“ ,
\ iw2) (3.4)
Applying the formula (3.4) in  the re lation (3.2) we get the f in a l expression 
fo r ve locity component vx :
v = x
3Q
Зтг Rh"
( y z h2)
pRR'
240ph'
Г,е 4 ,.2  2 ,4w|(5y -  6h y + h )(ш. •Лuj0;
20h(y'f - h y)(a ;>]• (3.5)
Taking into account the expression for ve loc ity  vx in (2.4) and integrating 
th is  equation with respect to у we get the formula fo r ve loc ity  compo­
nent v :
У
1 _Э 
R Эх ■Gu h '
(yJ
о pR2R’
3h y) + ------- j
240ph
[y(y2 - h2)2(ü)1 - ш2)2 -
- 5h(y2 - h2)2 (ü)2 -  üj2)J J . (3.6)
Note that the ve locity components for the present case do not depend on the 
magnetic fie ld .
ROTATIONAL INERTIA EFFECTS FOR THE FLOW OF A FERROFLUIO 347
To define the pressure d is tribu tion  le t  us return to expression (3 .4 ); 
in tegrating th is  expression and applying the boundary conditions (2.17) 
we have:
P = P, - [ a ( x ) -  A. '  
1 4 it 1 ■
U  <R2 - 
1 0
Rh  + —  [C(x) - C l ,1 V 1 J (3.7a)
or
P = po - ^  CA(x) -  Aol
2рй о
+ —  (RX - 8 Ro b T f C W - Co l-
(3.7b)
where
r dx
A(x) = —г  , 
J Rh
Ai = A(x.), Ao = A(xo} '
C(x) = HV(x), Cj = C(x.), bo = C(xo); (3.8)
By subtracting the formulae (3.7) we get the re la tion  for the pressure drop 
in the s lo t as follows:
3pQ
Лр = p. - p = - ----  (A. - A )
1 ° 4tt 1 0
o i l  ?
—  (Rf8 1 Ro> —  (C. - C ) . V l о
(3.9)
Note tha t the formulae (3.7) and (3.9) fo r the pressure d is tribu tion  and the 
pressure drop may be presented in the follow ing forms:
P = Pn + Pf
AP = APn + Apf
where
Pn ,d2 n2s
4 7T
До = - —  (A. - A ) + (R2 - R2)n A, 1  o' 0  i  o '
(3.10)
(3.11)
(3.12)
(3.13)
are the pressures fo r nonmagnetic flow, and
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‘ Pf • - Г  « i  -  Co>
are the pressures caused by magnetic f ie ld .
(3.14)
(3.15)
4 . Examples of a p p lic a tio n
4.1, Nondimensional form of the solution
Equations (3 .1), (3.5) and (3.7) may be nondimensionalized by using 
the fo llow ing parameters:
V =
A(x) = A(x)h^, C(x) =
C(x)
Hvо
(4.1)
16 Tr q h a Hv
n  ^ o o o  nr<_ = ------------------  , к,
f  p  V Q X
Q 1
V,, = R_ io,
2h
R ! о
Re, Re = 2hoPVQ
Q '  4* R h ’ ш ° 1’О о
f  =
ß2 = \  (1 - f ) 2 + (1 + f ) 2 , R j - f - l  ,
where Vg — the averaged longitudinal ve loc ity  in the outle t cross-section, 
— the tangential velocity on the inner surface in  the outle t 
cross-section,
Re — and R^  are, respectively, the Reynolds and the modified Reynolds 
numbers,
R^  — the fe r ro flu id  index;
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note that always
oHv = H о 0
The nondimensional formulation assumes then the form
Tl2'! _ ТГЗ'к2 \ i
here
V = l ± -  (1 -  У )  — —  R R ' h* V ( y ) ,  
x 2 Rh 960 *
vd = R V
Л/ Л/
p = pn + Pi
Л/
pn = - 12 f
Pf = RX Rf
^ P 2(R2 - 1 ) ,
Vx(y) = (1 -  6y2 + 5y4) ( l  - f ) 2 + 20(y - 73)(1 - f 2)
(y) = \  [ l  + f  -  (1 -  f ) y ]  •
(4.2)
(4.3)
(4.4)
(4.5)
I t  is  easy to see that for Rf  = 0 one obtains
= 0 and л/P = P„
To analyse th is  solution in the particu la r cases of the flow configuration 
we assume that
H
H =X and V = 1. (4.6)
4,2, Throughflow between the conical pa ra lle l surfaces
For the conical para lle l surfaces shown in Fig. 2, the geometric re ­
la tions are given as:
R^ = x^  sin a, Rq = xQ sin a,R = X sin a h = const.
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Fig. 2. S lo t between conical p a ra lle l surfaces
The nondimensional quantities are
R = X sin a, Rq = 1,
sin a
h = 1
and the nondimensional formulation is  then
V.. = \  — ------  (1 - “y2) -----— ^  s in 2a V (y),J —nX 2 x s i n  a 960
(4.7)
= 'x sina V (y ) , (4.B)
P = pn + Pf»
12P R
——— (ln  X - ln X ) —  и, n2(x2 sin2a - 1), (4.9)
sin a о g X
Px, = R. R-
I  A 1
X s i n a
- 1  .
Figures 3 and 4 show the pro files of the ve locity component vx fo r two 
values of the co e ffic ie n t ir,. namely:
= 40 and = 60
fo r the flow between p a ra lle l disks (a = 90°) and fo r the case when only one 
of them rotates ( f  = 0).
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Fin. 3. Dimensionless p ro file s  of the ve loc ity  components ~x fo r the flow 
between pa ra lle l disks fo r = 40
Fig. 4. Dimensionless p ro file s  of the ve loc ity  components vx fo r the flow 
between pa ra lle l disks fo r 1Г = 60
I t  can be seen from these figures that the differences between the 
p ro file s  of velocity are considerable in  the cross-sections ly in g  near 
the in le t  and the ou tle t to the s lo t and depend on the coe ffic ien t The 
maximum of velocity p ro file s  moves in to  the d irection  of ro ta ting  disk fo r 
increasing values of ir and ra d ii.  For large values of x or fo r increasing 
^  u ltim ate ly a back flow occurs in the s lo t. The beginning of the back flow 
may be decelerated by increasing the flow rate (Vg increases and de­
creases) .
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Fin. 5. Dimensionless pressure d is tr ib u tio n s  p* fo r the flow 
between pa ra lle l disks
In the following lin e s  a simple physical explanation is  given fo r th is  
property.
In the neighbourhood of the rotating disk the centrifugal forces hurl 
more and more mass of f lu id  into the rad ia l d irection  with increasing radius 
and angular ve loc ity . With a fixed flow rate only a part of the accelerated 
mass of flu id  can be replaced by the in le t .  The difference is  compensated by 
the onset of a back flow at large rad ii x.
This property is  also true for angles a d iffe ren t of 90° (a 4 90°).
I t  is easy to see tha t the pro files of ve loc ity  v„ are s tra igh t lines.
Figure 5 shows the pressures d is tribu tions defined as
Pf
P
(4.10)
The dash-dot line  presents the pressure d is tr ib u tio n  without in e rtia  effects 
i . e .  the pressure d is tr ib u tio n  obtained from the formula:
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p *  = -  12 ln  X .  (4.11)
The dashed lines  present the pressure d is tr ib u tio n  for nonmagnetic flow.
The curves fo r the to ta l pressure (continuous lines) are made fo r the 
following value of fe rro flu id  index:
Rf = 1.
From th is  figure , i t  is  clear that the in e r t ia  effect is  considerable; the 
pressure d is trib u tio n  varied s ig n ifica n tly  as indicated by dashed lines .
Uith increased angular velocity the pressure losses grow la rger.
The reaction of magnetic f ie ld  is  seen in  the form of pressure growth 
(continuous lin e s ). This growth, presented by magnetic pressure p>*, is  a 
function of the fe rro flu id  index and i t  can be re la tive ly great; i t  in ­
creases with the increase of R .^
4.3, Throughflow between the concentric spherical surfaces
For the concentric spherical surfaces shown in Fig. 6, the geometric 
re la tions are given as follows:
X
R = R sin Ф , Ф = —  , R, = R sin ф.,
a  R i  a  l
S
R = R sin Ф , h = const, о s о
Fig. 6. S lo t between concentric spherical surfaces
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The nondimensional quantities are (fo r фо = 90°):
R = sin ф, Rq = 1, х = Ф, h = 1. 
The nondimensional formulation assumes the form:
3 (1 - y2) ----- - sin 2ф V (y),
1920 x
V = -~
x i  sin  ф
= э1пф V ( v ) ,
P = Pn + Pf.
R, ~ г , • 2p = -  12R  ^ In tg 2 + -g- ^ x ^ (s in  Ф - 1)
Pf = Rx Rf  (“ V  - l | -  1 л I  I gin ф I
(4.12)
(4.13)
(4.14)
Fig, 7. Dimensionless pressure d is tr ib u tio n s  "p* for the flow 
between concentric spherical surfaces
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Note that the character of changes of the ve locity components ~x and in 
th is  case is  the same as in  the previous one.
Figure 7 presents the magnetic and the to ta l pressure d is tribu tions  
(continuous lines) p  ^ and p*, respectively.
The dash-dot lin e  shows the pressure d is tirbu tion  without in e rt ia  e f­
fects , i . e . ,  the pressure d is trib u tio n  obtained from the formula:
pn = -  12 In tg (4.15)
The dashed lines present the pressure d is tribu tions fo r nonmagnetic flow.
The curves for the to ta l pressure (continuous lines) are made also fo r 
Rf = 1.
In th is  case the in e rtia  e ffec t is  considerable even so l i t t l e  smaller 
than that in the previous one; the e ffect of magnetic pressure is  here re­
la t iv e ly  smaller, too.
5. Conclusions
The analysis of the obtained formulae allow us to confirm that the 
flow in the s lo t is  generated by two reasons:
— the difference of the pressure at the in le t and the o u tle t, and,
— the ro ta tiona l motion of the surfaces (in  pa rticu la rly  analysed cases, by 
ro ta tiona l motion of the inner surface).
I t  results from formulae (3 .1), (3.5) and (3.6) that the ve loc ity  
f ie ld  fo r the present case of flow is  independent on the applied magnetic 
f ie ld .
The p ro file  of tangential velocity v^ fo r the fixed cross-section 
(function V ) is  identica l w ith the p ro file  of Couette flow between two
V
moving ( in  generally) planes.
However, from the formulae for longitudinal ve locity v  ^ i t  resu lts 
that the main part has a p ro file  identica l with p ro file  of f la t  Poiseuille  
flow.
This flow is  generated by the difference mentioned above of the 
pressure and by ro ta tiona l motion of surfaces. On the main part of long i­
tudinal ve locity the part of the secondary flow which is  generated by the 
suction e ffect of the moving surfaces is  imposed.
The secondary flow is  described by the second component of the long i­
tudinal ve locity vx and by cross velocity vy .
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From the formulae fo r pressure d is tr ib u tio n  i t  results that the iner­
t ia  e ffe c t is  considerable; i t  causes the pressure losses which growth in ­
creases with the increase o f angular ve loc ity  of rotating surfaces. The in ­
fluence of ine rtia  forces is  more v is ib le  in  the flow between two disks 
(surfaces with re c tilin e a r generatrices) than in  that between two spheres 
(surfaces with cu rv ilinea r generatrices).
The action of magnetic f ie ld  is  seen in  the form of pressure growth 
(magnetic pressure) which increases with the in tens ity  of th is  f ie ld  and i t  
can achieve re la tive ly  great values.
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INTEGRAL APPROACHES FOR THE FLOW OF A POWER-LAW FLUIO 
IN A SLOT BETWEEN FIXED SURFACES OF REVOLUTION
WALICKI, E.* -  WALICKA, A.**
(Received: 2 A pril 1993)
The steady laminar flow of a power-law f lu id  is  considered, through a narrow 
space between two fixed  surfaces of revo lu tion, having a common axis o f symmetry.
To solve th is  problem the boundary layer equations are used and expressed fo r the 
a x ia lly  symmetric case in a curv ilinear orthogonal coordinate system x, О, y connected 
w ith one of the surfaces.
The method o f in tegra l approaches is  used to solve the boundary layer equations.
As a resu lt one obtains the formulae expressing such flow parameters as the velo­
c ity  components vx , Vy and the pressure p.
1. Introduction
The rad ia l laminar flows of a viscous newtonian f lu id  through the 
narrow space between stationary para lle l disks have been the object of 
theoretical /1 , 2, 5/ and experimental studies /2 , 3/.
A more general problem of the incompressible viscous flow through the 
space between surfaces of revolution is  cons ide red^ /4, 6, 7 /.
The problem of viscous Newtonian throughflow between stationary sur­
faces of revolution shapes of which are described by the functions sa tis fy ­
ing any conditions fo r which s im ilar solutions exist is  solved in  /4 / .  This 
throughflow is  examined also in  more general way in  /6, 7/.
This paper deals with the steady laminer flow of a power-law (Ost- 
wald—de Weale) f lu id  in  the s lo t of small thickness between fixed  curvi­
linear surfaces of revolution having a common axis of symmetry as shown in 
Fig. 1.
*W alicki, Edward, P-65016 Zielona Góra, u l.  Szafrana lla /7 ,  Poland
**Walicka, Anna, P-65016 Zielona Góra, u l.  Szafrana l la /7 ,  Poland
Akadémiai Kiadó, Budapest
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Fig, 1. S lot o f small thickness between fixed surfaces of revolution
Basing on the method o f integral approaches as in /0 / we have analysed 
the influence of in e rtia  terms on the pressure d is tribu tion  in  the s lo t.
2. Basic equations
Let the inner surface be described by function R = R(x) which denotes 
the radius of th is surface. The thickness of the s lo t is  described by func­
t io n  h = h(x) which denotes the distance between the curv ilinear surfaces 
measured along a normal to the inner surface.
An in trin s ic  cu rv iline a r orthogonal coordinate system x, О, y linked 
w ith the inner surface is  shown in Fig. 1.
The physical parameters of the flow are the ve locity components v , vX y
and pressure p.
With regard to the ax ia l symmetry of the flow, these parameters are 
not dependent on the angle 0.
The assumption ty p ic a l fo r the flow in a narrow space that:
h (x)«  R(x)
can be used to make order-of-magnitude arguments in the equations governing 
the steady flow a power-law f lu id .  I f  some asymptotic transformations are 
made, the same as in /4 , 6, 7 /, these equations can be reduced to the sim­
p le r form:
, 3v Э v_x __x
' x Эх У Эу
Эр Э
— + р —Эх Эу
3v п—1 3v.
Р ( 2 . 1 )
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1 3(RV
R эх +
The order-of-magnitude arguments shows that
p(x,y) = p(x).
( 2 . 2 )
(2.3)
(2.4)
The boundary conditions fo r the velocity components vx 
non-slip conditions stated as follows:
vx (x ,0) = 0, vy (x,0) = 0,
V (x,h) = 0, V (x,h) = 0.X у
The boundary conditions fo r the pressure are:
P ( x ^  = Р ^  P (x0) = P0 ;
and V are the usual 
У
(2.5)
(2.6)
here x  ^ — the in le t  co-ordinate and 
xq — the o u tle t co-ordinate.
We w il l  use Eqs (2 .1 )—(2.3) to investigate the flow f ie ld  in  the s lo t 
by the method of in teg ra l approaches. I ts  concept consists in calculating 
f i r s t  the solution o f Eqs (2 .1)—(2.3) in  the Reynolds' approximation (w ith ­
out the in e rtia  terms) and then in solving the complete set (w ith the 
in e rtia  terms) by using the obtained approximation.
3. Reynolds' approximation
To find  the Reynolds' approximation we replace Eq. (2.1) by the 
equation:
(3.1)
h e r e  t h e  e x p r e s s i o n  ( 2 . 4 )  w as  t a k e n  i n t o  a c c o u n t .
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In tegra ting  th is  equation we get:
The flow rate Q is  defined as:
Q = 2тг R J vx dy 
0
and a fte r calculation
- I  2 Д ,
Q = 2 n irRh n 1 n2n+l
1 dp ID 
fi dx I
Applying th is  formula in Eq. (3 .2), we have:
1
and from the continuity equation (2.3) we obtain
(3.2)
(3.3)
(3.4)
the prime denotes the derivation with respect to x.
To define the pressure d is trib u tio n  le t  us turn to the expression 
(3 .3 ). After simple modification we have the following d if fe re n tia l equation 
fo r pressure:
d£ 2uQn I 2n+l ‘ П
dx ~ _n Rnh2n+1
(3.6)
Integrating Eq. (3.6) and applying the boundary conditions (2.6) we get:
P = ( 2 f ) n [A(n ) ( x ) - A < n>] (3.7a)
or
INTEGRAL APPROACHES FOR THE FLOW OF A POWER-LAW FLUID J61
where
(3.7b)
A(n)(x)
Í  Rnh
dx
2n+l
,(n) _= A(n )(x .). A(n) = A(n)(x ). 0 0 (3.8)
By subtracting the formulae (3.7) we obtain the re la tion for the pressure 
drop in  the s lo t fo r Reynolds' approximation:
Лр = p. - p =Kr *0
I 2п±1|П (.(n ) _ (n)
n ) A)l (3.9)
4. Integral approaches
To analyse the influence of ine rtia  terms of Eq. (2.1) on the pressure 
d is tribu tion  in  the s lo t we rearrange i t  to s im p lify  i t s  integration.
к
For th is  purpose we m ultip ly equation (2.1) by v , and the equation of 
k+1 *continuity (2.3) by ( p v )/(k + l) and add the obtained expressions. As a 
resu lt we have:
P
k+1
k+2 Э , k+1 ,
3y (vx V ] ■
d£
dx pn
кv
X
П-1
(4.1)
the prime denotes the d iffe re n tia tio n  with respect to x.
Integrating th is  equation across the s lo t thickness and taking in to 
account boundary conditions (2.5) we obtain the following re la tion:
P
k+1
R' 3 ] f  k+2 . dp Г к . Г к | v^x 
T r + * r ] J vx dy = '  d^J \ dy + H  vx | “э7 
0 0 0
n-1 23 v
3y
-dy. (4.2)
Introducing aux ilia ry  notations 
h
(1) = Г к l ^ x  
Xk - 2  J  v x 1 3y
n-1 л2 3
dy,
т(2) Г к . T(3) f  k+2 ,
Тк = J Vx dy> : k+2 = J Vx dy
( 4 . 3 )
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we can write
f ü l  + J _ |  t ( 3) .  _ j ( 2 )  j d )
k+1 ( R эх J к+2 dx ^  k-2 '
Thence we have:
t( d  ( r:  + _i | t (3)dp _ i k-2 Э I R Эх J i k+2 
dx '  Я0 TTfJ k+1 7 Ш  ’
xk хк
(4.4)
(4.5)
To evaluate the pressure d is tribu tion  e ffe c tive ly  we must calculate the in ­
te g rá lt 1 ^ ,  I^ 2 ), 1 ^ .
Taking into account the velocity component vx defined by Eq. (3.4) and 
assuming for calculation the following values of k:
к = 0 and к = 1
one obtains — a fte r in tegrating Eq. (4.5) — the following formulae fo r the 
pressure d is tribu tion :
p.= p. _ M l | 2 n ± l | "  [ д ( п ) ( х ,  . « ( " > ]  
тгП I n ! L l  ->
СкП )p q2 ,
5 ----  [B(X) - B,] (4.6a)
-rr £ 1
p = p. M .о n
С,Ы  P Q2
( 20±1 ) П [A(n)(x) _ д (п )] _ Ъ J  [ B(x) - Bo]  (4.6b)
where
B(x) =
(Rh)4
Bi  = B ^ ) ,  BQ = B(xQ) ;
к 0 1
p(n)
Lk
1 12n + 1 1 3 (2n + l ) 2
4 Ьп + 21 4 (3n + 2)(4n + 3)
(4.7)
By subtracting the formulae (4.6) we get the re la tion  for the pressure drop 
in  the s lo t as follows:
Ap = p. - p h Hi  Ko
r (n) n2
2pQn 12n+l |п ( л(п) ,(n ) I Lk p
, , A -  Aтгп l п ; \ X о 2----  (Bi  ‘  B0) ‘ (4 ’ 8)
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For n = 1 a l l  above formulae reduce fo those obtained in /8 / fo r the new­
tonian flow.
5. Examples of applications
5.1. Nondimensional form of the solution
Equations (3 .4), (3.5) and (4.6) may be nondimensionalized by using 
the following parameters:
w  X
X -  R .
О
~ p
R ■ IT- о
V _ h 
h h ’
V R” _ _X Л/
V  =
X <:
о ’ У О
л
о
>
:(n )(x) = A(n )(x)
Dn-1. 2n+l R h 0 0
( \ u4nn2-2n^  (p - po)p  ho Q
p '  2 , 0 s2-2nD4-2n^ (2тг ) Rq
B(x) = B(x)(RQhQ)z,
(5.1)
L _ 1/2 n. n/ h v pV h
= ( r^ I  Re- « e ' - V 2
where VQ is the averaged velocity in the o u tle t cross-section of the s lo t 
defined as:
Q 1
Vo ‘ 2ir R h о о
Re and Rx are, respectively, the Reynolds and the modified Reynolds numbers. 
The nondimensional formulation assumes then the form:
1Д 1 2n+l 1 r 1+1 1 1+I lr-* О n 11 П П , (5.2)V
X
= 2 1 n+1 "r ТГ J 2 2 - n
A 2n+l I h'n ’ l l 1 ДП 1 1+-n , (5.3)VУ - 2 n+1 1 R h J 2 ) J 2 -n
p = -  2n+1 |-20±i) 11 Rx [Â (n)(x) - A^ n )]  - 4 C ^ R 2 [B(x) - l ]  . (5.4)
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5.2. Throughflow between the conical pa ra lle l surfaces
For the conical p a ra lle l surfaces shown in Fig. 2 the geometric 
la tio n s  are given as:
R = X sin a, ^ i  = x i  s:*-n a> R0 = xo si n a’ ^ = const.
Fig, 3. Dimensionless pressure d is tr ib u tio n s  fo r the flow 
between p a ra lle l disks fo r the value o f R  ^ = 0.12
Fig. 2. S lo t between conical p a ra lle l surfaces
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The nondimensional quantities are:
^  V
R = X sin a, R = 1, h = 1 
and the nondimensional formulation assumes the form:
Figures 3—5 show the pressure d is tribu tions  between p a ra lle l disks 
(a = 90°) for three values of the Reynolds number:
Rx = 0.12; 0.24; 0.6
Fig. 4. Dimensionless pressure d is tr ib u tio n s  for the flow 
between pa ra lle l disks fo r the value of R. = 0.24
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Fig. 3. Uimensionless pressure d is tr ib u tio n s  fo r the flow 
between p a ra lle l disks for the value o f = 0.6
fo r power-law f lu id  defined by the following values of n: 
n = 0.5; 0.75; 1.25; 1.5
and fo r Newtonian f lu id  (n = 1).
The broken "dash-dot" lines present the pressure d is tribu tions fo r 
Reynolds' approximation obtained from the formula:
£ =  -2п+1 [ 2 п±1 | П А  fc l -n  _ 1}> (5 .0 )
I П ) l-n
For the Newtonian flow the formula for the pressure d is tribu tion  in  Rey­
nolds approximation has the form:
p = - 12 Rx ln X .  (5.9)
The dashed lines present the results of experiments given by Chen /3 / fo r 
the Newtonian flow.
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5.3. Throughflow between concentric spherical surfaces
For the concentric spherical surfaces shown in Fig. 6, the geometric 
re la tions are given as:
г
Fig. 6, S lo t between concentric spherical surfaces
Fig. 7. Dimensionless pressure d is tr ib u tio n s  fo r the flow 
between concentric spherical surfaces fo r the value of R  ^ = 0.1
368 WALICKI, E. -  WALICKA, A .
Fig. 8. Dimensionless pressure d is tr ib u tio n s  fo r the flow 
between concentric spherical surfaces fo r the value of = 0.2
R = R sin ф , s ’ R. = R sin ф . , l  s l ’
R = R sin ф , h = const, о s o’
The nondimensional quan tities  are (for Фо = 90°) :
R = sin Ф, Rq = 1, “x = Ф , h = 1
and the nondimensional formulation is given as:
(5.10)
( 5 . 11)
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Fig. 9, Dimensionless pressure d is tr ibu tions  for the flow 
between concentric spherical surfaces fo r the value of = 0.3
p = -2n+1j-^ppJ Rx [ l (n )(<t>) - I (n )(90 °)]- 4С£П) R
sin2
- 1 , (5.12)
where :
1(П)(Ф) = J'
0Ф
(5.13)
sin
Figures 7—9 show the pressure d is tribu tions  for three values o f the Rey­
nolds number:
Rx = 0.1; 0.2; 0.3
for power-law f lu id  defined by the follow ing values of n: 
n = 0.5; 0.75; 1.25; 1.5
and fo r newtonian f lu id  (n = 1).
3 7 0 W A L IC K I, E . -  WALICKA, A .
The "dash-dot" lines  present the pressure d is tribu tions for Reynolds 
approximation obtained from the formula:
-  = _2n+l I 2n ± l j  п рх [1(п) (ф) _ j ( 5 . 14)
For the Newtonian flow the formula for the pressure d istribution  in  Rey­
nolds' approximation has the form:
p = -  12 Rx In tg -y  . (5.15)
6. Conclusions
Application of the method of integral approaches to the study of the 
power-law flu id  flow between the surfaces of revo lution yields the formulae 
fo r the velocity components vx , v^ and pressure p.
A comparison formulae o f th is  paper fo r Newtonian flow (n = 1) w ith 
those obtained by another method presented in  /7 /  shows that the ve loc ity  
components and v^ given by the method used here defined the flow f ie ld  
approximately, the influence of the inertia  terms o f the momentum equation 
being disregarded.
The formulae fo r pressure distributions include the effect of in e rt ia  
terms. The pressure depends on the modified Reynolds number R and i t  in ­
creases with the magnitude o f th is  number.
A comparison of the pressure d is tribution  made fo r the special case of 
the Newtonian flow (n = 1) between paralle l disks w ith the experimental data 
of Chen /3 / indicates a sa tis facto ry  agreement between the theoretical and 
experimental data.
In conclusion i t  may be remarked that the approach for к = 1 (energy 
in te g ra l approach) gives the formulae leading to  su ffic ien tly  accurate 
values of the pressure d is tr ib u tio n  in the flow configuration considered. 
The resu lts  obtained by th is  approximation are be tte r than those obtained 
fo r к = 0 for the special case of the flow between para lle l disks. I t  seems 
th a t th is  remark is  also true  fo r a ll the flows of power-law flu id s  fo r 
n <  1.
From Figs 7—9, i t  is  seen that in flows of power-law flu ids fo r п >  1 
in  the s lo t between surfaces with curvilinear generating lines the pressure 
d is tr ib u tio n  can be ca lcu la tin g  by using the formulae without the in e rtia  
e ffe c ts , i.e . the formulae fo r  the Reynolds' approximation.
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